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Abstract

In this paper, we describe a stabilization method for linear time-delay systems which extends the classical pole placement method
for ordinary differential equations. Unlike methods based on finite spectrum assignment, our method does not render the closed
loop system, finite dimensional but consists of controlling the rightmost eigenvalues. Because these are moved to the left half
plane in a (quasi-)continuous way, we refer to our method as continuous pole placement. We explain the method by means of the
stabilization of a linear finite dimensional system in the presence of an input delay and illustrate its applicability to more general
stabilization problems. © 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Delay equations; Feedback stabilization; Pole assignment

1. Introduction

The stabilization of linear time-delay systems has been
studied extensively in the literature. Existing stabilization
methods include those based on finite spectrum assign-
ment (Brethé & Loiseau, 1998; Manitius & Olbrot, 1979;
Olbrot, 1978; Wang, Lee, & Tan, 1999), methods using
an algebraic Riccati approach (where stability conditions
are expressed by the solvability of a Riccati equation or
by the feasibility of a linear matrix inequality, see Dion,
Dugard, and Fliess (1998) and the references therein)
and variants of the Smith predictor (see Palmor (1996),
Chap. 10 for an overview).

In this paper we develop a numerical stabilization
method which is related to the classical pole-placement
method for ordinary differential equations (Ackermann,
1972). The approach, which starts from the state space
description of a linear time-delay system, is mixed
analytical/numerical and makes use of a recently de-
veloped method (Engelborghs & Roose, 1999) for the
determination of the rightmost eigenvalues of a linear
time-delay system.
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As an illustration of our method, we study the stabi-
lization of the system

¥ =Ax +Bu(t — 1), AcR™", BeR™!, @))

where x € R” is the state, #u € R is the input and 7 > 0
represents an input delay. We use a linear static state
feedback controller,

u=K"'%, KecR™!, 2)

The control law (2) is not only motivated by the fact that
it reveals the link between our stabilization method and
the classical pole placement method, and allows to ob-
tain some nice theoretical results. We will also show that
for system (1), a static state feedback controller leads to
stabilizability properties which are comparable to those
of methods based on finite spectrum assignment, when
small perturbations are taken into account. Furthermore,
the extension to the output feedback case is straightfor-
ward.

The structure of the paper is as follows. First, we study
theoretical stabilizability properties of system (1)—(2)
and motivate the use of control law (2), thereby ex-
plaining the ideas behind the continuous pole placement
method. Then we study the stabilization method in detail
and apply it to a (numerical) example. After a discussion
of the output-feedback case, we end with some numerical
examples illustrating the applicability of our method to
more general types of delay equations involving delays in
both state and control variables, and multiple feedbacks.

0005-1098/02/$ - see front matter © 2002 Elsevier Science Ltd. All rights reserved.
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2. Preliminaries
The state of the delay equation

X=Ax + Asx(t — 1), x€R", A,4,€R"™", (3)
at time ¢ is given by a function segment x, €
€([ — 7,0], R") defined as

x()=x(t+86), 0¢€[—r,0].

Here ([ — 7,0], R") is the Banach space of continuous
functions mapping the delay-interval [ — 7,0] into R”
and equipped with the supremum-norm ||.|[;. A solution
is uniquely defined by specifying as initial condition a
function segment xy € ([ — 7, 0], R"). Note that the delay
equation can be considered as an evolution equation over
this space. Therefore, delay equations belong to the very
broad class of functional differential equations (Hale &
Verduyn Lunel, 1993; Kolmanovskii & Myshkis, 1999;
Kolmanovskii & Nosov, 1986).

Stability definitions for (3) are analogous to the ODE
case (Dugard & Verriest, 1998; Kolmanovskii & Nosov,
1986). The zero solution of (3) is asymptotically stable
when
Ve > 0,

36> 0: xolls <0 — |x s <& VE=0

and

lim x(1) =0, Vxo € €([ — 7,0, R").

This is equivalent with the fact that all eigenvalues, i.e.
the roots of the characteristic equation,

det(Al — A4 — Ae ") =0, (4)

are in the open left half plane. Condition (4) is equivalent
to requiring the existence of a nonzero vector v C"*!
such that (Al — A — A,e=**)v = 0. The function segment
ve’?, 0 e [—1,0]is the eigenfunction corresponding to the
eigenvalue 4. Eq. (4) is transcendental and has infinitely
many solutions. However, the number of eigenvalues to
the right of any vertical line, 23(4) > r, with r € R, is fi-
nite, and hence —oo is the only accumulation point for the
real parts of the eigenvalues (Dugard & Verriest, 1998;
Hale & Verduyn Lunel, 1993).

In the rest of paper we make the following assumption:

Assumption 2.1. The pair (4,B) in (1) is controllable.
This allows to bring the closed loop system (1)—(2),
after a similarity transformation z = Tx, into the control

canonical form:

i=A.z+BK z(t — 1) (5)

or
o )
0 1
i= z(1)
0 1
L —a1 —ay ... —ay |
0
+| | b k knlz(t — 7). (6)
0

Hence the eigenvalues of (1)—(2) satisty,
H() 2 0"+ (ay + ke ™) 4.
+ (a2 + kae ")+ (a1 + kie ") = 0. (7

3. Motivation

The problem of the stabilization of system (1) with a
feedback controller of form (2) is hard because its design
involves the determination of only »n parameters, while
the closed loop system has an infinite number of eigen-
values. On the other hand the proposed controller struc-
ture is very simple and easy to implement. Furthermore,
recent research (Engelborghs, Dambrine, & Roose, 2001;
Van Assche, Dambrine, Lafay, & Richard, 1999) shows
that more sophisticated controllers, which are based on
prediction and yield only a finite number of closed loop
eigenvalues, may be sensitive to arbitrary small imple-
mentation errors and suffer from the same limitations
as controller (2) from a practical point of view. This
will be illustrated with a one-dimensional example in
Section 3.3.

