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Abstract

The behavior of the rightmost characteristic roots of linear time-delay systems as
a function of the delay parameter is studied for small values of a gain parameter. The
results explain the qualitative behavior of the stability regions in the delay parameter
space of oscillatory systems subjected to large delays, and shed a new light on the
corresponding stabilization problem. In particular, for a chain of multiple oscillators
the determination of a stabilizing value of the delay parameter is interpreted as a
phase synchronization problem. The results are illustrated with the output feedback
stabilization of an oscillator and the stability analysis of a gyroscopic system.

1 Introduction

We study the behavior of the zeros of the function

H(s; τ, ε) := f(s) + εg(s)e−sτ , (1)

where f : C → C and g : C 7→ C are entire, as a function of the ’gain parameter’ ε ∈ R
and the ’delay parameter’ τ ≥ 0.

In the context of stabilization and control the problem under consideration is motivated
by the stability analysis of the feedback interconnection of a single input, single output
system with transfer function

Y (s)
U(s)

=
P (s)
Q(s)

e−sτ1 , (2)

and the controller
C(s) = ε

X(s)
Y (s)

e−sτ2 . (3)
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The resulting closed-loop quasi-polynomial of (2) and (3) takes the form (1) provided

f(s) = Q(s)Y (s), g(s) = P (s)X(s), τ = τ1 + τ2.

In [1] it was shown that delayed output feedback, where C(s) = εe−sτ2 , may stabilize the
oscillator,

Y (s)
U(s)

=
1

s2 + Ω2
, (4)

while this is not possible using static output feedback. This illustrates that, although
the existence of a time-delay in a feedback loop usually causes instability or performance
degradation [15, 20, 28], there are situations where time-delays have a stabilizing effect.
The characterization of such situations was the topic of the papers [19, 22], where necessary
and sufficient conditions for the stabilizability of single input, single output systems using
delayed output feedback were presented, along with a controller construction procedure.
In [1, 22] it was illustrated that a small value of the controller gain may lead to the
stabilization of (4) for particular large delay values and to the occurrence of a sequence
of stability / instability intervals in the delay parameter space. Similar observations were
made, for instance, in [8], where the robustness of stability of gyroscopic systems with
respect to unmodeled time-delays was investigated, and in [28], in the framework of the
stability analysis of delay models from machine tool vibrations applications. Also in
the context of computing stability regions in the delay parameter space of systems with
multiple delays the occurrence of multiple stability zones is well known, see, e.g. [9, 23, 26].
While most of these cited references are algorithmic in nature and focus on methods for
computing stability regions in parameter spaces, the goal of this paper is to reveal the
mechanisms which explain the observed phenomena (sequences of stability intervals in
the delay parameter space, stability recovered for large delay values) and explain how
delayed feedback works for such problems.

The stability analysis of oscillatory systems subject to delayed feedback is also a topic
of recurrent interest in the physics literature. An important application area is the study of
the dynamics of lasers characterized by delayed optical feedback, see, e.g., [12, 10] and the
references therein. Furthermore, as we shall briefly discuss at the end, the methodology
of the paper is also applicable to systems whose characteristic function takes the form

f(s) + ε(g1(s) + g2(s)e−sτ ). (5)

This observation is of importance because the class of systems described by (5) includes
oscillators subject to weak damping and weak delayed feedback, as well as oscillatory
systems controlled with (Pyragas type) time-delayed feedback, see, e.g., [31, 30] and the
references therein

The approach of the paper consists of studying the limiting behavior of the zeros of
(1) as a function of the delay parameters on any a priori given compact delay intervals as
|ε| → 0. As we shall see, for undamped oscillatory systems this allows us to make stability
assertions for any delay value, thus also for delay values which are very large compared
to the time-scale of the system. Furthermore, although the stability assertions for large
delay values will typically involve small gain values, which reveals an underlying scaling
property between the gain and the delay parameter, these parameters are not assumed to
be coupled in the analysis, in contrast to [6], where time-scale separation techniques are
used to analyze the solutions of harmonic oscillators subject to delayed perturbations with
delay and gain parameters inversely proportional to each other. Finally, it is important to
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mention that, in studying the stability properties for large delay values, instead of fixing
a delay interval that contains the targeted delays and analyzing the limiting behavior of
the zeros of (1) as |ε| → 0, it is also possible to fix the gain and study the asymptotic
behavior of the zeros as the delay parameter tends to infinity - the references [31, 30]
rather lie in this direction. As both approaches lead to different insights in the problem,
they complement each other.

The stabilization mechanism for a single oscillator subject to weak delayed feedback is
related to the fact that the delay needs to provide an appropriate phase in the feedback
loop. This is well known, see, e.g. [12] in the context of laser dynamics and [1] in the
context of feedback control. For multiple oscillators, for instance, systems where the
characteristic equation takes the form

Πν
i=1(s

2 + ω2
i ) + εe−sτ = 0, ωi > 0, i = 1, . . . , ν, (6)

the revealed stabilization mechanism follows the same lines, and the stability condition
eventually boils down to a synchronization requirement on the delay parameter, in the
sense that the delay needs to provide an appropriate phase, compatible with all oscillatory
modes.

Note that (6) can be interpreted as the characteristic equation of ν oscillators con-
nected to each other in a ring configuration, with transmission delays in the coupling that
summate to τ . In that sense the study of the zeros of (1) fits within the framework of the
study of so-called delay induced amplitude death of oscillators, see e.g. [2, 3] and the ref-
erences therein. In these references one investigates under which conditions the coupling
of oscillators leads to a blocking of the periodic motion and results in a stable steady state
solution.

