A General Setting for the Parametric Google Matrix

(It's not about Markov chains)

Roger Horn and Stefano Serra-Capizzano
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Internet Model: The Basic Google Matrix

o Internet = directed graph
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@ Link from page i to page j = directed edge from node i/ to node j
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@ Link from page i to page j = directed edge from node i to node j

@ 7 links from page / to all other pages = deg
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Internet Model: The Basic Google Matrix

Internet = directed graph
Web page = node (n pages in all; n ~ 10'9)
Link from page i to page j = directed edge from node i to node j

# links from page / to all other pages = deg i

Basic Google matrix G = [gjj] is n-by-n
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Internet Model: The Basic Google Matrix

Internet = directed graph
Web page = node (n pages in all; n ~ 10'9)
Link from page i to page j = directed edge from node i to node j

# links from page / to all other pages = deg i

Basic Google matrix G = [gjj] is n-by-n
o If degi >0, then gjj = 1/degi forall j # i and g;; =0
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Internet Model: The Basic Google Matrix

Internet = directed graph
Web page = node (n pages in all; n ~ 10'9)
Link from page i to page j = directed edge from node i to node j

# links from page / to all other pages = deg i

Basic Google matrix G = [gjj] is n-by-n

o If degi >0, then gjj = 1/degi forall j # i and g;; =0
o If degi =0, then gjj =1/n for all j
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Internet Model: The Basic Google Matrix

Internet = directed graph
Web page = node (n pages in all; n ~ 10'9)
Link from page i to page j = directed edge from node i to node j

# links from page / to all other pages = deg i

Basic Google matrix G = [gjj] is n-by-n
o If degi >0, then gjj = 1/degi forall j # i and g;; =0
o If degi =0, then gjj = 1/n for all j

@ G is nonnegative and row stochastic (need not be primitive or
irreducible)
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Internet Model: The Basic Google Matrix

Internet = directed graph
Web page = node (n pages in all; n ~ 10'9)
Link from page i to page j = directed edge from node i to node j

# links from page / to all other pages = deg i

Basic Google matrix G = [gjj] is n-by-n

o If degi >0, then gjj = 1/degi forall j # i and g;; =0

o If degi =0, then gjj = 1/n for all j
@ G is nonnegative and row stochastic (need not be primitive or
irreducible)

e Ge=e el =[1... 17
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Example: Internet with three pages
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PageRank

@ PageRank is an assignment of a nonnegative y; to each page /. Page
i is more important than page j if y; > y;
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@ PageRank is an assignment of a nonnegative y; to each page /. Page
i is more important than page j if y; > y;
o PageRank is a Perron left eigenvector y of G
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PageRank

@ PageRank is an assignment of a nonnegative y; to each page /. Page
i is more important than page j if y; > y;

@ PageRank is a Perron left eigenvector y of G

oy’ G=y",y>0yTe=1
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PageRank

@ PageRank is an assignment of a nonnegative y; to each page /. Page
i is more important than page j if y; > y;

@ PageRank is a Perron left eigenvector y of G

oy'G=yT, y>0,yle=1

@ Existence OK: Perron-Frobenius
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But... Two Serious Problems

@ There may be many solutions to y” G = y ™. Which one to take as
the PageRank?
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But... Two Serious Problems

@ There may be many solutions to y” G = y ™. Which one to take as
the PageRank?

@ Even if there is a unique solution, there can be other eigenvalues of
modulus one, so the power method might fail
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But... Two Serious Problems

@ There may be many solutions to y” G = y ™. Which one to take as
the PageRank?

