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1. Introduction

In this note we derive stability criteria for linear systems
subjected to a specific class of stochastically varying delays.
Unlike the mainstream perturbation based approaches, wherein
the analysis a system with time-varying delay is implicitly seen as
a perturbation of a system with a time-invariant delay, we aim at
exploiting explicitly the distribution and probabilistic properties of
the delay. This allows us to determine the precise effect of the delay
variation on stability, and, in particular, to characterize situations
where the variation of the delay is beneficial and where it is not.
From an application point of view the problem is motivated by
networked controlled systems and congestion control problems
in communication networks, where the delays typically have
an irregular behavior, but information is available about their
probabilistic properties [1,2].

While most of the existing stability criteria for systems with
time-varying delays are based on viewing a time-varying delay as a
perturbation of constant delay, there are a few results on assessing
the precise effects of a delay variation on stability, yet for the
special case of a (deterministic) periodic variation, see, e.g., [3-5].
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In the latter reference it is shown that the stability properties of
a system with a fast periodically varying delay are closely related
to those of a comparison system with distributed delay, where
the delay kernel can be interpreted as the distribution of the
original time-varying delay. The investigation to what extent this
result extends toward systems with stochastically varying delays
is another motivation for the present paper. Here we note that the
recent work on distributed delays with a so-called y -distribution
kernel in, e.g., [6,2] and the references therein is also inspired
by problems with time-varying or stochastic delays. On the other
hand, several results are available on stability of stochastic systems
with delay, see [7] for an overview, but they do not cover the case
where precisely the delay variation is stochastic. Exceptions are
formed by the paper [8], where the available information about the
delay is an upper bound which can take two values with a given
probability, and by the book [9] where jump linear systems with
mode dependent delays are briefly considered.

Because of the difficulty of the important problem of analyzing
systems with general stochastically varying delays and the fact that
this research direction is merely explored, we restrict ourselves in
this work to the simplified case where the stochastic delay function
has the shape of a sawtooth, with discontinuities occurring at the
arrival times of a homogeneous Poisson process. The slope of the
sawtooth is chosen equal to one, which not only simplifies the
analysis, but allows us to interpret the problem and the obtained
criteria in the context of stability of products of random matrices.
Furthermore, the inspiring paper [5] suggests to consider a fast
delay variation and thus a high slope, but a slope larger than one is
debatable from a system’s theoretic point of view, as a system with
time-varying delay t(t) may not be causal if the function t — 7 (t)
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is allowed to decrease [10]. Indeed, if the rate of the delay variation
exceeds one, the system has to remember what it already forgot,
which can then only be done by integrating the delay equation
backwards.

As already mentioned, part of our results are based upon a
fundamental theorem on products of random matrices [11,12],
reproduced below to make the paper self-contained.

Theorem 1 (Furstenberg-Kesten). If {Ax} is a stationary ergodic
sequence in R™*", for which E max{log ||A1]|} < oo, then

1 1
lim — log ||[ANAN—1---A1|| = lim —Elog ||[ANAN_1---A
Nl_{goN 0g |[ANAN—1 1l Nl_)fT;ON 0g |ANAn—1 1l

with probability one.

This theorem finds applications in the study of almost sure
convergence of some adaptive algorithms [13], and in the stability
analysis of discrete time systems with multiplicative noise [14].
Much use has been made of the multiplicative ergodic theorem by
Oseledec [15], which can be seen as a generalization of Theorem 1.
We note that the results for products of random matrices have been
extended further by Luenberger to a class of monotone nonlinear
mappings [16].

The structure of the paper is as follows. In Section 2 the model
is presented and briefly discussed. The main results are given
in Sections 3-5 and concern stability criteria corresponding to
different stability notions (moment stability, Lyapunov stability,
convergence of all sample paths). The obtained results are
illustrated in Section 6. A modification of the model is briefly
discussed in Section 7 and some concluding remarks in Section 8
end the paper.

The following notation will be used. For a square matrix A, p(A),
respectively «(A) denote its spectral radius, respectively its spec-
tral abscissa, that is, «(A) = maXycc {R(A) : det(A] — A) = 0}.
The expected value of x is denoted by Ex. Throughout the paper || - ||
stands for an arbitrary vector norm or its induced matrix norm.

Finally, we refer to [17] for various stochastic stability defini-
tions. See also some recent results in [18,19].

