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I Functional Programming (FP)
I pure: no side effects / no destructive update
I call-by-need evaluation strategy, lazy evaluation
I designed by committee, vibrant community

qsort [] = []
qsort (x:xs) = qsort (filter (< x) xs)

++ [x] ++
qsort (filter (>= x) xs)
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I strong and static typing

I type inference: type
signatures are optional

I algebraic data types
(ADTs)

-- polymorphic ADT
data List e = Nil | Cons e (List e)

mylist :: List Char
mylist = Cons ’t’ (Cons ’o’ (Cons ’m’ Nil))
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I extensible overloading

I not OO-style subtying!

I Mercury, C++0x concepts

class Num a where
(+) :: a -> a -> a

instance Num Int where ...
instance Num Float where ...
instance Num a => Num (List a) where ...

double :: Num a => a -> a
double x = x + x
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-- empty types
data Z ; data S nat

-- GADT: length-indexed list
data List e len where

Nil :: List e Z
Cons :: e -> List e len -> List e (S len)

mylist :: List Char (S (S (S Z)))
mylist = Cons ’t’ (Cons ’o’ (Cons ’m’ Nil))

zip :: List a l -> List b l -> List (a,b) l
> zip mylist (Cons 7 Nil) -- TYPE ERROR
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General Tendency

I increasingly expressive type system:
programming with types

I encode more and more properties of values in their types:
(value-)dependent typing

I design space: any two of
I expressivity vs. restricted type language
I decidability vs. non-termination
I automatic type checking vs. hand-written proofs

Haskell: conservative, but pushing the expressivity boundary!



Towards Open Type Functions for Haskell

Informal Overview

Overview 9/43

1 Haskell Background
2 Informal Overview
3 Type Checking

Type Checking
Problems
The Algorithm
Type-Directed Compilation

4 Type Functions vs. Functional
Dependencies

Problem
Expressivity
Secondary Criteria

5 Emerging Applications
6 Conclusion



Towards Open Type Functions for Haskell

Informal Overview

What we have 10/43

Functional Dependencies:

class Collects c e | c -> e where
insert :: c -> e -> c

instance Eq e => Collects [e] e where
insert = ...

instance Eq e => Collects (Trie e) [e] where
insert = ...

instance Collects BitSet Char where
insert = ...
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Functional Dependencies:

class Add a b c | a b -> c
-- No Operations

instance Add a b c =>
Add (S a) b (S c)

instance Add Z b b

append :: Add m n o => List e m -> List e n ->
List e o
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Associated Type Synonyms:

class Collects c where
type Elem c
insert :: c -> Elem c -> c

instance Eq e => Collects [e] where
type Elem [e] = e
insert = ...

instance Collects BitSet where
type Elem BitSet = Char
insert = ...
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Elem is a type family:

type family Elem c

type instance Elem [e] = e
type instance Elem BitSet = Char

I type families are open: add new instances any time

I instances should be confluent and terminating
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Add is a type family:

type family Add a b

type instance Add (S a) b = S (Add a b)
type instance Add Z b = b

append :: List e m -> List e n ->
List e (Add m n)
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type family Add a b

type instance Add (S a) b = S (Add a b)
type instance Add Z b = b

Can I show

Add x y ∼ Z ⇒ x ∼ Z ∧ y ∼ Z

?
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type family Add a b

type instance Add (S a) b = S (Add a b)
type instance Add Z b = b

Can I show

Add x y ∼ Z ⇒ x ∼ Z ∧ y ∼ Z

? No, not modular/incremental, e.g. Add Foo b = Z
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Type Checking Easy? 17/43

Type checking is straightforward:

I unification performs rewriting using the top-level equations

Elem BitSet ∼ Char
� Char ∼ Char

using type family Elem BitSet = Char

I rewrite may suspend on unification variable x , and continue
when a is known

Elem x ∼ Char, x ∼ BitSet
� Elem x ∼ Char, x ∼ BitSet
� Elem BitSet ∼ Char
� Char ∼ Char
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Should work for any collection whose elements are Chars:

f :: (Collects c, Elem c ˜ Char ) => c -> c
f c = insert c ‘x’

I locally given equation: Elem c ∼ Char
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Problem: local constraints 19/43

Local equations also arise from GADT pattern matches:

data Eq a b where
EQ :: forall a . EQ a a

f :: Collects c => Eq (Elem c) Char -> c -> c
f e c = case e of

EQ -> insert c ‘x’
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Problems

Problem: local constraints 19/43

Local equations also arise from GADT pattern matches:

data Eq a b where
EQ :: forall a b. a ˜ b => Eq a b

f :: Collects c => Eq (Elem c) Char -> c -> c
f e c = case e of

EQ -> insert c ‘x’

I pattern match brings Elem c ∼ Char into scope
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Type Checking is Hard! 20/43

Given

I Et , the (quantified) top-level equations (e.g.
∀a.Elem [e] ∼ e)

I Eg , a set of local equations (e.g. Elem c ∼ Char)

I Ew , a set of wanted equations (e.g. [Char] ∼ [Elem c])

find a proof for

Et, Eg |= Ew
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Type Checking

Problems

Why it is hard 21/43

Eg is not a strongly-normalising rewrite system:

I non-confluent (dead code), e.g.

Elem [Int] ∼ [Int] wrt. ∀e.Elem [e] ∼ e

I non-terminating (badly oriented), e.g.

F a ∼ G (F a)

I even if Eg and Et terminating, Eg ∪ Et may not be, e.g.