3.1. A finite-dimensional controller for an
infinite-dimensional problem

The classical pole placement algorithm (Ackermann,
1972) cannot be applied directly to the time-delay case
because the characteristic equation (7) has infinitely
many solutions while the number of degrees of freedom
in the controller is n. A direct placement of n eigenval-
ues is always possible. This follows from the linearity of
the characteristic equation (7) w.r.t. the components of
K.. Indeed Eq. (7) can be rewritten as
[ i 2 Pk ke .. k)T =—p(A)eR,

where p(2)=>""_, a;A~"+ A". When forcing n different
eigenvalues 4i,...,4, to satisfy this equation, a linear
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system of equations with unknown K. and a regu-
lar Jacobian matrix (a Vandermonde matrix) is ob-
tained. However, by placing n eigenvalues, which
determines the complete spectral picture, control is lost
over the position of the other ones, and these may cause
instability.

Our method is based on the fact that, unlike for neu-
tral equations (Michiels, Engelborghs, Roose, & Dochain,
1998), the number of unstable eigenvalues is always fi-
nite (Hale & Verduyn Lunel, 1993, Lemma 1.4.1), and on
the availability of a software tool to calculate the right-
most eigenvalues (Engelborghs, 2000). Once we have
detected unstable eigenvalues, our strategy consists of
moving them to the left half plane by applying small
changes to the controller gain K, and meanwhile moni-
toring the other eigenvalues with large real part. Because
the eigenvalues move continuously w.r.t. changes in the
feedback gain, see Theorem 8 in the appendix, we refer
to our method as the continuous pole placement method.
Before describing the method in more detail in the next
section, we introduce some theorems concerning the lim-
itations and difficulties of linear state feedback control in
the presence of input delays.

When the uncontrolled system (1) has eigenvalues in
the closed RHP, the destabilizing effect of a time delay
is illustrated with the fact that no fixed feedback-gain K
is able to achieve stabilization for all values of the time
delay 7, a consequence of the following theorem from
in 't Hout (1994). By () we denote the spectrum and
by 74(-) the spectral radius.

Theorem 1. Delay-independent stability:

X(t) = Ax(t)+Ax(t —t) asymptotically stable for all
20

4

R(0(4))<0 and supry((jol —A)'4,)<1.
w€eR

We can strengthen this result: when 4 has eigenvalues
in the open right half plane, even semi-global stabilization
in the delay is not possible.

Theorem 2. When A has eigenvalues in the open RHP,
the system X = Ax + Bu(t — 1) cannot be asymptotically
stabilized semi-globally in the delay using state feedback
u=Kx, ie.

3T < oo such that
VK € R", 3t < 7 X = Ax + BK'x(t — 1) is not
asymptotically stable.

Proof. Suppose that the theorem does not hold, i.e. there
exist sequences {K, },>1 and {7, },> with lim,_, ., 7,=00
such that the feedback u = K, x asymptotically stabilizes
the system for 0 <1t < 1t,. We show that this always

leads to a contradiction. We make distinction between
two cases.

Case 1: the sequence {||K,| }n>1 is bounded. Because
all elements of {K, },,~1 belong to a compact region in R",
there exists a converging subsequence with limit K. De-
note by Ay an eigenvalue of 4 in the open right half plane
and define the disc D = {4: |4 — 4¢| < R(4o)/2}. The se-
quence of analytic functions { f(4,7,)},>1 = {det(Al —
A—BK"e *)},~ converges uniformly on the disc D to
the function f(1)=det(Al —A4). We can apply Lemma 7
of the appendix, which states that for large », the number
of zeros of f(4,7,) and f(A) in D are equal. As a conse-
quence, the system x = Ax + BK"x(¢ — 1,,) has an eigen-
value in the open RHP for large values of n. Hence, there
exists an integer 7 such that X = Ax + BKx(¢ — 7;) has an
eigenvalue in the open RHP, whereas x = Ax + BK,x(t —
7;) is asymptotically stable for large n, since {K,},>1
asymptotically stabilizes the system for 7€[0,7,]. Be-
cause {K,},>1 has a subsequence converging to K, this
implies that an arbitrarily small change of the feedback
gain K stabilizes the (unstable) system when t=1; and we
have a contradiction because the eigenvalues move con-
tinuously w.r.t. parameter changes, see Theorem § in the
appendix.

Case 2: the sequence {||K,||}n>1 is unbounded. First
note that with an arbitrary feedback gain K and for any
® > rq(A), the system x = Ax + BK"x(¢ — ) has eigen-
values at +jw iff

det(/ — (jol — A)"'BKTe %) =0,

meaning that the matrix (jol — A)"'BKTe™1** has
an eigenvalue 1. Since this is a rank-1 matrix, with
its only possible nonzero eigenvalue equal to 4,, =
KT(jwl —A)~'Be 7, this is equivalent with | 4,.|=1 and
J(4nz) = 0. Consequently, when |[KT(jowl — 4)~'B| =1,
we have eigenvalues at +jw for a value of the delay
7 satisfying 7 < 2n/w. We will also use the fact that
limy, oo KT(joI —A)"'B=0.