2. Reduction to a discrete delay model

We consider the equation
x(t) = Ax(t) + Bx(t — (t)), x(0) € R", (1)

where the delay t has a sawtooth form, as shown in Fig. 1. The slope
is equal to one a.e. and the discontinuities (resets to zero) occur at
time-instants

O<ti<ty<---

that correspond to the arrival times of a homogeneous Poisson
process with rate A. Letting to = 0, the inter-arrival times §; =
tyr1 — ty, k > 0, are thus independent and identically distributed,
and the probability density function of the inter-arrival time §y, is
given by

Py, () = re ™.

Thus, the average inter-arrival time is 1/X and the average delay
1/2X. Let

2 =Ry xRy x---

be the sample space of the inter-arrival times {51, §3, ...}. Forw €
§2 we denote the corresponding sample path of the delay function
by 7(t; w).Similarly, with the function

teRy = x(t; y, w)

we denote the sample path, corresponding to w, of the forward
solution of (1) with initial condition x(0) = y. If no confusion

(1)

/

I
I
)
1 I

Fig. 1. Sample path for the stochastic delay function.

is possible, we will write 7(t) and x(t) instead of t(t; w) and
x(t; y, w) in what follows, in order to simplify the notation.
The delay function is such that

t—t(t) =1t, Vtelty, tirr).

Therefore, if ty < t < t;41 then Eq. (1) reduces to

x(t) = Ax(t) + Bx(ty), (2)
which is readily integrated to
t
x(t) = M Wx(t,) + f e Bx(t,) do
te
= eNWx(g) + (e — 1) A7 Bx(ty). (3)
The integral is always defined, so (e*¢~%)A~" is to be understood

as the convergent series expansion which exists, even if A is
singular. At the next Poisson arrival time we get

X(ti1) = e Wx(g) 4 (170 — 1) A7IBx(ty). (4)
Denoting x(t;) simply by x,, we arrive at the discrete model

Xe+1 = M(8k) Xk, (5)
where the iteration matrix M satisfies

M) =e"1+C)—C, t>0, (6)
with

C=A"B.

Again we remark that M (t) exists, although C may not.

Note that the existence and uniqueness of solutions is guaran-
teed by the relation between (1) and (5), combined with the exis-
tence of uniqueness of the solutions of (2) in the intervals [t;, tii1).

3. Moment stability

Taking expectations of the iteration (5), we get due to the
independence of §; that

EXi 1 = EM(8k) Ex,

o0
= [ M(t)re " dt Ex;
0

= (M — A)"'(M + B) Ex;, (7

under the condition A > «/(A), which assures the existence of the
integral. Consequently, if the eigenvalues of the bilinear function
(M — A)~1(Ml + B) lie within the unit circle, then the first moment
converges to zero exponentially:

Theorem 2. There exist constants ¢ > 0 and y € (0, 1) such that
IExe]l < cy* f1xol

ifand only if A > «(A) and, in addition,

p (M =AM +B)) < 1. (8)



E.L Verriest, W. Michiels / Systems & Control Letters 58 (2009) 783-791 785

Next we consider the stability of the second moment. From (5)
we have

XX, = MS)xxM (8)",
hence,

Exis 1 = EM(8)xxM(81)"
= E {M(8) Exex)M (8"} -

If we define

P, = Exixy, 9)
then we arrive at the iteration

Pir1 = E{M(8)PM (50} (10)
Vectorizing this expression yields:

vec Py = E (M (8) ® M(8y)) vec Py,

or

vec Pyy1 = U vec Py, (11)

where

U :=EM(S) ® M(6p) = / M(t) @ M(t) re~*dt. (12)
0

Note that the integral exists if A > 2a/(A). From (11) we obtain:

Theorem 3. There exist constants ¢ > 0 and y € (0, 1) such that
IExxi |l < c* lIxoxgl

ifand only if & > 2a(A) and, in addition,

pU) <1, (13)

where U is defined in (12).

Remark. Under the assumption that A is nonsingular, we obtain
from (10):

Pier1 = EM(80PM(80)"

= E(eM(1+C) — C) Py (ef‘”k (I+C"— CT) . (14)
By defining
Xy = % Ee’?(I + C)P (1 + CT)e,
which satisfies the Lyapunov equation
AXi + XA — AXy = (I + O)P(I + C), (15)
we can rewrite (14) as

Piy1 = AXi — ACP(I 4 CTY (AT — AT~
— A —A) "I+ O)PCT + CPCT. (16)
The expressions (15) and (16) define a two-term recursion for the

iteration (10) or (11). This iteration can be used in a power method
for the computation of p(U) in the application of Theorem 3. ¢

4. Lyapunov stability

Consider for the system (5)-(6) the Lyapunov function
V(x) = Ex"Px.
Note that for a given value of xy, we get
V(x1) = ExPx;
= ExpM(80)"PM (80)xo

=x ( / h M(t)TPM(t)Ae_“dt> Xo.
0

In order to assure the boundedness of the integral and a finite value
of V(x1), the assumption A > 2a/(A) is made in the remainder of
the section.