To conclude the introduction, we mention mechanisms which are different from these
discussed in the paper and where time-delays are beneficial in achieving stability. In [14, 21]
time-delays appear in the control law that stem from a finite difference approximation of
(missing) state or output derivatives. While the underlying mechanism is a high-gain
mechanism in the sense that a good approximation of derivatives requires small delays
and high gains (unless some scaling properties of the system can be exploited as in the
multiple integrator case, see [21]) and the dynamic behavior of the closed-loop system is
imposed by the control law, the mechanisms presented in this paper can be rather seen as
dual: they are low-gain based and, therefore, rather correct the dynamic behavior of the
open loop system. Control schemes based on finite spectrum assignment [17] or the Smith
principle [27] also feature delays in the control laws, which are needed for the generation
of predictions that compensate other delays in the control loop. We note that if the
Pyragas controller [24] is used to stabilize an unstable periodic solution, then the delay
parameter rather serves for the selection of the unstable periodic orbit that ones aims to
stabilize (the delay must match the period of this solution) than for the stabilization itself.
The matching between the delay and the period of the periodic orbit to be stabilized can
however also been interpreted as a synchronization requirement.

The structure of the paper is as follows. In Section 2 the behavior of the zeros of
the function (1) is studied. In Section 3 the results are applied to the stabilizability and
stabilization of oscillatory systems using delayed output feedback. For multiple oscillators
a relation between stabilization and a synchronization problem is established. Some ex-
amples are discussed in Section 4. The analysis of weakly damped or unstable oscillators
is discussed in Section 5. The conclusions are presented in Section 6.
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The following notation and definitions will be adopted: C (C+, C−) is the set of
complex numbers (with strictly positive and strictly negative real parts), and j =

√−1.
For s ∈ C, s̄, <(s) and =(s) define the complex conjugate, the real part and the imaginary
part of s. For Ω ⊂ C, ∂Ω denotes the boundary of Ω. R (R+,R−) denotes the set of real
numbers (larger or equal to zero, smaller or equal to zero). N is the set of natural numbers
and includes zero. Z the set of integers. For s ∈ C we denote by s

1
m the number c ∈ C

satisfying cm = s and c = rejφ with r ≥ 0 and φ ∈ (−π/m, π/m]. A function H : C→ C
is called stable if all its zeros are in C−.

2 Behavior of zeros as a function of the delays

The following result characterizes the behavior of the zeros of (1) as a function of the delay
parameter:

Proposition 2.1 Let ŝ be a zero of f with multiplicity m ≥ 1 that is not a zero of g. Let
Ω ⊂ C be a compact set, which contains ŝ but no other zeros of f , and such that ∂Ω is a
closed, simple contour not containing ŝ. Then for all τ̂ > 0 there exists a number ε̂ > 0
such that the following holds:

1. H(s; τ, ε) has exactly m zeros in Ω, for all (τ, ε) ∈ [0, τ̂ ]× [−ε̂, ε̂];

2. there are m functions ri : [0, τ̂ ]× [−ε̂, ε̂] → Ω,

(τ, ε) 7→ ri(τ, ε), i = 1, . . . , m,

which satisfy ri(0, 0) = ŝ, H(ri(τ, ε); τ, ε) = 0, ∀(τ, ε) ∈ [0, τ̂ ]× [−ε̂, ε̂], and which
can be decomposed as:

ri(τ, ε) = ŝ + |ε| 1
m µi(τ, ε),

where
lim|ε|→0+ maxτ∈[0, τ̂ ] |µi(τ, ε)−(
−sign(ε) m!g(ŝ)

dmf
dsm (ŝ)

) 1
m

e
2π(i−1)j

m e−
ŝ
m

τ

∣∣∣∣∣ = 0, i = 1, . . . , m.
(7)

Proof. Given τ̂ , there always exists a number ε̂ > 0 such that for all τ ≤ τ̂ and −ε̂ ≤ ε ≤ ε̂,
we have

|H(s; τ, ε)− f(s)| < |f(s)|, ∀s ∈ ∂Ω. (8)

By Rouché’s Theorem (see Appendix A) it follows that H and f have the same number
of zeros in Ω (this number is equal to m). This implies the existence of the functions
ri, i = 1, . . . , m.

By making the substitution s = ŝ+ |ε| 1
m z and scaling with ε, the function H becomes:

h(z; τ, ε) := f
(
ŝ + |ε| 1

m z
)

/ε + g
(
ŝ + |ε| 1

m z
)

e−ŝτe−|ε|
1
m zτ . (9)

Define the function

ĥ(z; τ, ε) := sign(ε)
1
m!

dmf

dsm
(ŝ)zm + g(ŝ)e−ŝτ , (10)
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which is obtained from (9) by truncating the Taylor expansions of the two terms around
z = 0. The function (10) has m zeros, namely:

z0,i(τ, ε) :=

(
−sign(ε)

m!g(ŝ)
dmf
dsm (ŝ)

) 1
m

e
2π(i−1)j

m e−
ŝ
m

τ , i = 1, . . . , m.

Next, we define γ̃ > 0 and ε̃ > 0 such that

γ̃ < min
τ∈[0, τ̂ ]

|z0,i(τ, ε)|, (11)
{

s ∈ C : |s− ŝ| < 2|ε̃| 1
m max

τ∈[0, τ̂ ]
|z0,i(τ, ε)|

}
⊂ Ω, (12)

ε̃ < ε̂. (13)

Because h(z; τ, ε) converges to ĥ(z; τ, ε) as |ε| → 0, uniformly on compact subsets of C
and compact delay intervals, we can conclude the following: for all γ ∈ (0, γ̃), there exists
a number εγ ∈ (0, ε̃), such that for all i ∈ {1, . . . ,m} the following estimate holds:

∣∣∣h(z; τ, ε)− ĥ(z; τ, ε)
∣∣∣ < |ĥ(z; τ, ε)|,

∀τ ≤ τ̂ , ∀ε ∈ [−εγ , 0) ∪ (0, εγ ], ∀z ∈ C with |z − z0,i(τ, ε)| = γ. (14)

An application of Rouché’ s Theorem yields that the functions h and ĥ have the same
number of zeros in each of the disks

{z ∈ C : |z − z0,i(τ, ε)| < γ} , i = 1, . . . , m. (15)

Furthermore, because γ < γ̃ and γ̃ satisfies (11), the function ĥ, and thus also the function
h, has a unique zero in each of the disks (15). Second, by the relations |ε| < ε̃ and the
condition (12), the disks (15), when transformed to the s-plane, are subsets of Ω. Finally,
by (13) the zeros of h in the disks (15) correspond to µi(τ, ε). We can therefore deduce
the following from (14): for all γ > 0, there exists a number εγ ∈ (0, ε̃) such that

max
τ∈[0, τ̂ ], 1≤i≤m

|µi(τ, ε)− z0(τ, ε)| < γ, ∀ε ∈ [−εγ , 0) ∪ (0, εγ ].