There exists a converging subsequence {F,},>; of
{K./||Ku||}n=1 and let its limit be F. Consider the param-
etrized curve in the complex plane, w € (7,(4),0) —
FT(jwl — A)~'B. 1t is impossible that this curve lies at
zero for all w > r,;(4). Indeed when w > r,(4), we can
expand (jol —4)™" = £ 377 (4/jo)". Hence
0=F"(jwl —A4)"'B

:i FTB+.LFTAB+ .1

jo (jo)

. FT4’B...
Jo

Yoo > ry(A4)

would imply that FTA¥*B=0, k € N, and thus F'[B 4B...
A"'B] = 0. Because the pair (4,B) is controllable, it
follows that / = 0 and we have a contradiction since
1F]] = 1.
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As a consequence, Jo > 0 and 3@ > r,(A4) such that
|[FT(jol — A)~'B| = a. Because F, — F there exists
an integer N such that for n >N, 3a > |FJ(jol —
A)~'B| > a/2. With a feedback gain kF,, k >0, n > N,
there are eigenvalues on the imaginary axis when
k = 2/a for a delay © < 27/®, because then the curve
® € (ry(4),0) — kFY(jwl — A)~'B intersects the unit
circle, and hence [kFY(jol — A)~'B| = 1, for some
w = o.

As a result, there is a subsequence of {K,}.>o0
which cannot asymptotically stabilize the system in
delay intervals larger than [0,27/@] and we have a
contradiction. [J

The next theorem illustrates an inherent difference be-
tween the ODE and the DDE case. When 770, the set
of all stabilizing feedback gains is bounded, hence it is
impossible to apply a high-gain approach and move the
eigenvalues as far away as desired into the left half plane
by increasing the controller gain.

Theorem 3. Suppose that a feedback u=K"x asymptot-
ically stabilizes the system X=Ax+ Bu(t—1) for T €[0,r]
with r > 0. Then there exist constants y,0 > 0 indepen-
dent of K, such that |K| <y and, for each t<[0,r],
infg supR(A) = — 0.

Proof. Denote by % the unit ball in R" and de-
fine ©® = max(2n/r,2r,(4)). For K€%, we have
sup,,~ ; |[K'(jowl — 4)~'B| > 0, because of the control-
lability of (4, B), see the proof of Theorem 2. From the
compactness of 4 it follows that,

a £ inf sup |[KT(jwI —A)"'B| > 0.
KeB w>a

Therefore, when the feedback gain K satisfies | K|| = 1/a,
there will be eigenvalues on the imaginary axis for
values of the delay smaller than 27/ <r, as fol-
lows from the arguments spelled out in the proof of
Theorem 2. Hence, the family of all asymptotically
stabilizing controls for the delay interval [0,7] can
be embedded in the set {K: |K| < 1/a £ 7y}, which
proves the first part of the theorem. The second state-
ment follows from the fact that supR(A) is continu-
ous w.r.t. the components of K, see Theorem 8 in the
appendix, and all stabilizing feedback gains belong to
a compact set. [J

Remark 4. When » — 0, we have y,0 — oo, which
links the DDE to the ODE situation.

3.2. Methods based on prediction

Existing methods based on finite spectrum assignment
(Manitius & Olbrot, 1979; Olbrot, 1978; Smith, 1957;
Wang et al., 1999) avoid at first sight the conflict be-
tween the finite-dimensional controller parameter space

and the infinite-dimensional closed loop system. They use
an infinite-dimensional controller making the closed loop
system finite dimensional. This can be done by counter-
acting the effect of the delay using a prediction of the
state over a delay interval: for system (1), let xX(z,,%,) be
the prediction of x at time #, based on its values for ¢ < #,.
With the control law

u(t) =K'%(t,t + 1) = KTe™'x(t)
+KT / DByt + 0 — ) do, (8)
0

the characteristic equation of the closed loop system is
given by

det(Al —4 —BK")=0

and under the controllability assumption of the pair (4, B),
the n closed loop eigenvalues can be assigned arbitrar-
ily. However, in order to apply the control law (8), the
integral term needs to be calculated on-line and in re-
cent papers (Van Assche et al., 1999; Engelborghs et
al., 2001) it is shown that the stability of closed loop
system (1)—(8) might not be robust w.r.t. arbitrarily
small implementation errors. The underlying reason is
that the approximation error of the integral in (8), e.g.
caused by an approximation with a finite sum, may form
a noncompact perturbation of the semi-group associated
with Egs. (1)—(8). In the next subsection, we will show
that for a one-dimensional example, the practical stabi-
lizability properties with a control law of form (8) are
qualitatively the same as with the simple state feedback
u=K"x.

3.3. The two approaches applied to a theoretical
example

We investigate the stabilization of the system,

X=ax+u(t—1), xeR 9)

Using the control law u = kx we obtain the closed loop
system

X =ax + kx(t — 1), (10)

which is also analyzed in Cooke and Grossman (1982),
Dugard and Verriest (1998) and Kolmanovskii and
Myshkis (1999). Fig. 1 shows the stability regions in
the parameter space (a,k). The boundary of these re-
gions can be calculated by substituting 1 = jo, w € R
in the characteristic equation 4 — a — ke™** = 0. The
system is asymptotically stable for all values of the
delay when a < 0 and —|a| < k < |a|. Note that when
the uncontrolled system is unstable (a > 0), delay in-
dependent stability is not possible (Theorem 1). When
only asymptotic stability for all delays t < » is required,
the stability region extends to the curve through the
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stable for all t= 0 \
N i
2=« . 55152337 i |
P
stable for te [0,1] ~ -1/
=
2 -
> o
>
AN
o BRI e
-3 2 1 0 1 2 3

Fig. 1. Stability regions of X = ax + kx(t — 7).

point P = (1/r, —1/r), analytically given by
@) )
k=— sn(or)’ owre[0,7),

a= ,
tan(wr)

see Fig. 1. Hence, it is impossible to stabilize the system
for all T €[0,7] when r > 1/a, whatever the value of the
feedback gain & (Theorem 2). Note that the stabilizabil-
ity condition is given by ar < 1, which can be interpreted
as a tradeoff between the instability of the uncontrolled
system (a) and the destabilizing effect of the delay (r).
One can show ! that for a particular value of the delay ,
a necessary and sufficient condition for asymptotic stabi-
lizability of (9) is also given by,

at < 1. (11)

For a > 0 and 7 < l/a, the stabilizing values of k lie
in a compact interval (Theorem 3) and a right up-
per bound on the spectrum can never reach —oo. A
simple calculation shows that the optimal stabiliz-
ing feedback, i.e. the value of & which minimizes
supR(A), is given by k = —(1/t)e“"~! resulting in
¢ = infgsup (R(4)) =a — (1/7).