@ Even if there is a unique solution, there can be other eigenvalues of
modulus one, so the power method might fail

@ For the power method to work, the second-largest modulus eigenvalue
of G must have modulus strictly less than one.
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Modify model: Parametric Google Matrix

@ Given v >0, vl e = 1 (personality vector)
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Modify model: Parametric Google Matrix

e Given v >0, vl e = 1 (personality vector)
@ G(c)=cG+ (1—c)ev’, 0 < c < 1 (parametric Google matrix)
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Modify model: Parametric Google Matrix

e Given v >0, vl e = 1 (personality vector)
o G(c)=cG+ (L —c)ev’, 0 < ¢ <1 (parametric Google matrix)

o If the eigenvalues of G are 1, A5, ..., A, then the eigenvalues of G(c)
are 1,cAy, ..., cA,
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Modify model: Parametric Google Matrix

Given v > 0, v e = 1 (personality vector)
G(c) =cG+ (1—c)ev’, 0 < ¢ < 1 (parametric Google matrix)

If the eigenvalues of G are 1, A5, ..., A, then the eigenvalues of G(c)
are 1,cAy, ..., cA,

1 is a simple eigenvalue of G(c)
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Modify model: Parametric Google Matrix

e Given v >0, vl e = 1 (personality vector)

o G(c)=cG+ (L —c)ev’, 0 < ¢ <1 (parametric Google matrix)

o If the eigenvalues of G are 1, A5, ..., A, then the eigenvalues of G(c)
are 1,cAy, ..., cA,

e 1is a simple eigenvalue of G(c¢)

@ Every other eigenvalue of G(c) has modulus at most ¢
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PageRank reconsidered

0<c<l1l G(c)=cG+(1—clev’
@ Unique solution to y(c)"G(c) = y(c)7, y(c) >0, y(c)Te=1
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PageRank reconsidered

0<c<l1l G(c)=cG+(1—clev’
e Unique solution to y(c)" G(c) = y(c)T, y(c) >0, y(c)Te=1

@ Power method converges
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PageRank reconsidered

0<c<l1l G(c)=cG+(1—clev’

e Unique solution to y(c)" G(c) = y(c)T, y(c) >0, y(c)Te=1
@ Power method converges

@ PageRank (redefined) is y(c), but depends on c.
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PageRank reconsidered

0<c<l1l G(c)=cG+(1—clev’
e Unique solution to y(c)" G(c) = y(c)T, y(c) >0, y(c)Te=1
@ Power method converges

o PageRank (redefined) is y(c), but depends on c.
@ How to choose c¢? Balance two conflicting criteria.
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PageRank reconsidered

0<c<l1l G(c)=cG+(1—clev’
e Unique solution to y(c)" G(c) = y(c)T, y(c) >0, y(c)Te=1
@ Power method converges
o PageRank (redefined) is y(c), but depends on c.
@ How to choose c¢? Balance two conflicting criteria.
e Popular belief: Googleuses c = .85
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Sensitivity

° [ly(a) —y(a)| <?
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Sensitivity

o |y(a)—yle)| <?
@ lim.1y(c)=?

Roger Horn and Stefano Serra-Capizzano ( )A General Setting for the Parametric Google



Sensitivity

° |ly(a) —yla)l <2
o limc_yy(c) =?
o If we analyze G(c) in the context of stochastic matrices and Markov

chains, ¢ = 1 is a boundary point. Published bounds contain
(1-o)"
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Sensitivity

° |ly(a)—y(e)l <?
o limc_yy(c) =?
o If we analyze G(c) in the context of stochastic matrices and Markov

chains, ¢ = 1 is a boundary point. Published bounds contain
(1-0o)

@ Does something bad happen as y — 1?
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Start Over: General Setting

@ Ais n-by-n complex matrix with eigenvalues A, Ay, ..., A,
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Start Over: General Setting

@ Ais n-by-n complex matrix with eigenvalues A, Ay, ..., A,
0 Ax =Ax, Yy'A=Ay* y'x=1
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Start Over: General Setting

@ Ais n-by-n complex matrix with eigenvalues A, Ay, ..., A,

0 Ax = Ax, Yy*A=Ay* y'x=1

.slAsz[g g} S=[x S], (V) =[y 2]
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Start Over: General Setting