This statement is equivalent with the assertion (7). ¤

For the case of a simple zero (m = 1) Proposition 2.1 simplifies to:

Corollary 2.2 Let ŝ be a zero of f with multiplicity one that is not a zero of g. Let Ω ⊂ C
be a compact set, which contains ŝ but no other zeros of f , and such that ∂Ω is a closed,
simple contour not containing ŝ. Then for all τ̂ > 0 there exists a number ε̂ > 0 such that
H(s; τ, ε) has exactly one zero in Ω, for all (τ, ε) ∈ [0, τ̂ ]× [−ε̂, ε̂]. Furthermore, there is
a (unique) function r : [0, τ̂ ]× [−ε̂, ε̂] → Ω, (τ, ε) 7→ r(τ, ε), which satisfies r(0, 0) = ŝ,

H(r(τ, ε); τ, ε) = 0, ∀(τ, ε) ∈ [0, τ̂ ]× [−ε̂, ε̂],

and which can be decomposed as:

r(τ, ε) = ŝ + ε µ(τ, ε),

where

lim
|ε|→0+

max
τ∈[0, τ̂ ]

∣∣∣∣µ(τ, ε) +
g(ŝ)
f ′(ŝ)

e−ŝτ

∣∣∣∣ = 0. (16)
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Figure 1: The real parts of the rightmost zeros of (18) as a function of the delay parameter
τ , for small values of the gain parameter ε.

We briefly discuss the above results, starting with the special case treated in the
Corollary 2.2. Expression (16) implies that for small values of the gain parameter ε, an
isolated zero behaves as the function

τ 7→ ŝ− ε
g(ŝ)
f ′(ŝ)

e−ŝτ . (17)

Consequently, if =(ŝ) > 0, it has an oscillatory behavior as a function of the delay param-
eter. If, furthermore, ŝ ∈ C− (C+), then the zero behaves like an unstable (stable) spiral.
This is illustrated in Figure 1 for the quasi-polynomial

H(s; τ, ε) =
6∏

i=1

(s− si) + εe−sτ , (18)

where
s1,2 = − 1

20
± j, s3,4 = ±3

2
j, s5,6 =

1
40
± 2j,

τ ∈ [0, 36] and ε = 1/8 (left), respectively ε = 1/16 (right). The zeros of (18) were
computed using the package DDE-BIFTOOL [7]. Notice from (16) that µ(τ, ε) is the
offset of the zero, i.e. r(τ, ε) − ŝ, scaled by the gain parameter ε. This explains why the
’amplitudes’ of the oscillations in Figure 1 are smaller for ε = 1/16 than for ε = 1/8.

In the case where f has a zero with multiplicity m > 1, covered by Proposition 2.1,
the m corresponding zeros of H behave for fixed small values of the gain parameter as the
equally ’shifted’ spiral curves,

τ 7→ ŝ +

(
−ε

m!g(ŝ)
dmf
dsm (ŝ)

) 1
m

e−
ŝ
m

τej
2π(i−1)j

m , i = 1, . . . ,m.

To illustrate this we show in Figure 2 the real parts of the rightmost zeros of

H(s; τ, ε) = (s2 + 1)3 + εe−sτ (19)

as a function of τ for ε = 1/640. The (initial) delay-shift of 2π between the functions
(corresponding to a phase shift of 2π/3) is a consequence of the presence of a zero of
f(s) = h(s; τ, 0) with multiplicity three.
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Figure 2: The real parts of the rightmost zeros of (19) as a function of the delay parameter
τ , for ε = 1/640.

3 Stabilization of oscillatory systems

In this section we assume that the rightmost zeros of f are on the imaginary axis. We
further assume that

f(s̄) = f(s), g(s̄) = g(s), ∀s ∈ C.

As a consequence, the zeros of H appear in complex conjugate pairs.

3.1 Simple zeros

If all zeros of f on the imaginary axis are simple, then the corresponding functions of the
form (17) have a sinusoidal real part, exhibiting different frequencies. As a consequence,
the asymptotic stability of H for small values of ε is related to having an appropriate
phase of these sinusoidal functions, which depends of the delay parameter only. This
relation between the stability of H and a phase ’synchronization’ problem is clarified in
the following proposition:

Proposition 3.1 Assume that there is a constant γ > 0 such that

lim
R→∞

sup
{∣∣∣∣

g(s)
f(s)

∣∣∣∣ : <(s) ≥ −γ, |s| ≥ R

}
= 0. (20)

Assume further that all zeros of f are in the closed left half plane. Denote by jωi, i =
1, . . . ν, the zeros of f on the positive imaginary axis, which all have multiplicity one.
If the delay parameter τ is such that for all i = 1, . . . , ν:

<
(

g(jωi)
f ′(jωi)

e−jωiτ

)
> 0 (< 0), (21)

then all zeros of H(s; τ, ε) are in the open left half plane for sufficiently small ε > 0
(ε < 0).
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Remark 3.2 The assumption (20) is technical and serves to exclude the situation where
increasing |ε| from zero leads to the introduction of additional zero’s in the right half plane
that come from infinity. It is fulfilled in most applications of interest. For instance, it is
satisfied if f and g are polynomials satisfying deg(g) < deg(f).