Letting V;, = V (x¢), the increment AV, := V}.11 — V,, satisfies

AV = EXI[((I + D" ¥ — TP (I + C) — C) — Plx,
—E {xk [(1 + CHY[E e pe (I + C)
—ACTPOMI = ADYT' U +0)
— 3+ CHPGI — A)'C + CTPC — c] xk} :
The matrix

1 T ® T
Xp = ; E e’ %k pedt — f e’ tpeft et
0

satisfies the Lyapunov equation
A"™Xp + XpA — AXp +P =0,
hence, also
(A" — ADXp + Xp(A — AI) + AXp + P = 0.
Substituting these expressions the increment becomes
AVk = E {x [MI + CDXp(I +C) — ACTPOL — A) "' (I + C)

— A1+ —A)T'PC 4 C'PC — C]xi} - (17)
Let Q be defined by
Q=d+H'CPU —A T+ —=ANYPCd +CO) 1.
As it satisfies
W =AU +CT'C"P+PCU 4+ C) I — A)

= (M — AHQM — A),

we obtain
AV = Exp (1 +C" [2Xp — A0 + CHCTP(AT — A) !

— A =A)TPCI+ O+ O)x¢

+Ex, (C'PC — C)x;

= Ex [A(I +CHXp — Q) + C) + C'PC — P] x,.

If the condition
AI4+CHXp —Q)I+C)+C'™PC—P <0 (18)

is satisfied, then the system is stochastically Lyapunov stable, since
(18) implies

Vigr — Vi < =y Vg,
where
¥ = Amin (-2 +CHXp — Q)(I + C) — C"PC + P) € (0, 1).

Summing up the above results we arrive at the following
theorem:
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Theorem 4. If . > 2a(A) and if there exist matrices P = PT > 0,
Q = Q" and Xp = X} such that the following linear conditions are
satisfied:
M +CHX— Q)T +C)+C'PC—P <0,
A —ADI 4+ CH7ICTP + PC + O)H (M — A)

= (M —ADHQ (M — A),
A™Xp +XpA — AXp +P =0,

(19)

then the system (5) and (6) is stochastically Lyapunov stable.
Furthermore, a Lyapunov function is given by V = E x"Px.

Remark. Inthe deterministic case, where the equation is governed
by

Xkr1 = Mxy, (20)
with M independent of k, it is well known that Lyapunov stability
and second moment stability are equivalent (for the latter note that
p(M® M) < 1 & p(M) < 1). Whether this property carries
over to the stochastic case, more precisely, whether the feasibility

of (19) is equivalent with the condition (13), is an open problem
and subject of further research. ¢

5. Multiplicative ergodic theorem

Let g € Ny. Performing k q iterations of (5) yields

k
Xkg = | | N(Su—1)q+1 - - - » Sig)Xo,
=1
where
N(s1,...,8q) = M(sq)M(sq-1) - - - M(s1).

It follows that
k

Ixegll < T TINGa-1g51. - - 8 %o
=1

and

1 1< 1

—log ||xkqll < — log ||N (86— R — log ||xo]|.
el kqn_k; g IN(Bu-1g41 Wl + 7 log ol
Every solution of (1) converges to zero if

1
lim — 1
Jim - log [IXkq I

exists and is strictly negative. An application of Theorem 1 yields:

1
kll)n;o % ; log [IN(Sq—1)g+1, - -+ » Sig)
=Elog [N(Sa-1g+1, - - -» Sig)
o0 (o]
=/ / log [N(s1, - . ., S [[x%e *E1T TS ds, . ds,.
0 0

Thus, we arrive at the following criterion:

Theorem 5. Assume that q € Ny. If

/ / log [M(sg) - - - M(s1) | A1
0 0

x e MsitTsads) ds, < 0, (21)
then with probability one, we have

tlim x(t;y,w) =0, VyeR" Voe .
—00

Remark. If (21) is satisfied for ¢ = 1, then it is also satisfied for all
q > 1.Hence, taking ¢ > 1 may relax the stability condition, at the
price of an increased computational cost to check the criterion. ¢

Remark. When applied to the (deterministic) Eq. (20) the
condition (21) becomes |[MY|| < 1. This stability condition
becomes necessary and sufficient in the limit case where ¢ — oo,
following from

