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The CHR language

Constraint Handling Rules (CHR) [Frahwirth'91] 3/

Multi-headed, committed-choice, guarded rules with asldaell
constraints for computational logic and more...

Application

A

I built-in solver e.g. equality of
Herbrand terms (uni cation)

CHR Solver | ! CHR solver speci es
application-speci ¢ constraints

I application: written in Prolog
(Haskell, Java, C)

A

Built-in Solver
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The CHR language

Example: partial order constraildq

leq(X,X) <=> true. (reflexivity)
leq(X,Y) , leq(Y,X) <=>X =Y (antisymmetry)
leq(X,Y) , leq(Y,Z) ==>leq(X,2) . (transitivity)
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The CHR language

Example: partial order constraitdq

leq(X,Y) <=> X = Y| true. (reflexivity)
leq(X,)Y) , leq(Y,X) <=>X =Y (antisymmetry)
leq(X,Y) , leq(Y,Z2) ==>leq(X,2) . (transitivity)

Convenient pattern matching notation for guards
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The CHR language

Example: partial order constraildq

leq(X,X) <=> true. (reflexivity)
leq(X,Y) , leq(Y,X) <=>X =Y (antisymmetry)
leq(X,Y) , leq(Y,Z) ==>leq(X,2) . (transitivity)
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The CHR language

Example: partial order constraitdq

leq(X,X) <=> true. (reflexivity)
leq(X,Y) , leq(Y,X) <=>X =Y (antisymmetry)
leq(X,Y) , leq(Y,Z) ==>leq(X,2) . (transitivity)

leg(X,)Y), leq(Y,2), leq(Z,X)
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The CHR language

Example: partial order constraitdq

leq(X,X) <=> true. (reflexivity)
leq(X,Y) , leq(Y,X) <=>X =Y (antisymmetry)
leq(X,Y) , leq(Y,Z) ==>leq(X,2) . (transitivity)

leg(X,)Y), leq(Y,2), leq(Z,X)
# (transitivity)
leq(X,Y), leq(Y,z), leq(Z,X), leq(X,2)
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The CHR language

Example: partial order constraitdq

leq(X,X) <=> true. (reflexivity)
leq(X,Y) , leq(Y,X) <=>X =Y (antisymmetry)
leq(X,Y) , leq(Y,Z) ==>leq(X,2) . (transitivity)

leq(X,Y), leq(Y,z2), leq(Z,X)
# (transitivity)
leq(X,Y), leq(Y,z), leq(Z,X), leq(X,2)
# (antisymmetry)
leq(X,Y), leq(Y,2), Z_ =X
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The CHR language

Example: partial order constraitdq

leq(X,X) <=> true. (reflexivity)
leq(X,Y) , leq(Y,X) <=>X =Y (antisymmetry)
leq(X,Y) , leq(Y,Z) ==>leq(X,2) . (transitivity)

leq(X,Y), leq(Y,z2), leq(Z,X)
# (transitivity)
leq(X,Y), leq(Y,z), leq(Z,X), leq(X,2)
# (antisymmetry)
leq(X,Y), leq(Y,2), Z_ =X
# (built-in solver)
leq(X,Y), leq(Y,X), Z = X
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The CHR language

Example: partial order constraitdq

leq(X,X) <=> true. (reflexivity)
leq(X,Y) , leq(Y,X) <=>X =Y (antisymmetry)
leq(X,Y) , leq(Y,Z) ==>leq(X,2) . (transitivity)

leq(X,Y), leq(Y,z2), leq(Z,X)
# (transitivity)
leq(X,Y), leq(Y,z), leq(Z,X), leq(X,2)
# (antisymmetry)
leq(X,Y), leq(Y,2), Z_ =X
# (built-in solver)
leq(X,Y), leq(Y,X), Z = X
# (antisymmetry)
Y=X,Z=X
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The CHR language

Syntax and Logic Semantics

Syntax Semantics
Simplicationrule: H <=>C | B. 8x:C) (H, B)
Propagationrule: H =>C | B. 8x:C) (H) B)

H non-empty conjunction of CHR constraint
C conjunction of built-in constraints
B conjunction of built-in and CHR constraints
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The CHR language

Syntax and Logic Semantics

Syntax Semantics
Simplicationrule: H <=>C | B. 8x:C) (H, B)
Propagationrule: H ==>C | B. 8x:C) (H) B)

H non-empty conjunction of CHR constraint
C conjunction of built-in constraints
B conjunction of built-in and CHR constraints

The leq theory

8 X: leq(X,X) , true
8 X,Y: leq(X,Y) ~ leq(Y,X) , true
8 X,Y,Z: leq(X,Y) ~ leq(Y,2) ) leq(X,2)
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The CHR language

Operational Semantics

Non-deterministically apply rules until xpoint.