Proof. Let τ0 be a delay value for which

<
(

g(jωi)
f ′(jωi)

e−jωiτ0

)
> 0, i = 1, . . . , ν. (22)

Consider the functions vi : R+ → C,

τ 7→ vi(τ ; ε) = jωi − ε
g(jωi)
f ′(jωi)

e−jωiτ , i = 1, . . . , ν. (23)

The condition (22) assures that

<(vi(τ0; ε)) < 0, i = 1, . . . , ν.

By Corollary 2.2 this implies that H(s; τ0, ε) has ν zeros, si(ε), in C− for small positive
values of ε, which satisfy

lim
ε→0+

|vi(τ0; ε)− si(ε)|
ε

= 0, i = 1, . . . , ν. (24)

Next, let N be the number of zeros of f on the imaginary axis (N = 2ν if ωi 6= 0, i =
1, . . . , ν, and N = 2ν − 1 otherwise). Choose γ > 0 such that (20) holds, f has no zeros
with real part equal to −γ and only N zeros in with real part larger than −γ. From (20)
there exists a number R̂ > 0 such for all s ∈ C satisfying <(s) ≥ −γ and |s| ≥ R̂, we have

∣∣∣∣
g(s)
f(s)

e−sτ0

∣∣∣∣ < 1,

which implies that H(s; τ0, ε) 6= 0 for ε ∈ [−1, 1]. It follows that for all ε ∈ [−1, 1], the
zeros of H(s; τ0, ε) in the half plane {s ∈ C : <(s) ≥ −γ} are confined to the set

Ω := {s ∈ C : <(s) ≥ −γ, |s| ≤ R}.
Since H(s; τ0, ε) → f(s) as |ε| → 0, uniformly on Ω, it follows from Rouché’s Theorem
(Appendix A) that for sufficiently small values of ε the number of zeros of f and H in Ω
are both equal to N . When combining this fact with the continuity of the individual zeros
of H with respect to parameter ε and the expressions (24), it follows that H(s; τ0, ε) is
stable for small positive values of ε.

The proof is similar for the case where <
(

g(jωi)
f ′(jωi)

e−jωiτ0
)

< 0, i = 1, . . . , ν. ¤

Remark 3.3 Proposition 3.1 generalizes Proposition 5.3 of [13], where an alternative
proof is presented, based on the sensitivity of the zeros of H with respect to the parameter
ε for a fixed value of τ . More precisely, define a function si(τ, ε) satisfying si(0, 0) = jωi

and H(si(τ, ε); τ, ε) = 0. Then we get:

∂si(τ, ε)
∂ε

∣∣∣∣
ε=0

= −g(jωi)e−jωiτ

f ′(jωi)
, i = 1, . . . , ν. (25)

Expression (21) is equivalent to requiring

∂<(si(τ, ε))
∂ε

∣∣∣∣
ε=0

< 0, i = 1, . . . , ν.
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The next result addresses a case where the condition (21) can always be met by an
appropriate choice of the delay parameter:

Corollary 3.4 Assume that all zeros of f are in the closed left half plane. Denote by
jωi, i = 1, . . . ν, the zeros of f on the positive imaginary axis, which all have multiplicity
one. Assume further that (20) holds. If the nonzero frequencies ωi are rationally indepen-
dent1, then there always exist values of ε and τ such that the zeros of H(s; τ, ε) are in
C−.

Proof. Because the nonzero frequencies ωi are rationally independent, Kronecker’s the-
orem [11, Theorem 444] can be applied: given arbitrary θi ∈ [0, 2π], i = 1, . . . , m, there
always exists a sequence {τn}n≥1 such that

∣∣∣ejθi − e−jωiτn

∣∣∣ <
1
n

, ∀i ∈ {1, . . . , m} , ωi 6= 0.

As a consequence, the delay can always be chosen such that the condition (21) is satisfied.
¤

If the frequencies ωi, i = 1, . . . , ν, are commensurate (multiples of the same number), then
the condition (21) can be easily checked because the sinusoidal functions

τ 7→ <
(

g(jωi)
f ′(jωi)

e−jωiτ

)
, i = 1, . . . , ν,

need to be evaluated only on a finite interval of length 2π/(mini ωi). With the following
example we illustrate that situations might occur where the condition (21) is violated,
whatever the value of the delay.

Example 3.5 Let
f(s) = Π5

i=1(s
2 + ω2

i ), g(s) ≡ 1,

where ω1 = 1, ω2 = 3, ω3 = 4, ω4 = 5, ω5 = 6. In order to check condition (21), we
compute

{
<

(
g(jωi)
f ′(jωi)

e−jωiτ

)}5

i=1

=
{ −1

201600
sin(τ),

1
145152

sin(3τ),
−1

151200
sin(4τ),

1
380160

sin(5τ),
−1

2494800
sin(6τ)

}
.

(26)

Because there is no value of τ ∈ [0, 2π] such that all elements of (26) are either strictly
positive or strictly negative, the condition (21) cannot be satisfied.

1The real numbers (r1, r2, . . . , rm) are rationally independent if and only if
∑m

k=1 nkrk = 0, nk ∈ Z,
implies nk = 0, k = 1, . . . , m. For example, two numbers are rationally independent if and only if their
ratio is an irrational number.
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3.2 Multiple zeros

According to Proposition 2.1 the zeros of H(s; τ, ε) that correspond to a zero jω, ω ≥ 0,
of f with multiplicity m > 1 behave for small values of ε as the functions

τ 7→ wi(τ) := jω +

(
−ε

m!g(jω)
dmf
dsm (jω)

) 1
m

e−
jω
m

τe
2π(i−1)j

m , i = 1, . . . , m.

Consequently, if m ≥ 2, then there does not exist a delay value such that

<(wi(τ)) < 0, i = 1, . . . , m.