Et = {F Int ∼ F (G Int)}
Eg = {G Int ∼ Int}
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The Algorithm

What we want 22/43

I Conditions on the top-level equations

I . . . that are modular

I . . . with arbitrary local equations

I . . . to make type checking decidable

I and (of course) an algorithm to do so
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Algorithm Overview 23/43

I Compute the completion of Eg , yielding E ′
g

I Now E ′
g ∪ Et is confluent and terminating,

and equivalent to Eg ∪ Et

I Decide s ∼ t by
I rewriting s, t to normal forms wrt. E ′

g ∪ Et

s �∗ u
t �∗ v

I compare for syntactic equality

u ≡ v
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Completion of Local Equations 24/43

Eg = {G Int ∼ F (G Int), F (G Int) ∼ Int}
I Give every function application a name (skolem)

� a ∼ F a, F a ∼ Int
where a = G Int

I Put function on the LHS

� F a ∼ a, F a ∼ Int

I Substitute equation in the others

� F a ∼ a, a ∼ Int
� F Int ∼ Int, a ∼ Int

E ′
g = {G Int ∼ Int, F Int ∼ Int}
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Type Checking with Completed Equations 25/43

E ′
g = {G Int ∼ Int, F Int ∼ Int}

Ew = {F (G Int) ∼ Int}
I Normalise wrt. E ′

g

F (G Int) � F Int � Int 6�
Int 6�

I Check for syntactic equality

Int
?≡ Int



Towards Open Type Functions for Haskell

Type Checking

The Algorithm
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Harsh Conditions

the Functional Dependency conditions:

I confluence: no overlapping heads
NO: F Int a = ... F a Bool = ...

I termination (1): fewer symbols/variables in calls on the RHS
NO: F a = F [a]

I termination (2): at most a function call at the top of the RHS
NO: F [a] = [F a]
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Relaxed Confluence Condition

I confluence: overlapping heads have overlapping bodies
YES: F Int a = [Int] F a Bool = [a]

I we don’t have to consider overlapping methods!
I for modular checking: no general confluence check
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The Conditions on Top-Level Equations 28/43

Work in Progress

I add loop checking to completion algorithm

I termination (2):
no nested function calls
YES: F [a] = [F a]
NO: F [a] = F (G a)
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Type Checking with Evidence 29/43

Given

I Et , the (quantified) top-level equations (e.g.
g :∀a.Elem [e] ∼ e)

I Eg , a set of local equations (e.g. h :Elem c ∼ Char)
I Ew , a set of wanted equations (e.g. [Char] ∼ [Elem c])

find a proof for

Et ,Eg |= k :Ew

I k is a term that justifies Ew

I a trace of the proof

I used for translation to System FC
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Type-Directed Compilation 30/43

I System F: strongly-typed lambda calculus

I System FC : System F extended with coercions:
explicit type casts using evidence for equality

I GHC core language: sanity checks of compiler

id :: forall a b . b ˜ a => a -> b

-- Haskell
id x = x

-- System FC
id = Λ(a:*). Λ(b:*). Λ(co:b ∼ a) . λ(x:a).

(x I sym co)
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Type Functions vs. Functional Dependencies 32/43

Lively debate on Haskell-Prime:

Type Functions or Functional Dependencies?

I Last technical issue holding back the standard
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Primary Criterion: Expressivity

same!

Functional Dependencies → Type Functions

class C a b | a -> b, b -> a

=⇒
class (F1 a ˜ b, F2 b ˜ a) => C a b where

type F1 a
type F2 b

Type Functions → Functional Dependencies

type family F a b c

=⇒ class C a b c d | a b c -> d
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=⇒
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Secondary Criteria:

Fun. Dependencies Type Functions
paradigm Logic Programming Functional Programming
class-less no yes

status second class∗ first class
core language none∗∗ System FC

rt. overhead dictionary passing none (erased)

∗ first-class syntax for type classes [Neubauer et al., Diatchki]
∗∗ System FCHR?
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A Type-Preserving Closure Conversion in Haskell,
Louis-Julien Guillemette and Stefan Monnier. Haskell’07.
Idea:

1 Embed type system of source language (typed λ-calculus) ...

2 ... in type system of meta-language (compiler) Haskell.

Solution:

I textbook application 1 of GADTs:

I enforce well-typed abstract syntax trees
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Idea:

I establish that the compiler generates well-typed code...

I ...by establishing the well-typedness of the compiler.

Solution 1:

I textbook application 2 of GADTs:

I axioms, from which theorems can built

Disadvantages:

I value-level proofs about types clutter the code

I manual construction of proofs

I 397 LoC for CPS transformer
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Type-Preserving Compiler 38/43

Idea:

I establish that the compiler generates well-typed code...

I ...by establishing the well-typedness of the compiler.

Solution 2:

I use type functions

I axioms, from which theorems can built

Advantages:

I type-level theorems about types

I automatic construction of proofs, by the type checker

I 264 LoC or 66.5%
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I Data Type Generic Programming, Chakravarty et al.

data [a] = [] | a : [a]

type family Repr a
type instance Repr [a] = Unit :+: (a :*: [a])

I Extensible Record Types, Barney Hilken
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We have:

I an algorithm for type checking and inference

I ...that generates evidence...

I ...that allows translation into System FC

I an implemtation in the GHC HEAD: try it yourself!

I correspondence with Functional Dependencies

Cool applications are emerging!
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Future Work 42/43

Theory

I relaxation of conditions

I closed type functions

I interaction with GADTs (rigidity conditions)

I uniform CHR-based theory for type classes & functions

Practice

I stable implementation

I meaningful error messages

I scalability
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Thank you! 43/43

Questions?
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