Simpli cation

If H <=>C | B rule with renamed fresh variablés
and  F Guuiin ) 9 X:H= HOA C
then H®G G;H=H%B
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The CHR language

Operational Semantics

Non-deterministically apply rules until xpoint.
Simpli cation
H <=>C | B rule with renamed fresh variablés

If
and  F Guuiin ) 9 X:H= HOA C

then H%G G;H=H®%B
Propagation
H ==>C | B rule with renamed fresh variables
HOA C

If
and F Guuitin ) 9 X:H
then H°%G G;H%H = H®B

The Constraint Handling Rules language
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The CHR language

Beyond Constraints: Multi-Set Rewriting

Greatest Common Divisor:
gcd(0) <=> true . (zero)
gcd(N) n gcd(M) <=>M N, N > 0] gcd(M-N). (shrink)
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The CHR language

Beyond Constraints: Multi-Set Rewriting

Greatest Common Divisor:
gcd(0) <=> true . (zero)
gcd(N) n gcd(M) <=>M N, N > 0] gcd(M-N). (shrink)

Simpagation rule:
Hy n Hy <=>C| B.
same as:

Hy , H» <=>C| H,, B.
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The CHR language

Beyond Constraints: Multi-Set Rewriting

Greatest Common Divisor:
gcd(0) <=> true . (zero)
gcd(N) n ged(M) <=>M N, N > 0| gcd(M-N). (shrink)

gcd(6), gcd(12)

Simpagation rule:
Hiy n Hy <=>C| B.
same as:

Hy , H» <=>C| Hq, B.
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The CHR language

Beyond Constraints: Multi-Set Rewriting

Greatest Common Divisor:
gcd(0) <=> true . (zero)
gcd(N) n ged(M) <=>M N, N > 0| gcd(M-N). (shrink)

gcd(6), gcd(12)
# (shrink)
gcd(6), ged(6)

Simpagation rule:
Hiy n Hy <=>C| B.
same as:

Hy , H» <=>C| Hq, B.
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The CHR language

Beyond Constraints: Multi-Set Rewriting

Greatest Common Divisor:
gcd(0) <=> true . (zero)
gcd(N) n ged(M) <=>M N, N > 0| gcd(M-N). (shrink)

ged(6), ged(12)
. . # (shrink)
Simpagation rule: gcd(6), gcd(6)
Hin Hy <=>C| B. # (shrink)

same as:
cd(6), cd(0
Hi , Hy <=>C| Hy, B. 90d(®).~ 9ed(©)
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The CHR language

Beyond Constraints: Multi-Set Rewriting

Greatest Common Divisor:
gcd(0) <=> true . (zero)
gcd(N) n ged(M) <=>M N, N > 0| gcd(M-N). (shrink)

gcd(6), gcd(12)
# (shrink)
gcd(6), ged(6)

Simpagation rule:

Hi n Hy <=>C| B. # (shrink)
same as:
ged(6), ged(0)
Hi, Hy <=>C|[ Hi, B. # (zero)
gcd(6)
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The CHR language

Beyond Constraints: Multi-Set Rewriting

Greatest Common Divisor:
gcd(0) <=> true . (zero)
gcd(N) n ged(M) <=>M N, N > 0| gcd(M-N). (shrink)

gecd(6), gcd(12), gcd(8)

Simpagation rule: #

Hi n Hy; <=>C| B. gcd(6), gcd(8)
same as: #
Hl , H2 <=>C | Hl, B. ng(Z)
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Applications

Overview

@ Applications
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Applications

Application Domains

I Operations Research:
I university timetabling [Abdennadher & Marte]
I wireless base station placement [Frahwirth & Brisset]
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Applications

Application Domains

I Operations Research:

university timetabling [Abdennadher & Marte]
wireless base station placement [Frahwirth & Brisset]
I Type Checking and Inference

HM(X) inference = constraint solving [Florido et al.]
Haskell type classes [Sulzmann et al.]
HM(CHR) : customize HM with CHR rules

ADT reconstruction [Schrijvers & Bruynooghe]
parametric polymorphism in Java [Chin et al.]
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Applications

Application Domains

I Operations Research:

I university timetabling [Abdennadher & Marte]

I wireless base station placement [Frahwirth & Brisset]
I Type Checking and Inference

I HM(X) inference = constraint solving [Florido et al.]