In Engelborghs et al. (2001), one considers the sta-
bilization of system (9) with a = 1 using the feedback
u=—(1—2)ex+ [;e u(t + 0 — 1)db), yielding
one closed loop eigenvalue at 4,. The robustness of the
controller is investigated when the integral term is imple-
mented with a numerical quadrature rule, e.g. the trape-
zoidal rule. Since placing 4, far away into the left half
plane increases the destabilizing influence of the imple-
mentation error, there also exists an optimal position of
Aq. In Fig. 2, c; =inf;, sup R(A) is depicted as a function
of 7 (solid line), taken into account the influence of ar-
bitrarily small implementation errors. For t > 1.293, the
system cannot be stabilized. The dashed line shows the

! This follows from d93(A)/dt > 0 for eigenvalues on the imaginary
axis, see Cooke and Grossman (1982).

T

Fig. 2. Stabilizability limits of the system X =x + u(t — 7).

maximal exponential decay rate in the case of pure state
feedback, ¢; =infy sup JR(A). This figure makes clear that
from a practical point of view, both methods are com-
parable. Using the techniques of the same paper (Engel-
borghs et al., 2001) one can show that for system (9) the
(practical) stabilizability condition in case of finite spec-
trum assignment is given by

at < 1.293, (12)

only slightly better than (11). In Section 6, we will show
that with a modification of the continuous pole placement
method, we are even able to improve this stabilizability
condition.

4. The continuous pole placement method
4.1. Description of the algorithm

The idea behind this stabilization method is to shift
the unstable eigenvalues to the left half plane in a
quasi-continuous way by applying small changes to the
feedback gain, while monitoring the other eigenvalues
with a large real part. It is based on the continuity of the
eigenvalues w.r.t. the components of the feedback gain
(Theorem 8 in the appendix). The basic algorithm is as
follows:

Algorithm 1. The continuous pole placement method

A. Initialize m = 1.

B. Compute the rightmost eigenvalues for the nominal
delay 7.

C. Compute the sensitivity of the m rightmost eigenval-
ues w.r.t. changes in the feedback gain K.

D. Move the m rightmost eigenvalues in the direction of

the left half plane by applying a small change to the

feedback gain K, using the computed sensitivities.
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E. Monitor the rightmost uncontrolled eigenvalues.
If necessary, increase the number of controlled
eigenvalues, m. Stop when stability is reached or
when the available degrees of freedom in the con-
troller do not allow to further reduce sup R(4). In
the other case, go to step B.

We will now describe the different steps of the algo-
rithm in more detail.

4.1.1. Computation of the rightmost eigenvalues

In Engelborghs and Roose (1999) a method is
proposed which automatically computes the rightmost
eigenvalues of the characteristic equation. First, a dis-
cretization is obtained of the time integration operator of
the linear or linearized system of DDEs, whose eigen-
values are exponential transforms of the roots of the
characteristic equation. Then, selected eigenvalues of the
resulting large matrix are computed. The effect of dis-
cretization on stability using linear multi-step methods
is well understood, see, e.g. Hong-Jiong and Jiao-Xun
(1996) and Hu, Hu, and Liu (1997). A steplength heuris-
tic is used to ensure that all eigenvalues of interest are
accurately approximated by the discretization. Accuracy
can be increased by employing a Newton iteration on the
characteristic equation using the approximate eigenval-
ues as starting values. This method has been implemented
in the Matlab package DDE-BIFTOOL (Engelborghs,
2000).

4.1.2. Sensitivity of eigenvalues with respect to the
feedback gain K

When 4; is a solution of the characteristic equation and
vie’?, 0e[ — 1,0], its corresponding eigenfunction, we
have

(Vi —A—BK e %), =0,
(13)
n(v;) =0,

where n(v;) is a normalizing condition. Differentiating
this equation w.r.t. a component k; of K, we obtain a
linear system of equations in the unknowns 04,/0k; and
@v,—/@k_/:

JI — 4 —BK e (I +BKTte "%y, [ v

ak;
dn' 0 %,
dvi @kj
Bueje™ " (14)
B 0

with e; € R™! the jth unity vector.

When the system is in the control canonical form (5),
one can compute directly from (7),
02 —hie !
Ot _ 76714. (15)
akj dH/d/L,
This result is useful for the derivation of theoretical prop-
erties of the method, but our implementation is based on
(13), since Eq. (7) is not practical from a numerical point
of view.

4.1.3. Continuation of eigenvalues as a function of the

feedback gain K
Assume that m < n eigenvalues /i,...,4, are con-
trolled. When the ‘sensitivity” matrix S,,, defined by
02
Sy =[s:,]ER™"  where s;, = <, (16)
ij

is of rank m and the desired (small) displacement of the
controlled eigenvalues is given by A =[A¢ ... AJL]",
one can compute a change AK for K such that

SpAK = AA%. (17)

When m < n this equation has infinitely many solutions.
One possibility to determine a unique solution consists
of controlling the m eigenvalues using only m selected
components of K and hence taking n — m components
of AK equal to zero. Another possibility, which we will
motivate later, consists of taking the solution with || AK]|
minimal. This solution is given by

AK = ST AAL, (18)

where S! is the Moore-Penrose inverse of S, see
Ben-Israel and Greville (1974, Chap. 3).