Moreover, if m > 2, then for every value of τ , there exists an index k ∈ {1, . . . , m} such
that <(wk(τ)) > 0. It follows from Proposition 2.1 that there does not exist a sequence of
stabilizing pairs {(τn, εn)}n≥0 with limn→∞ τn < ∞ and limn→∞ εn → 0. If m = 2, there
are values of τ for which

<(wi(τ)) = 0, i = 1, 2. (27)

In this case a higher order analysis of the behavior of the zeros is needed to conclude about
stability for small values of ε, excepting in special situations, as we now illustrate.

Using a different approach the following result can be derived, which corresponds to a
reformulation of Corollary III.4 of [13] to the problem discussed in this paper:

Proposition 3.6 If f is a polynomial having a zero in the closed right half plane with
multiplicity m and if g is a polynomial satisfying deg(g) < m−1, then there does not exist
a pair (ε, τ) such that H(s; τ, ε) = f(s) + εg(s)e−sτ has all zeros in C−.

Proof. The proof is by contradiction. Assume that for some pair (ε, τ) the zeros of
H(s; τ, ε), which are equal to the zeros of

J(s; τ, ε) := f(s)esτ + εg(s), (28)

are in C−. Lemma II.1 of [13], an extension of Lukas’ theorem to quasi-polynomials, states
that if a function of the form (28) has its zeros confined to C−, than all its derivatives
have their zeros confined to C−. Consequently, also the zeros of

dm−1J(s; τ, ε)
dsm−1

=
dm−1f(s)esτ

dsm−1
= esτ

((
d

ds
+ τ

)m−1

f(s)

)

must be in C−. But this contradicts the fact that

dm−1J(s0; τ, ε)
dsm−1

= 0,

where s0 is a zero of f in the closed right half plane with multiplicity m. ¤

Under the assumptions taken on f and g, Proposition 3.6 strengthens the results that can
be obtained from Proposition 2.1 in two ways:

1. the statement of Proposition 3.6 is global in ε, in the sense that it does not restrict
to assertions about small values of this parameter;

2. if m = 2, and deg(g(s)) = 0, then it shows that stability is not possible. This implies
that for a fixed value of τ satisfying condition (27), the situation where the locus
of zeros of H as a function ε is tangential to the imaginary axis at ε = 0 and bend
backwards towards the left half plane can be excluded.
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4 Examples

We illustrate the results obtained in the paper with two examples. With the first one
(single oscillator controlled with delayed feedback) we further illustrate the results obtained
in Section 2. With the second example (a gyroscopic system) we emphasize the phase-
synchronization point of view towards stabilization, described in Section 3.

Both examples concern linear time-delay systems of retarded type, where the char-
acteristic function takes the form (1), with f and g polynomials satisfying deg(f(s)) >
deg(g(s)). For spectral properties of linear time-delay systems of retarded type and their
relation with stability properties we refer to, e.g., [4, 29, 28] and the references therein.
Most important for the remainder of the paper are the following: a steady state solution
is asymptotically stable if and only if all zeros of the corresponding characteristic function
are in C−, and, although the characteristic function generically has an infinite number of
zeros, the number of zeros in any right half plane, i.e. {s ∈ C : <(s) ≥ r}, r ∈ R, is finite.

4.1 Oscillator with delayed output feedback

We analyze the stability of the feedback interconnection of the oscillator (4) with the
control law u(t) = −εy(t − τ) (or U(s) = −εe−sτ Y (s) in the frequency domain). The
characteristic function of the closed-loop system takes the form H(s; τ, ε) := f(s) +
εg(s)e−sτ , where

f(s) = s2 + Ω2, g(s) = 1.

The following result from [22] characterizes the stability regions in the (ε, τ) parameter
space (see also [1]):

Proposition 4.1 Let f(s) = s2 + Ω2 and g(s) ≡ 1. The quasi-polynomial H(s; τ, ε) =
f(s) + εg(s)e−sτ is stable if and only if

ε ∈ (−Ω2, 0) ∪ (
0, 3

5Ω2
)
, τ ∈

(
τ

(1)
− , τ

(1)
+

)
∪ . . . ∪

(
τ

(l)
− , τ

(l)
+

)
,

where

τ
(k)
− = π

(
1+sign(ε)

2
+2k

)
√

Ω2−|ε| , τ
(k)
+ = π

(
3+sign(ε)

2
+2k

)
√

Ω2+|ε| , k ∈ N,

and
l = max

{
k ∈ N : τ

(k)
− < τ

(k)
+

}
.

Remark 4.2 The condition on the gain ε assures that l ≥ 1.

The number of stability intervals in the delay parameter space, l, is always finite but can
be made arbitrarily large by letting |ε| → 0. This fact, as well as the sequence of stability
/ instability intervals, are explained by the oscillatory behavior of the rightmost charac-
teristic roots of the closed loop system as a function of the delay parameter, described in
Corollary 2.2, and, in particular, by their relation with the function

τ 7→ jΩ− ε
g(jΩ)
f ′(jΩ)

e−jΩτ = jΩ + ε
j

2Ω
e−jΩτ .
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4.2 Gyroscopic system

In [8] one investigates the effect of time-delays on the stability of a mechanical system
with gyroscopic forces, modeled by systems of differential equations of the form

My′′(t) + Ty′(t− r) + Ky(t) = 0. (29)

Here, y and y′ represent displacements and velocities. M > 0 and K are real symmetric
matrices which are usually referred to as the mass matrix and the stiffness matrix, and
correspond to inertial and potential forces, respectively. The matrix T is skew-symmetric
and the corresponding term models the gyroscopic forces. The parameter r ≥ 0 represents
a time-delay in their application. In Section 5 of [8] a procedure for the determination of
the stability regions in the delay parameter space is presented for the second-order case,
where (29) can be brought in the form:

y′′(t) +
[

0 κ
−κ 0

]
y′(t− r) +

[
ω2

1 0
0 ω2

2

]
y(t) = 0, (30)

with κ, ω1 and ω2 real constants.
The characteristic function of the system (30) is given by

H(s; τ, ε) = f(s) + εg(s) := (s2 + ω2
1)(s

2 + ω2
2) + εs2e−sτ , (31)

where ε = κ2 and τ = 2r. In the sequel we discuss the stability regions of (30) in the
(τ, ε) parameter space, where we do not necessarily restrict ourselves to positive ε as this
assumption is not needed in the general theory developed in the paper. However, from
the application point of view only the obtained results for ε ≥ 0 are relevant.