I Haskell type classes [Sulzmann et al.]

HM(CHR) : customize HM with CHR rules

I ADT reconstruction [Schrijvers & Bruynooghe]

I parametric polymorphism in Java [Chin et al.]
I Testing and Veri cation:

I test case generation [Gouraud & Gotlieb]

I model-based veri cation [Pretschner et al.]
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Applications

Application Domains

I Operations Research:

I university timetabling [Abdennadher & Marte]

I wireless base station placement [Frahwirth & Brisset]
I Type Checking and Inference

I HM(X) inference = constraint solving [Florido et al.]

I Haskell type classes [Sulzmann et al.]

HM(CHR) : customize HM with CHR rules

I ADT reconstruction [Schrijvers & Bruynooghe]

I parametric polymorphism in Java [Chin et al.]
I Testing and Veri cation:

I test case generation [Gouraud & Gotlieb]

I model-based veri cation [Pretschner et al.]
I Many more

I natural language processing [Christiansen et al.]

I agent reasoning [Thielscher et al.]

T. Schrijvers The Constraint Handling Rules language



Applications

Haskell Type Classes

Haskell Type Classes

class Eq a where
(::) : a -> a -> Bool

instance Eq Int where (==) = ...
instance Eq a => Eq [a] where (==) = ...
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Applications

Haskell Type Classes

Haskell Type Classes

class Eq a where
(::) : a -> a -> Bool

instance Eq Int where (==) = ...
instance Eq a => Eq [a] where (==) = ...

Application Code
f: Int -> Int -> Bool
fxy = [[X]] == [lyll
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Applications

Haskell Type Classes

Haskell Type Classes

class Eq a where
(::) : a -> a -> Bool

instance Eq Int where (==) = ...
instance Eq a => Eq [a] where (==) = ...

Application Code
f: Int -> Int -> Bool

fxy =[] == [yl
type checks ifEq [[Int]]  holds
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Applications

Haskell Type Classes (ctd.)

Haskell Type Classes

class Eq a where
(::) : a -> a -> Bool

instance Eq Int where (==) = ...
instance Eq a => Eq [a] where (==) = ...

CHR Type Checker

eq(int) <=> true. (instancel)
eq([A]) <=> eq(A). (instance2)
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Applications

Haskell Type Classes (ctd.)

CHR Type Checker

eq(int) <=> true. (instancel)
eq([A]) <=> eq(A). (instance?2)

eq([[int]1)
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Applications

Haskell Type Classes (ctd.)

CHR Type Checker

eq(int) <=> true. (instancel)
eq([A]) <=> eq(A). (instance?2)

eq([[int]1)

# (instance2)
eq([int])
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Applications

Haskell Type Classes (ctd.)

CHR Type Checker

eq(int) <=> true. (instancel)
eq([A]) <=> eq(A). (instance?2)

eq([[int]1)

# (instance2)
eq([int])

# (instance2)
eq(int)
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Applications

Haskell Type Classes (ctd.)

CHR Type Checker

eq(int) <=> true. (instancel)
eq([A]) <=> eq(A). (instance?2)

eq([[int]])
# (instance2)
eq([int])
# (instance2)
eq(int)
# (instancel)
true
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Applications

Industrial Users

CornerStone Technology Inc. (CA)

Tool for designing injection moulds:

I solves and optimizes design
constraints:

I selects components from catalogs

I computes dimensions for custom
components

| arranges components into assemblies

Others: Scienti ¢ Softare & Systems Ltd. (NZ), InfoLogic {F
BSSE System and Software Engineering (D)
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Computational Power
Implementation Computational Complexity

Overview

© Implementation
@ Computational Power
@ Computational Complexity
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Computational Power
Implementation Computational Complexity

Computational Power

I CHR machinevs. TM and RAM
[Sneyers, Schrijvers & Demoen:CHR'05]

CHR machine

Turing machine Random Access Memory machine
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Computational Power
Implementation Computational Complexity

Computational Power: RAM simulator

A CHR encoding of a RAM machine:

I m(bhAddressi, hContenti) : memory cell
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Computational Power
Implementation Computational Complexity

Computational Power: RAM simulator

A CHR encoding of a RAM machine:

I m(bhAddressi, hContenti) : memory cell
I pc(hLabeli) : program counter
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Computational Power
Implementation Computational Complexity

Computational Power: RAM simulator

A CHR encoding of a RAM machine:

I m(bhAddressi, hContenti) : memory cell
I pc(hLabeli) : program counter
I prog(hLabeli, Opcode, hOperands) : program
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Computational Power
Implementation Computational Complexity

Computational Power: RAM simulator

A CHR encoding of a RAM machine:

I m(bhAddressi, hContenti) : memory cell
I pc(hLabeli) : program counter
I prog(hLabeli, Opcode, hOperands) : program

The simulator fam.chr )

prog(L,jmp,A) n pc(L) <=> pc(A).

prog(L,cjmp,A,J), m(A,0) n pc(L) <=> pc(J).

prog(L,cjmp,A,J), m(A,X) n pc(L) <=> X 6 0 | pc(L+1).
prog(L,add,B,A), m(B,Y) n m(AX), pc(l) <=> m(AX+Y), pc(L+1).
prog(L,sub,B,A), m(B,Y) n m(AX), pcl) <=> m(AX-Y), pc(L+1).
prog(L,mul,B,A), m(B,Y) n m(AX), pcl) <=> m(AX*Y), pc(L+1).
prog(L,cnst,B,A) n m(AX), pc(l) <=> m(AB), pc(L+1).
prog(L,mov,B,A), m(B,Y) n m(AX), pcl) <=> m(AY), pc(L+l).
prog(L,halt) n pc(L) <=> true.

-
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Computational Power
Implementation Computational Complexity

Computational Power: RAM simulator

A CHR encoding of a RAM machine:

I m(bhAddressi, hContenti) : memory cell
I pc(hLabeli) : program counter
I prog(hLabeli, Opcode, hOperands) : program

The simulator fam.chr )

prog(L,jmp,A) n pc(l) <=> pc(A).

prog(L,cjmp,A,J), m(A,0) n pc(L) <=> pc(J).

prog(L,cjmp,A,J), m(A,X) n pc(L) <=> X 6 0 | pc(L+1).
prog(L,add,B,A), m(B,Y) n m(AX), pc(l) <=> m(AX+Y), pc(L+1).
prog(L,sub,B,A), m(B,Y) n m(AX), pcl) <=> m(AX-Y), pc(L+1).
prog(L,mul,B,A), m(B,Y) n m(AX), pcl) <=> m(AX*Y), pc(L+1).
prog(L,cnst,B,A)  n m(AX), pc(l) <=> m(AB), pc(L+1).
prog(L,mov,B,A), m(B,Y) n m(AX), pcl) <=> m(AY), pc(L+1).
prog(L,halt) n pc(L) <=> true.

-
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Computational Power
Implementation Computational Complexity

Computational Power: RAM simulator

A CHR encoding of a RAM machine:

I m(bhAddressi, hContenti) : memory cell
I pc(hLabeli) : program counter
I prog(hLabeli, Opcode, hOperands) : program

The simulator fam.chr )

prog(L,jmp,A) n pc(L) <=> pc(A).

prog(L,cjmp,A,J), m(A,0) n pc(L) <=> pc(J).

prog(L,cjmp,A,J), m(A,X) n pc(L) <=> X 6 0 | pc(L+1).
prog(L,add,B,A), m(B,Y) n m(AX), pc() <=> m(AX+Y), pc(L+1).
prog(L,sub,B,A), m(B,Y) n m(AX), pcl) <=> m(AX-Y), pc(L+1).
prog(L,mul,B,A), m(B,Y) n m(AX), pcl) <=> m(AX*Y), pc(L+1).
prog(L,cnst,B,A) n m(AX), pc(l) <=> m(AB), pc(L+1).
prog(L,mov,B,A), m(B,Y) n m(AX), pcl) <=> m(AY), pc(L+l).
prog(L,halt) n pc(L) <=> true.
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Computational Power
Implementation Computational Complexity

Computational Power Result

Turing Completeness Result

CHR has the same computational power as a RAM and, hence, a
Turing machine.

CHR compiler

ram.chr
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Computational Power
Implementation Computational Complexity

Computational Poweé E cient Compiler

Imperative Languages
I RAM simulator written in C (or Java or ...)
I compiled with GCC
I has same time complexity as direct RAM program
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Computational Power
Implementation Computational Complexity

Computational Poweé E cient Compiler

Imperative Languages
I RAM simulator written in C (or Java or ...)
I compiled with GCC
I has same time complexity as direct RAM program

Declarative Languages
I RAM simulator written in Haskell (or Prolog or Maude or .. .)
I compiled with GHC
I is logarithmic factor slower than direct RAM program

(Impurities as work-around: destructive assignment, FEl,)
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Computational Power
Implementation Computational Complexity