A physical constraint on the feedback gain is imposed
by the fact that its components must be real, but this is
assured by taking the components of AA¢ in complex
conjugate pairs.

With the new feedback gain K + AK, the displacement
of the controlled eigenvalues will generically not be equal
to AA?, since Eq. (17) is based on linearization, and some
correction is needed. However, since the eigenvalues and
eigenfunctions are continuous w.r.t. parameter changes,
with for instance the predictor

n
(»_ N\~ v

AP =24+ 02, o T
=t

Akj, l:1,m

only a few Newton iterations on Eq. (13) are needed
when AK,, is sufficiently small. Since it is also desirable
to have the eigenvalues for the new feedback gain close
to their predictions, (18) is generally a good choice for
the solution of (17).

The n components of the controller gain allow to
control both real and imaginary parts of at most n eigen-
values, as illustrated by (17), or, when stabilization
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Iteration number

Fig. 3. Two typical situations where it is necessary to extend the number of controlled eigenvalues for a further reduction of sup R(4).

is of main concern, only the real part of possibly more
than n eigenvalues. For instance, with n = 2 degrees of
freedom in the controller, one can control either two real
eigenvalues, or one real eigenvalue and the real part of a
complex pair, or the real parts of two complex pairs. For
the latter case, note that

OR() (0
ok n (5/‘/) '

This approach is applied to all examples of the paper,
combined with an adaptation of all controller parameters
in an iteration step, as in (18). This leads to the modified
adaptation formula for the feedback gain,

AK = (R(S,)) AR(A;), (19)

where AR(A) is the desired displacement of the real
parts of the controlled eigenvalues.

4.1.4. Increasing the number of controlled eigenvalues

In the examples of the paper, where the focus lies on
stabilization, we only control the real parts of the eigen-
values. We start by shifting the dominant real eigenvalue
or by reducing the real part of the dominant complex pair.
In this way control is lost over the other eigenvalues and
whenever an interaction occurs, the number of controlled
eigenvalues, m, generally needs to be increased to further
reduce sup R(4). This will now be illustrated.

In Fig. 3, we display two typical situations, where the
real part of only the rightmost eigenvalue is controlled
and the number of controlled eigenvalues must be in-
creased when it interacts with other eigenvalues. In the
upper part the situation is shown where two real eigen-
values interact. When only the dominant eigenvalue is
controlled, no further reduction of sup PR(A) is possible
after the interaction (left): when the two eigenvalues co-
incide, they first transform to a complex conjugate pair
which does not move to the left in the complex plane by
the next parameter change (we control only its real part),
but immediately splits up again into two real eigenvalues,
and then the whole process repeats itself. By controlling
the two real eigenvalues from iteration number 150 on,
a further reduction of sup PA(1) is possible (right). In the
lower part of Fig. 3, a real eigenvalue interacts with a
complex pair of eigenvalues. A decrease of the real eigen-
value leads to an increase of the real part of the complex
pair and vice versa (left). This problem can be avoided
by controlling both the real eigenvalue and the real part
of the complex pair (right).

As will be illustrated with the numerical examples in
the paper, a special situation also occurs when a complex
pair, whose real part is controlled, splits up into two real
eigenvalues. This is possible because its imaginary part is
not controlled and may tend to zero during the stabiliza-
tion procedure. After the splitting both real eigenvalues
need to be controlled.
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In the current version of the algorithm, the number of
controlled eigenvalues is manually increased, whenever
stagnation of sup (/1) or a splitting of a complex pair
occurs. The method breaks down when no further reduc-
tion of supR(4) is possible, i.e. when the available de-
grees of freedom in the controller (n) is not sufficient to
control the real parts of all dominant eigenvalues. This
can happen when n + 1 real parts need to be controlled to
reduce sup R(4) or when the matrix R(S,,) in (19) has a
rank strictly smaller than m.

4.2. Theoretical properties

In each step of the continuous pole placement algo-
rithm, the sensitivity matrix S,, must be of rank m, if full
control over the changes of the m eigenvalues is desired.
The next theorem states that when both real and imag-
inary parts of n eigenvalues of multiplicity 1 are con-
trolled, the sensitivity matrix S, is always regular.

Theorem 5. If 4y,..., 4, are single eigenvalues, then the
sensitivity matrix S, is reqular.

Proof. Since the pair (4,B) is controllable, the sys-
tem can be transformed into the control canonical form
(5)—(7). Using (15), we obtain the following sensitivity
matrix:

e it 1oay !
dH/dz, 1y . A

S, = :
ekt L
aman | L1 o

(20)

This matrix is regular if no eigenvalues coincide, since
dH/dZ; # 0 and the Vandermonde matrix is regular. []

When two eigenvalues are close to each other, the sen-
sitivity w.r.t. changes in the feedback gain is large, as
shown in the next theorem. This result is related to the
fact that large qualitative changes in the spectral picture
can occur when eigenvalues coincide.

Theorem 6. When two eigenvalues are brought together,
the norm of the sensitivity matrix S, becomes arbi-
trarily large.

Proof. Start from (20) and consider the asymptotic case
where A; — A; while the other eigenvalues are kept fixed.
With the explicit expression for the determinant of a
Vandermonde matrix, we have

n 7;.;{‘[
lim det(S,)=e " ] <dji/d))
Aj—r A i

k=1, ki, k#j

0.2

0.1

0

-05

-0.6

-0.7

-0.8
0

Fig. 4. Rightmost eigenvalues of the system (21)—(22) as a function
of the delay, K =[0.719 1.04 1.29]".