Jim M7 = (p)?. o

6. Example case studies

6.1. Scalar and triangularizable systems

We consider the equation
x(t) = ax(t) + bx(t — t(t)), a,b e R, (22)

where t is a sawtooth function, as described in Section 2. The
switching is determined by a Poisson process with rate A, or,
equivalently, the average value of the delay, %", satisfies
1
V= —. 23
7 (23)
In order to analyze the stability in the (a, b, T2") parameter space,
we perform a transformation of time

gnew) _ p(old) /pav. (24)
which brings the equation in the form

x(t) = ax(t) + Bx(t — (1)), (25)
where
a=at?, B=br"

and

r(t) =1 (t%t) /7. (26)

Note that the discontinuities of the normalized function r are
determined by a Poisson process with rate 1/2. Hence only two
effective parameters remain.

An application of Theorem 2 leads to the following stability
condition for the first moment:

a—1< B < —a.

By Theorem 3 the second moment is stable if

(o]
1
f (e (1+ B/a) — B/a)’ 5e—%fcn <1
0

A simple calculation yields that this condition is equivalent with
Ly

a——-<pB < —a,
2

and, as the equation is scalar, the same result is obtained from
Theorem 4. Finally, Theorem 5 states that all solutions of (22)
converge to zero if!

/Oo log [e*' (14 B/a) — B/c] %e*%f dt < 0. (27)
0

This condition corresponds to a region in the («, 8) plane of the
form

y() < B < —a.

The function y can be determined from (27) using numerical inte-
gration and a rootfinder. The result of this computation is shown
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Fig. 2. Stability regions of (25) in the (a, b, T®) space, obtained from Theorem 2-3
and Theorem 5. For parameter values indicated with (‘+’) sample paths of solutions
are shown in Fig. 3.

on Fig. 2, where we also compare the different stability criteria. It
is important to point out that these criteria are non-conservative
in the scalar case considered. The implication that for some param-
eter values every sample path converges to zero while the second
moment is unstable, i.e. limy_, oo Exﬁ = 09, is clarified by means of
Fig. 3. In the top frame various sample paths of solutions of (22) are
shown for parameter values («, 8) = (0.2, —0.25), for which both
the second moment is stable and condition (21) is satisfied. Note
that the convergence is uniform. The bottom frame corresponds
to parameter values («, 8) = (0.2, —0.5), for which the second
moment is unstable, but condition (21) is still satisfied. Although
all sample paths converge to zero, transient behavior characterized
by high peaks may occur. For larger values of k such peaks are less
likely to occur, but the high values make Exﬁ grow unbounded.

Next, we have compared the obtained results with various
results based on averaging the delay. More precisely the following
comparison systems were considered: the equation

x(t) = ax(t) + Bx(t — s(t)), (28)
with
st)=t—2n, te2n,2(n+1)),n€e7Z,

is obtained by replacing the Poisson inter-arrival times with their
expected value. The equation

x(t) = ax(t) + px(t — 1) (29)

is the result of averaging the whole delay function over time,
following from

1 T
lim f/ r(s; w)ds = 1,
0

T—+00

independent of w. Finally, in

x(t) = ax(t) + B foo w(@)x(t — 6)da, (30)
0
where
1 o0 e—S

1 In the scalar case the condition (21) is independent of q.

Fig. 3. Plot of x; versus k, corresponding to 50 sample paths of solutions of (25)
with initial condition x(0) = 1. The parameter values are («, 8) = (0.2, —0.25)
(top frame) and (&, B) = (0.2, —0.5) (bottom frame).

the time-varying delay r(t) is replaced with a time-invariant,
distributed delay whose kernel w is such that

N
1
/ w(@)dd = lim — uft €[0, T]:r(t; w) < s},
0 T—+oo T
Vs > 0, (31)

with () the Lebesgue measure over R. The latter approach is
inspired by the paper [5], where for the case of a fast periodic
delay variation it is shown that a distributed delay comparison
system based on the relation (31) has strongly connected stability
properties.

In Fig. 4 we have depicted the stability regions in the («, 8)
space of (28)-(30) and compared with these of the original
system (25), shown in Fig. 2. The unboundedness of the delay r and
the relatively slow variation compared to the system’s dynamics
have contributed to the significant differences (for comparison,
a small delay perturbation around a nominal value would have
favored the approximation (29), while a very fast variation would
have favored (30)). This illustrates the importance of taking into
account the precise properties of the stochastic delay variation.

Remark. If A and B in (1) are both upper or lower triangular,
then the structure of the equation suggests to split up the stability
analysis in scalar problems

yi(t) = ai; yi(®) + byt — (), i=1,...,n, (32)