For ω1 = 2 and ω2 = 4 the functions υi : R+ → R,

τ 7→ υi(τ) = −<
(

g(jωi)
f ′(jωi)

e−jωiτ

)
, i = 1, 2, (32)

are depicted in Figure 3. Because deg(f(s)) > deg(g(s) the assumption (20) of Propo-
sition 3.1 is satisfied. According to this proposition asymptotic stability is achieved for
small positive values of ε if υ1(τ) < 0 and υ2(τ) < 0, or, equivalently,

τ ∈
⋃ {(π

4
+ kπ,

π

2
+ kπ

)
: k ∈ N

}
. (33)

Similarly, asymptotic stability is achieved for small negative values of ε if υ1(τ1) > 0 and
υ2(τ2) > 0, or

τ ∈
⋃{(

π

2
+ kπ,

3π

4
+ kπ

)
: k ∈ N

}
. (34)

The intervals (33) and (34) are indicated in Figure 3.
To illustrate the relation between the functions (32) and the behavior of the zeros of

(31), described by Corollary 2.2, we have used the package DDE-BIFTOOL to compute
the rightmost zeros of (31) as a function of the delay parameter τ , for ω1 = 2, ω2 = 4
and both ε = 1, which corresponds to Example 5.1 of [8], and ε = 1/4. The results are
displayed in Figure 4. Notice the correspondence with the functions displayed in Figure 3.
For a fixed delay value, namely τ = 4π/3, the rightmost zeros of (31) are shown in Figure 5
as a function of the gain parameter ε. Clearly stability is obtained for small positive values
of ε.

12



0 2 4 6 8 10

−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25

g 1, g
2

τ

Figure 3: The sinusoidal functions (32). The intervals (33)-(34) are also indicated.
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Figure 4: The real parts of the rightmost zeros of (31) as a function of τ , for ω1 = 2 and
ω2 = 4. The left frame corresponds to ε = 1, the right frame to ε = 1/4.
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Figure 5: The real parts of the rightmost zeros of (31) as a function of ε for τ = 3π/8, ω1 =
2 and ω2 = 4.

We note that the determination of a precise threshold on ε for guaranteeing stability
(the assertion of Proposition 3.1 holds for ’sufficiently small’ ε) and a quantification of
the convergence rate behind the limit in Corollary 2.2 require a complete characterization
or computation of the stability regions in the delay parameter space. For the quasi-
polynomial (31) this can be done analytically, based on the following results, whose proof
can be found in Appendix B:

Proposition 4.3 Consider the function H, defined in (31), where ω1 < ω2. Assume that

ε ∈ (−(ω2 − ω1)2, 0) ∪ (0, (ω2 − ω1)2
)
. (35)

Define the following numbers:

ω̃1 = ω1

√√√√1 +
ε

2ω2
1

+
ω2

2 − ω2
1

2ω2
1

(
1−

√
1 +

ε2 + 2ε(ω2
1 + ω2

2)
(ω2

1 − ω2
2)2

)
,

ω̃2 = ω1

√√√√1− ε

2ω2
1

+
ω2

2 − ω2
1

2ω2
1

(
1−

√
1 +

ε2 − 2ε(ω2
1 + ω2

2)
(ω2

1 − ω2
2)2

)
,

ω̃3 = ω2

√√√√1− ε

ω2
2

− ω2
2 − ω2

1

2ω2
2

(
1−

√
1 +

ε2 − 2ε(ω2
1 + ω2

2)
(ω2

1 − ω2
2)2

)
,

ω̃4 = ω2

√√√√1 +
ε

2ω2
2

− ω2
2 − ω2

1

2ω2
2

(
1−

√
1 +

ε2 + 2ε(ω2
1 + ω2

2)
(ω2

1 − ω2
2)2

)
.

The function (31) has a zero jω, ω > 0, for some delay value τ if and only if

ω ∈ {ω̃1, ω̃2, ω̃3, ω̃4} . (36)
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Furthermore, for each ω satisfying (36) the corresponding delay values are given by

Tω̃1 =
{

2πl
ω̃1

, l ∈ N
}

, ω = ω̃1,

Tω̃2 =
{

(2l+1)π
ω̃2

, l ∈ N
}

ω = ω̃2,

Tω̃3 =
{

(2l+1)π
ω̃3

, l ∈ N
}

ω = ω̃3,

Tω̃4 =
{

2πl
ω̃4

, l ∈ N
}

ω = ω̃4.

(37)

If ε > 0, then the crossing direction of a zero jω, ω > 0, as the delay is increased, is
towards instability (stability) if ω ∈ {ω̃2, ω̃4} (ω ∈ {ω̃1, ω̃3}). If ε < 0, then the crossing
direction is towards instability (stability) if ω ∈ {ω̃1, ω̃3} (ω ∈ {ω̃2, ω̃4}).

Proposition 4.4 Consider the function H, defined in (31), where ω1 < ω2. If |ε| ≥
(ω2 − ω1)2, then there does not exist a value of τ such that H is stable.

From Proposition 4.4 we can restrict ourselves to the case where (35) is satisfied in
searching for stability intervals. For a given value of ε, satisfying this condition, the set

T =
⋃

i∈{1,...,4}
Tω̃i , (38)

with Tω̂i defined in Proposition 4.3, leads to a partition of the delay space (R+) into
intervals in which the number of zeros of H in the open right half plane is constant. The
characterization of the stability regions in the delay parameter space is complete when
taking into account the number of zeros of H(s; 0, ε) in the open right half plane (zero)
and the assertion on the crossing direction, in the sense of [5].