. 1 " A
Jim, <dH/d)u,- dHjdz, [T ¢~ ”’”)

I>k=1

=0

and det(S,) — oo implies ||S,| — oo for any induced
norm |.||. O

When only the real parts of eigenvalues are controlled,
it is recommended to keep the real parts separated in order
to avoid highly sensitive sensitivity matrices leading to
numerical problems. This is illustrated with the example
in the next section.

5. Example

We illustrate the continuous pole placement method
and its theoretical properties by means of the system

¥=Ax+Bu(t—1), u=K"'x, (21)
where
—0.08 —0.03 0.2 —-0.1
A=1] 02 —-004 -0005(, B=|-02],
—-0.06 0.2 —0.07 0.1
T=>5. (22)

The uncontrolled system is unstable (supfR(4) =
0.108) and with the feedback u = K"x where K =
[0.719 1.04 1.29]", the rightmost eigenvalues are shown
in Fig. 4. Calculations were made using the Matlab pack-
age DDE-BIFTOOL (Engelborghs, 2000). Note that as
T — 0+, the three dominant eigenvalues converge to
the ODE eigenvalues while the other move off to —oc.
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Fig. 5. Real parts of the the rightmost eigenvalues of (21)—(22)
with 7 =5 as a function of the iterations of the continuous pole
placement algorithm. For values of the feedback gain at iterations 37,
110 (indicated by the dashed lines), and its value in the optimum,
the rightmost eigenvalues are continued as a function of the delay in
Fig. 7.

o4 ; ; ; ; ; ; ; ; ;
20 40 60 80 100 120 140 160 180
Iteration number

Fig. 6. Feedback gain K =[k; k» k3] as a function of the iterations
of the continuous pole placement algorithm applied to (21)—(22).

Although the particular control law achieves stability for
7 =0, the system is unstable for the nominal delay t =5
and we now describe its stabilization with the continuous
pole placement method.

In Fig. 5, the rightmost eigenvalues are shown as a
function of the number of iterations taken in Algorithm
1. The corresponding values of the feedback gain K =
[k, ky k3]" are displayed in Fig. 6. First we only reduce
the real part of the dominant pair of complex conjugate
eigenvalues, which is already sufficient to achieve stabi-
lization. Meanwhile the real part of an uncontrolled pair
grows, and after 50 iterations we reduce the real part of the

two complex pairs of eigenvalues. In this way, we loose
control over the imaginary parts and because we want
to avoid coinciding eigenvalues, which cause numerical
problems (Theorem 6), we keep the real parts separated.
However, around iteration 58, the eigenvalues are close
and the effect of a high sensitivity w.r.t. changes in the
feedback gain is visible. At iteration 158, a complex pair
splits into two real eigenvalues and all components of the
feedback gain K are used to reduce these real eigenval-
ues and the real part of the dominant pair. From iteration
176 on, where also this pair splits, we only control the
three dominant real eigenvalues and around iteration 190
the method breaks down. At this point we are close to the
minimum of sup R(/) characterized by four coinciding
rightmost eigenvalues at 1 = —0.150. The corresponding
feedback gain is given by K =[0.471 0.504 0.602]".

In Fig. 7 the rightmost eigenvalues are displayed as a
function of the delay at iterations 37, 110, and in the opti-
mum. This figure illustrates how the real parts of the dom-
inant eigenvalues evolve towards the minimum for the
nominal delay, characterized by coinciding eigenvalues
and the resulting high sensitivity w.r.t. parameter changes
(including the delay). This high sensitivity around the
optimum is a property of the system. Our experience in-
dicates that for this type of control problems, coinciding
eigenvalues are a general characteristic of the global op-
timum. Another illustration can be found in Michiels and
Roose (2001), where all possible configurations of the
rightmost eigenvalues in the global minimum of sup 2R(1)
were given for 2D systems. These were all characterized
by (some) eigenvalues with multiplicity larger than one.
In our example the high sensitivity w.r.t. delay changes
for the final feedback gain is caused by the fact that we
executed Algorithm 1 until we reached the minimum.
However, from a practical point of view, where also the
robustness aspect is important, this is not needed. For
instance, the feedback gain obtained at iteration number
37, see Fig. 7, already achieves stability. The exponential
decay rate of the closed loop solution is smaller than for
the optimum, yet less sensitive to delay changes.

6. Observer based controller

We now assume that not the full state x, but only an
output y = C"x € R, is available for measurement, with
(C,A4) observable. Note that in this case the system can
be equivalently described by the transfer function

G.(s) = G(s)e™, (23)

with G(s) = CT(s] — A)~'B, and that any system of the
form

X =Ax+ Bu(t — 1), y:CTx(t—‘cz), T +1T=T1,

(24)
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Fig. 7. Rightmost eigenvalues of (21)—(22) as a function of the delay, for values of K at iteration 37 (upper left), iteration 110 (upper
right) and in the optimum (below). The corresponding values of the feedback gain are K =[0.712 1.075 0.831]T, K =[0.559 0.770 0.694]" and

K =[0.471 0.504 0.602]".

is a realization of (23). In order to apply the continu-
ous pole placement method, we construct an observer
for (24),

X =A%+ Bu(t — 1)) + L(CTX(t — 12) — y),

with L € R"¥! the observer gain, and apply the feedback
u=KT£(¢). With e = x — X the observer error, we obtain

X =Ax +BK"x(t — 1)) — BK e(t — 11),

(25)
é=Ade+ LCe(t — 15).