A is n-by-n complex matrix with eigenvalues A, Ay, ..., A,
Ax = Ax, y*A=Ay* y'x=1

slAsz[A 0], S=[x S]. (S =[y 2]
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Start Over: General Setting

@ Ais n-by-n complex matrix with eigenvalues A, Ay, ..., A,
0 Ax = Ax, Yy*A=Ay* y'x=1
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A(c) = cA+ (1 —c)Axv™
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Start Over: General Setting

@ Ais n-by-n complex matrix with eigenvalues A, Ay, ..., A,
0 Ax = Ax, Yy*A=Ay* y'x=1

_ A0 ik
oSlASZ[O B], S=[x S]. (S =[y 2]
e Givenv, vix=1
°

A(c) = cA+ (1 — c)Axv™
o (Brauer, 1952) The eigenvalues of A(c) are A, cAy, ..., cAp
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Start Over: General Setting

@ Ais n-by-n complex matrix with eigenvalues A, Ay, ..., A,
0 Ax = Ax, Yy*A=Ay* y'x=1

_ A0 ik
.slAsz[O B], S=[x S| () =ly z]
e Givenv, vix=1
°

A(c) = cA+ (1 — c)Axv™
o (Brauer, 1952) The eigenvalues of A(c) are A, cAy, ..., cAp

If the JCF of A is

[A]@an(y2)@"'@Jnk(vk)'
and if ¢ # 0 and cAj # A forall j =2,..., n, then JCF of A(c) is

Al © Jn, (cv2) & -+ - & U, (cvk).
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Normalized left eigenvector

Suppose 0 # A # cAj, j=2,...,n,s0 A is a simple eigenvalue of A(c)
@ Unique solution to y(c)*A(c) = Ay(c)*, y(c)*x =1
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Normalized left eigenvector

Suppose 0 # A # cAj, j=2,...,n,s0 A is a simple eigenvalue of A(c)
@ Unique solution to y(c)*A(c) = Ay(c)*, y(c)*x =1

°
y(o) =y*+(1—)Av*S (Al 1 — cB)1Z;
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Normalized left eigenvector

Suppose 0 # A # cAj, j=2,...,n,s0 A is a simple eigenvalue of A(c)
@ Unique solution to y(c)*A(c) = Ay(c)*, y(c)*x =1

y(o)* =y*+(1—c)Av*S (Al — cB)1Z;

@ y(c) is analytic (rational) in a punctured complex neighborhood of
c=1
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Normalized left eigenvector

Suppose 0 # A # cAj, j=2,...,n,s0 A is a simple eigenvalue of A(c)

@ Unique solution to y(c)*A(c) = Ay(c)*, y(c)*x =1
(]
y(o)* =y*+(1—c)Av*S (Al — cB)1Z;

e y(c) is analytic (rational) in a punctured complex neighborhood of
c=1

@ However...if A is not a semisimple eigenvalue of A, then there are
choices of v for which lim._; y(c) does not exist.
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Semisimple case

Suppose A is semisimple, multiplicity m

osas= [ Ls=(x s 1) =y 2],

X, Y are n-by-m, AX =AX, Y*A=AY* Y*X=1I, Ais
not an eigenvalue of E

Roger Horn and Stefano Serra-Capizzano ( )A General Setting for the Parametric Google



Semisimple case

Suppose A is semisimple, multiplicity m

osas= [ L] s=(x s 15 =y 2],

X, Y are n-by-m, AX =AX, Y*A=AY* Y*X=1I, Ais
not an eigenvalue of E

y(e) = vXY* + (1 — )M Sy (Mg — cE) 1 Z5
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Semisimple case

Suppose A is semisimple, multiplicity m

osas= [ L] s=(x s 15 =y 2],

X, Y are n-by-m, AX =AX, Y*A=AY* Y*X=1I, Ais
not an eigenvalue of E

y(©) = vIXY* + (1 — )M Sy (AMlyyy — cE) 1 Z5
@ y(c) is analytic in a full neighborhood of ¢ = 1 if we define

y(1)" = lim y(c)" = v* (XY")
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Semisimple case