Let us apply Proposition 4.3 to the case where ω1 = 2 and ω2 = 4. For ε = 1 a
necessary and sufficient stability condition is given by

τ ∈ (0.8215, 1.5017) ∪ (4.1077, 4.5051) ∪ (7.3938, 7.5085),

and for ε = 1/4 by

τ ∈ (0.7938, 1.5542) ∪ (3.9689, 4.6627) ∪ (7.1439, 7.7711) ∪ (10.3190, 10.8796)
∪ (13.4941, 13.9881) ∪ (16.6692, 17.0965) ∪ (19.0436, 20.2050).

This is in accordance with the results shown in Figure 4 and the results presented in
[8]. If |ε| → 0, then ω̃1 and ω̃2 converge to ω1 and ω̃3 and ω̃4 converge to ω2, while the
corresponding partition (38) of the delay parameter space leads to the stability regions
(33)-(34).

Finally, we consider the quasi-polynomial (31), under the assumption ω1 = ω2. Ac-
cording to Proposition 3.6 H is unstable for all values of ε and τ . Figure 6 shows the
rightmost zeros as a function of ε for ω1 = ω2 = 1 and τ = 4π/3. The high sensitivity
of the zeros of H with respect to changes of ε near ε = 0 is caused by the zero of f with
multiplicity two. Since

∂H

∂ε
(s; τ, ε) 6= 0

for all τ ≥ 0, the graph of the rightmost zeros as a function of ε near ε = 0 can be
decomposed into two smooth curves, one for ε ≥ 0 and one for ε ≤ 0, which both exhibit
a turning point at ε = 0 (see, e.g. [25] for an introduction to bifurcation theory).
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Figure 6: The real parts of the rightmost zeros of (31) as a function of ε (left) and the
corresponding locus in the complex plane (right); ω1 = ω2 = 1, τ = 4π/3.

5 Weakly unstable and weakly damped oscillators

With some examples we illustrate that the methodology of the paper can also be applied
to systems which are unstable or weakly damped oscillators for ε = 0, and that the stabi-
lization mechanisms are similar. In the discussion we highlight similarities and differences
with the case of undamped oscillators, mainly treated in Sections 3-4.

In contrast to damped and undamped oscillators, it is for unstable oscillators not
possible to make assertions about the existence of stabilizing pairs (ε, τ) or intervals from
the asymptotic behavior of the zeros as a function of the delay parameter (for |ε| → 0)
only. In particular, the choice of the gain parameter may involve a trade off, as we now
illustrate:

Example 5.1 Consider the function

H(λ; τ, ε) = ((s− a)2 + Ω2) + εe−sτ , (39)

where a > 0. According to Corollary 2.2 this function has a zero, which behaves for small
values of ε as the function

τ 7→ a + jΩ− ε
1

2jΩ
e−aτe−jΩτ . (40)

For a = 1/50 and Ω = 1 we display in Figure 7 the real parts of the rightmost zeros
of the function (39) as a function of τ , for ε = 1 (upper left frame), ε = 1/20 (upper
right frame) and ε = 1/50 (lower frame). Clearly, ε = 1 is too large for having a good
correspondence between the behavior of the rightmost zeros and the function (40). For
ε = 1/20 the correspondence is already better and explains the sequence of stability /
instability intervals in the delay parameter space. For ε = 1/50, the correspondence on
the delay interval [0, 45] is very good, yet the value of ε is too small to compensate the
instability.

The situations is however different when the damping is also proportional to the gain
parameter, as for the function

h(s; τ, ε) = s2 + Ω2 + ε(as + e−sτ ), (41)
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Figure 7: The real parts of the rightmost zeros of (39) as a function of τ for a = 1/50 and
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bottom frame to ε = 1/50.
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where a ∈ R. Although this function is not of the form (1) the results of the paper can
easily be adapted to such type of problems. For instance, one can derive the following
result, whose proof follows completely the lines of the proof of Proposition 2.1:

Proposition 5.2 Let Ω = {s ∈ C : |s− jΩ| < Ω/2}. For all τ̂ > 0 there exists a number
ε̂ > 0 such that h has a unique zero in Ω for all (τ, ε) ∈ [0, τ̂ ]× [−ε̂, ε̂]. Furthermore, there
is a unique function r : [0, τ̂ ]× [−ε̂, ε̂] → C, (τ, ε) 7→ r(τ, ε), which satisfies r(0, 0) = jΩ,

h(r(τ, ε); τ, ε) = 0, ∀(τ, ε) ∈ [0, τ̂ ]× [−ε̂, ε̂],

and which can be decomposed as:

r(τ, ε) = ŝ + ε µ(τ, ε),

where

lim
|ε|→0+

max
τ∈[0, τ̂ ]

∣∣∣∣µ(τ, ε) +
ajΩ + e−jΩτ

2jΩ

∣∣∣∣ = 0. (42)

According to (42), for small values of ε the zero of h(s; τ, ε) that correspond to the zero
jΩ of h(s; τ, 0), behaves as the function

τ 7→ jΩ− ε(ajΩ + e−jΩτ )
2jΩ

,

from which one can, for instance, conclude the following:

• if aΩ > 1, then for all τ̂ > 0, there is a number ε̂ > 0 such that the zeros of h(s; τ, ε)
are in C− for all τ ≤ τ̂ and ε ∈ (0, ε̂);

• if aΩ < −1, then for all τ̂ > 0, there is a number ε̂ > 0 such that h(s; τ, ε) has zeros
in C+ for all τ ≤ τ̂ and ε ∈ (0, ε̂);

• if aΩ ∈ (−1, 1), then for all τ̂ > 0, there is a number ε̂ and a number τ > τ̂ such
that for all ε ∈ (0, ε̂) the zeros of h(s; τ, ε) are in C−.

Following the lines of Section 3 the zeros of a more general function of the form (5), where
f has more than one rightmost zero on the imaginary axis, can be analyzed. This can be
done by first studying the behavior of the critical zeros separately, as illustrated above.
Making assertions about the behavior of all critical zeros in the next step, such as stability
assertions, then again leads to ’synchronization’ requirements on the delay parameter.