Since in the characteristic equation of the closed loop
system (25),

A 0 BKT —BKT
det| A7 — - e /u
0 4 0 0
0 O .
_ rle Ao :O,
0 LC

all matrices are block-triangular, the separation princi-
ple is valid and the closed loop eigenvalues consist of

the solutions of det(A/ — 4 — BKTe™*1) = 0, i.e. the
controller eigenvalues, and of det(A/ — 4 — LCTe ") =
det(i] — AT — CLTe %) = 0, i.e. the observer eigen-
values. Hence to achieve stability we apply the contin-
uous pole placement twice, to the systems (4, B,7;) and
(A7, C, ).

In the construction of realization (24), we are free to
distribute the delay over input and output. This additional
degree of freedom can be used to obtain better perfor-
mance of plant and observer. It also allows to extend the
class of systems which can be stabilized with the con-
tinuous pole placement method. To see this, reconsider
system (9) with output y = x. Although the full state
is available for feedback, it will be useful to construct
an observer. The transfer function is given by G.(s) =
e *"/s — a and we construct an observer based on the
realization,
X=ax+u(lt—11), y=x(t—1), T1+n=T1
With the observer X = af + u(t — 7,) + [(X(t — 12) — ¥)
and the controller u = kX, the closed loop eigenvalues
coincide with the eigenvalues of the systems,
X=ax+ kx(t — 11),

é=uae+ le(t — 12). (26)
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Fig. 8. Rightmost eigenvalues of (28) (left) and components of the feedback gain K = [k; k» ks k4]T (right) as a function of the iterations of

the continuous pole placement algorithm.

Since these equations are of form (10), the optimal sta-
bilizing controller (i.e. values of £ and / which minimize
sup R(4)) results in,

1 1
ER i == - .
sup R(4) max(a - a 7:2>
and the best stabilizability results are obtained when dis-
tributing the delay equally over input and output. Hence
asymptotic stability can be achieved iff

atr < 2, (27)

which is twice as good as (11), valid for pure state feed-
back, and better than (12), the ‘practical’ condition in
case of finite spectrum assignment.

7. Extension

The continuous pole placement method can be consid-
ered as a natural generalization of the classical pole place-
ment algorithm to the input delay case. Since it is based on
the continuous dependence of the rightmost eigenvalues
on the controller parameters and because the algorithms
described in Section 4.1.1 can also deal with equations
with several discrete delays , it can easily be extended
to more general types of linear delay equations involving
delays in both state and control variables, and multiple
feedbacks. Although theoretical stabilizability properties
and convergence results, such as Theorem 5, are gener-
ally not valid and depend on the structure of the system
under consideration, we will briefly illustrate with some
examples the effectiveness of the method in solving more
complicated stabilization problems.

As a first example consider the following system,

X=A1x+Axx(t—11)+Biu(t — 15)+ Bou(t — 13),
(28)
u=K"x,

where
(0.1 -05 -03 03
0 0 02 -02
Al == 5
0 0 -0.1 0
| 0 04 03 -04
[—0.2 03 02 -05
0 -02 -02 02
A2 e B
—-0.1 0.1 0.1 0.1 (29)
| 0.1 —-06 -0.6 0
[0 -0.3
B — -0.1 B 0
1= 0 5 2= 0 5
| 0.1 0
‘61:2, Tzzl, ‘L'3:3,

and a stabilizing feedback gain K =[k; k, k3 k4]T needs
to be determined. In Fig. 8, the rightmost eigenvalues of
(28) are shown as a function of the iterations of the con-
tinuous pole placement algorithm, as well as the com-
ponents of the feedback gain. The initial value of the
feedback gain is [0 0 0 0]". We have four control pa-
rameters and the method converges towards an optimum
characterized by five coinciding real eigenvalues (in the
last iteration step we already have a good approximation
when taking into account the high sensitivity around the
optimum).

Now consider the case where the two inputs in (28)
are independent,

X=A1x+Ax(t—71)+Brui(t — 1)+ Boup(u—13),

(30)
U :KlTx, Uy :Ksz,
with the system parameters given by (29). In Fig. 9, it-
erations of the continuous pole placement algorithm are
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Fig. 9. Rightmost eigenvalues of (30) (left) and components of the feedback gains K| = [k; ky k3 k4]" and Ky = [ks ks k7 kg]T (right) as a

function of the iterations of the continuous pole placement algorithm.

shown. Compared to system (28) a further reduction of
the real parts of the dominant eigenvalues is possible,
which is expected from the independent choice of both
feedback gains. The algorithm also converges towards an
optimum (w.r.t. all controller parameters), characterized
by five coinciding real eigenvalues and hence, although
there are eight controller parameters, it is not possible to
further reduce sup R(4) by trying to control the real parts
of more than four eigenvalues. This limitation is imposed
by the structure of the controlled system, not by our al-
gorithm. In this context we would like to emphasize first
the danger of an ‘over-parametrization’ of the controller:
having more degrees of freedom in the controller does
not generally imply that more eigenvalues can be con-
trolled or better stability results can be obtained. This is
clearly illustrated in Michiels and Roose (2001), where a
stabilization problem with four controller parameters was
studied, which could analytically be reduced to three ef-
fective controller parameters. Second, although the con-
tinuous pole placement algorithm uses a local strategy
in each iteration step and in the beginning only a few
eigenvalues are controlled, generically al/l controller pa-
rameters are adapted in an iteration step when using for-
mula (19), see, e.g. Fig. 9, and therefore the search space
of the underlying optimization procedure (i.e. finding a
minimum of sup PR(1)) is generally not limited to a sub-
space of the parameter space where, e.g. some controller
parameters are not used and remain zero.
As a second example we consider,

t

X=Aix+Ax(t—11)+ [ Asx(s)ds+Bu(t—13),

t—1 (31)
u=K"x,
where
01 0 0 -0.2 0 0
Ai=102 0 -02(, A4A,=1|-04 -02 04],
03 0.1 -02 —-04 —-0.1 02

0.1 T T T T T T T

Fig. 10. Rightmost eigenvalues of the system (31)—(33) for u=0 as a
function of the delay 7,. The solid lines correspond to the eigenvalues
of (31). Eq. (33) has in addition a triple eigenvalue at zero (dashed
line).