E cient Compilation of CHR

An optimizing CHR compiler such that: the execution on a RA
of the compiled form ofram.chr has the same time and space
complexity as the RAM
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Computational Power
Implementation Computational Complexity

E cient Compilation of CHR

An optimizing CHR compiler such that: the execution on a RA
of the compiled form ofram.chr has the same time and space
complexity as the RAM

The K.U.Leuven CHR system:
I optimizing compiler to (impure) Prolog
I runs in Prolog interpreter on RAM
I bundled with SWI-Prolog, SICStus, YAP, Ciao Prolog, ...
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Computational Power
Implementation Computational Complexity

CHR Compilation SChermﬁlzbaur/Duck/Schrijvers]

I constraint = procedure, \active constraint"
I head occurrence = subprocedure

pc(L) :- store(pc(L)), pc1(L), ..., pc_n(L).

prog(L,jmp,A) n pc(l) <=> pc(A).
pc_1(L) :-
if is _alive( pc(L))
nd prog (LO,Op,A) where LO = L~ Op = jmp,
delete pc(L),
call pc(A).

-
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Computational Power
Implementation Computational Complexity

CHR Compilation Scheme (ctd.)

In continuation style:

pc(L) :- store(pc(L)), pc1(L).

prog(L,jmp,A) n pc(L) <=> pc(A).
pc_1(L) :-
nd prog (LO,Op,A) where LO = L~ Op = jmp,
delete pc(L),
call pc(A)
else pc2(L) .

T. Schrijvers The Constraint Handling Rules language



Computational Power
Implementation Computational Complexity

CHR Compilation Scheme (ctd.)

Late storage optimization:
I abstract interpretation to determine latest point of stoge
| avoid storage overhead

Example
pc(L) :- pc_1(L).

prog(L.jmp,A) n pc(l) <=> pc(A).
pc_1(L) :-
nd prog (LO,Op,A) where LO = L~ Op = jmp,
call pc(A)
else pc2(L).

'p.;:_n(L) -
else store(pc(L)) . )
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Computational Power
Implementation Computational Complexity

Constraint Store Indexing

Most expensive part of CHR execution:
I multi-headed rules

I active constraint searches for partner constraints
I some languages ar&fraid of searching
I e.g.join calculusdoes not allow patterns

prog(L, jmp,A) n pc(L) <=> ...

nd prog (LO,Op,A) where LO = L~ Op = jmp
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Computational Power
Implementation Computational Complexity

Constraint Store Indexing

Most expensive part of CHR execution:
I idea from databases: indexing

I rules determine the \queries"
I compiler chooses indexes:
hashtable

array

|
|
i linked list
|

prog(L, jmp,A) n pc(L) <=> ...

nd _prog(L,jmp,A)
) hashtable onprog(1,2) : (amortized) O(1) access
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Computational Power
Implementation Computational Complexity

Space Complexity

Declarative updating:
I remove old constraint
I add new constraint
| wastes space (garbage collector)

prog(L,add,B,A), m(B,Y) n m(AX), pc() <=> m(AX+Y), pc(L+1).

nd _m(A,X),
nd _-m(B,Y),
delete m(A,X)
store m(A,X+Y)

-
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Computational Power
Implementation Computational Complexity

Space Complexity

Inplace updates:
I reuse space of old constraint for new constraint
I conditional: requires analysis

prog(L,add,B,A), m(B,Y) n m(AX), pc() <=> m(AX+Y), pc(L+1).

nd _m(A,X),
nd m(B,Y),
overwrite m (A,X) with  m(A,X+Y)
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Computational Power
Implementation Computational Complexity

Optimal Complexity Result

Optimal Complexity Result

Any algorithm can be implemented in CHR with the same time
and space complexity as on a RAM.

o(T)
CHR A RAM

ram.chr
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Conclusion

Overview

© Conclusion
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Conclusion

Conclusion

I an expressive language,
I with cool applications, and
I strong theoretical results of implementation.
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Conclusion

Conclusion

I an expressive language,

I with cool applications, and
I strong theoretical results of implementation.

ot

Implementation Challenges

I constant factors:

I CHR vs. state-of-the-art solvers
I CHR vs. coventional languages

I concurrent implementation

I optimal complexity result for: LP, FP, TRS ?

A\
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Conclusion

Thank you!

Questions?

See also:
I The CHR Website
http://lwww.cs.kuleuven.be/ dtai/projects/CHR/

I The K.U.Leuven CHR system:
http://www.cs.kuleuven.be/ toms/CHR/
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