6 Concluding remarks

From the study of the behavior of the zeros of (1) as a function of the delay parameter,
insight was gained in the effect of time-delays on the stability of oscillatory systems and
in the stabilization mechanism of such systems using delayed feedback. The results were
supported by characteristic roots computations and validated by means of examples where
analytic expressions for the stability regions can be obtained.

Since Proposition 3.1 is inherently a low gain type result (there is no lower bound
on the gain parameter in the stability condition), we believe that by an appropriate gain
scheduling technique the result can be extended towards the global stabilization of oscilla-
tory systems with constraints on the input. A result in this direction is described in [18],
where the global stabilization of a single oscillator with arbitrary input delay using state
feedback is addressed.
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A Rouché’s Theorem

The proofs of several results of the paper rely on the celebrated Rouché’s Theorem (see,
e.g. [16, §5.3.]):

Theorem A.1 Let f and g be analytic functions on an (open) domain D ⊆ C. Let C ⊂ D
be a closed, simple contour, that is, without self-interactions. If

∀s ∈ C : |f(s)− g(s)| < |f(s)|,

then the functions f and, g have the same number of zeros inside C, where each zeros is
counted as many times as its multiplicity.

B Proofs

Proof of Proposition 4.3

The function (31) has a zero jω, ω > 0, if and only if

ω4 − (ω2
1 + ω2

2)ω
2 + ω2

1ω
2
2 − εω2e−jωτ = 0.

Taking the real and imaginary parts of this equation yields
{

ω4 − (ω2
1 + ω2

2)ω
2 + ω2

1ω
2
2 − εω2 cos(ωτ) = 0,

ω2 sin(ωτ) = 0.

The solution of the second equation is given by either ωτ = lπ, l ∈ N, for which cos(ωτ) =
1, or ωτ = (2l + 1)π, l ∈ N, for which cos(ωτ) = −1. This allows to eliminate the delay
τ in the first equation. In this way a straightforward computation yields (36) and (37).
The condition (35) assures that the arguments of the square roots in (36) are positive.

If ε > 0, respectively ε < 0, then the condition (35) implies that

ω̃4 > ω̃3 > ω̃2 > ω̃1, (43)

respectively,
ω̃3 > ω̃4 > ω̃1 > ω̃2. (44)

From the crossing direction characterization of Theorem 6 of [22] and the results presented
in [5], it follows that the crossing direction of a zero jω, ω > 0, is towards instability if
ω equals the largest frequency in (43)-(44), and alternates over the ordered frequencies.
The assertion of the proposition follows.
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Proof of Proposition 4.4

If ε > (ω2 − ω1)2, then H(s; 0, ε) has four zeros on the imaginary axis. Furthermore,
the assertions of Proposition 4.3 remain valid provided (36) is replaced with the condition
ω ∈ {ω̃1, ω̃4}. Since zeros of H cross the imaginary axis towards stability for τ = 2πk/ω̂1

and towards instability for τ = 2πk/ω̂4, k ∈ N, and since ω̃1 < ω̃4, stability cannot be
obtained by increasing τ .

If ε < −(ω2−ω1)2, then H(s; 0, ε) has 2 zeros in C+ and two zeros in C−. The assertions
of Proposition 4.3 remain valid provided (36) is replaced with the condition ω ∈ {ω̃2, ω̃3}.
Since zeros of H cross the imaginary axis towards stability for τ = (2k + 1)π/ω̂2 and
towards instability if τ = (2k + 1)π/ω̂3, k ∈ Z, and since ω̃2 < ω̃3, again stability cannot
be obtained by increasing τ .

The proof for the limit case |ε| = (ω2 − ω1)2 is by contradiction. Assume for instance
that H(s; τ̂ ; (ω2 − ω1)2) has all zeros in C−. Then for sufficiently small values of γ > 0,
H(s; τ̂ , (ω2−ω1)2 + γ) must have all zeros in C−, and we have arrived at a contradiction.

References

[1] C.T. Abdallah, P. Dorato, J. Benitez-Read, and R. Byrne. Delayed positive feed-
back can stabilize oscillatory systems. In Proceedings of the 1993 American Control
Conference, pages 3106–310, San Francisco, USA, 1993.

[2] F.M. Atay. Distributed delays facilitate amplitude death of coupled oscillators. Phys-
ical Review Letters, 91:094101, 2003.

[3] F.M. Atay. Oscillator death in coupled functional differential equations near hopf
bifurcation. Journal of Differential Equations, 221:190–209, 2006.

[4] R. Bellman and K.L. Cooke. Differential-Difference Equations. Academic Press: New
York, 1963.

[5] K.L. Cooke and P. van den Driessche. On zeroes of some transcendental equations.
Funkcialaj Ekvacioj, 29:77–90, 1986.

[6] S.L. Das and A. Chatterjee. Second order multiple scales for oscillators with large
delays. Nonlinear Dynamics, 39:375–394, 2005.

[7] K. Engelborghs, T. Luzyanina, and G. Samaey. DDE-BIFTOOL v. 2.00: a Matlab
package for bifurcation analysis of delay differential equations. TW Report 330,
Department of Computer Science, Katholieke Universiteit Leuven, Belgium, October
2001.

[8] P. Freitas. Delay-induced instabilities in gyroscopic systems. SIAM Journal on Con-
trol and Optimization, 39(1):196–207, 2000.

[9] K. Gu, S.-I. Niculescu, and J. Chen. On stability of crossing curves for general systems
with two delays. Journal of Mathematical Analysis and Applications, 311(1):231–253,
2005.

[10] B. Haegeman, K. Engelborghs, D. Roose, D. Pieroux, and T. Erneux. Stability and
rupture of bifurcation bridges in semiconductor lasers. Physical Review E, 66:046216,
2002.

20



[11] G.H. Hardy and E.M. Wright. An introduction to the theory of numbers. Oxford
University Press, 1968.
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