01 -02 0 0.1
A= 0 01 01|, B=|0 |,

0.1 0 0.l 0
=6 1=L (32)

We can deal with the distributed delay term because dif-
ferentiation of (31) leads to the following equation with
only discrete delays,

. 0 I N 0 « )
Z= 44 z A4 4 z(t — 1
0
+ BKT Z(t - TZ)ﬂ (33)
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Fig. 11. Rightmost eigenvalues of (31)—(33) and components of the feedback gains K = [k; k» k3]" (right) as a function of the iterations of

the continuous pole placement algorithm.
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Fig. 12. Rightmost eigenvalues of (31) for K =0 (above) and for the final value of the feedback gain (Iteration 89, K =[ —5.19 0.491 4.06]T)

(below) on two different scales.

where z = []. It is easy to show that the transformation
from (31) to (33) introduces n additional zero eigenval-
ues in the spectrum, with n the dimension of the sys-
tem. However, the continuous pole placement method can
cope with this problem because the zero eigenvalues can
simply be removed after applying step B of Algorithm 1
to (33). In Fig. 10, the eigenvalues of the uncontrolled
system (31)—(33) are shown as a function of the delay
7;. For the nominal delay 7, = 6, there are three eigen-

values in the open right half plane. Iterations of the con-
tinuous pole placement algorithm are shown in Fig. 11.
In Fig. 12, we depict the spectrum of (31) for K =0 and
for the final value of the feedback gain. The continuous
pole placement algorithm converges to an optimum char-
acterized by five rightmost eigenvalues, a complex pair
with multiplicity 2 and a real eigenvalue. Such a situation
also occurred in the three-parameter problem discussed
in Michiels and Roose (2001).
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8. Concluding remarks

In this paper, we have shown that the classical pole
placement method for ODEs can be adapted to time-delay
systems where the closed loop system is infinite dimen-
sional and the number of degrees of freedom of the con-
troller is finite. The method consists of controlling only
the rightmost eigenvalues, which is possible because an
algorithm to compute the rightmost eigenvalues of a lin-
ear time-delay system is available.

Further research includes the refinement of the contin-
uous pole placement method, more specifically the de-
velopment of strategies to determine the trajectories of
the controlled eigenvalues in the complex plane, taking
into account also robustness issues, and the study of the
optima reached when the method breaks down. Also the
comparison with methods based on finite spectrum as-
signment deserves further attention.
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Appendix A. Continuity properties

In the proof of Theorem 2, we use the following result,
Lemma A-1 of Michiels et al. (1998):

Lemma 7. Let f(4) and the sequence {f,(A)},>1 be
analytic functions on an (open) domain 9 C C. Sup-
pose that {f,(A)}n>1 converges uniformly to f(1) on
the disc D = {4: |A — | <R} C 2 for some R >0
and that on this disc Ay is the only zero of f(1), with
multiplicity k = 0 (k = 0 means no zeros in D). Then
there exists a number N € N such that ¥n = N, f,(1)
has exactly k zeros ,1,..., Ay in D and lim,_, oo A, ; =
Ao, VjE{1,...,k}.

With this lemma, continuity properties of the spectrum
w.r.t. the feedback gain K can easily be deduced:

Theorem 8. For the system x = Ax + BK"x(t — 1), the
individual eigenvalues are continuous w.r.t. changes in

the feedback gain K. Moreover cx =sup{fR(4): det(Al—
A — BKTe=**) =0} is continuous w.r.t. K.
Proof. For an arbitrary eigenvalue 4y of

¥ = Ax + BK"x(t — 1) (A1)

with multiplicity &, define for some (small) R >0
the set D = {A€C: |1 — 4| < R}, containing no other
eigenvalues. Further, consider an arbitrary sequence
{K,},>1 € R™>" with limit K. Since

det(Al — A — BK!e ™) — det(J] — A — BK e %)

uniformly on D as n — oo, we can apply Lemma 7 which
states that the system

¥ = Ax + BK x(t — 1) (A2)

has exactly k eigenvalues arbitrarily close to g as n — oo,
which proves continuity of the individual eigenvalues.

The proof of the second statement is by contradiction.
Since there exist eigenvalues of (A.1) with real part arbi-
trarily close to cx, which are continuous w.r.t. changes in
K, sup (L) cannot ‘jump’ to the left by applying small
parameter changes, and therefore violation of the state-
ment would imply: 3¢ > 0, H{K, }x1 — K, IH{ A }tus1s
such that (A.2) has an eigenvalue 4, with R(4,) > cx +
¢. From det(4,/ — A — BKTe=*%) = 0 it follows that
|An] < [JA]l+ | B|Kinaxe ™% With Kiax =sup,,»; [|K||. De-
fine the set

S =1{1eC: R() > ex + 12 < 4] + |B|Knaxe ™57},

When S is empty, we have a contradiction. In the other
case, clearly {4,},>1 €S. Now define a closed disc D
containing S and satisfying (1) > cx + ¢/2 for A€ D.
Since for n — oo, the function det{A/ — A4 — BKTe=*"}
converges uniformly on D to det(Al — 4 — BKTe™*7),
which has no zeros in D, it follows from Lemma 7 that
(A.2) cannot have eigenvalues in S for large » and we
have again a contradiction. [J
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