Suppose A is semisimple, multiplicity m
_ My 0O ik
oS 1AS:[ I E],sz[x $S1.5Y) =Y o],
X, Y are n-by-m, AX =AX, Y*A=AY* Y*X=1I, Ais
not an eigenvalue of E
y(O) = v*XY* + (1= AW Sy (Ml — cE) L Z5
@ y(c) is analytic in a full neighborhood of ¢ = 1 if we define

y(1)" = lim y(e)" = v* (XY*)

e XY* is a uniquely defined projection (X any basis of right
A-eigenspace of A; Y the dual basis of left A-eigenspace)
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Semisimple case

Suppose A is semisimple, multiplicity m

osas= [ L] s=(x s 15 =y 2],

X, Y are n-by-m, AX =AX, Y*A=AY* Y*X=1I, Ais
not an eigenvalue of E
y(O) = v*XY* + (1= AW Sy (Ml — cE) L Z5
@ y(c) is analytic in a full neighborhood of ¢ = 1 if we define

y(1)" = lim y(e)" = v* (XY*)

e XY* is a uniquely defined projection (X any basis of right
A-eigenspace of A; Y the dual basis of left A-eigenspace)

e Alternatively, XY* = | — (Al — A)(Al — A)P (second form)
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Sensitivity (semisimple case)

o |y(ci) —y(a)|| < M|a —c|foralla,a e K
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Sensitivity (semisimple case)

o ||y(ci) —y(a)|| < M|a — e forall a,c € K
o v (1)* = AV'Sy(E—AN"1Z = Avi (A= AP
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Sensitivity (semisimple case)

o ||y(ci) —y(a)|| < M|a — e forall a,c € K
o Y (1)* = AVv*Sy(E—ANT1Zy = Avi (A= AP

@ Explicit power series for y(c) around ¢ =1
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An important property of stochastic matrices

@ G stochastic = G stochastic for k = 1,2, 3, ... = G* bounded
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An important property of stochastic matrices

@ G stochastic = G* stochastic for k = 1,2,3, ... = G* bounded

k
11 1 k
° [0 1} _[O 1}notbounded
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An important property of stochastic matrices

@ G stochastic = G* stochastic for k = 1,2,3, ... = G* bounded

k
11 1 k
° [0 1] _[0 1}notbounded

e If J,(A) is a Jordan block of G and [A| =1, then p =1
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An important property of stochastic matrices

@ G stochastic = G* stochastic for k = 1,2,3, ... = G* bounded

k
11 1 k
[ 0 1 ] = [ 0 1 } not bounded

If J,(A) is a Jordan block of G and |A| =1, then p=1

Every eigenvalue of G of modulus 1 is semisimple

Roger Horn and Stefano Serra-Capizzano ( )A General Setting for the Parametric Google



A Third Form of the Projection

@ Suppose A # 0 is an eigenvalue of A with maximum modulus, and
that every eigenvalue with maximum modulus is semisimple. Then

1 N k
XY* = lim = Y (A7'A)
N—o0 =0
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A Third Form of the Projection

@ Suppose A # 0 is an eigenvalue of A with maximum modulus, and
that every eigenvalue with maximum modulus is semisimple. Then

N—-1

XY* = fim =Y (A1A)¢
N—oo k=0

@ If A is a stochastic matrix, this Cesaro sum is often called the ergodic
projection.
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The Parametric Google Matrix G(c) for complex ¢

@ A =1 and every eigenvalue of G with modulus 1 is semisimple
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The Parametric Google Matrix G(c) for complex ¢

@ A =1 and every eigenvalue of G with modulus 1 is semisimple

@ A =1is a simple eigenvalue of G(c) for all but finitely many ¢ € C
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The Parametric Google Matrix G(c) for complex ¢

@ A =1 and every eigenvalue of G with modulus 1 is semisimple
@ A =1is a simple eigenvalue of G(c) for all but finitely many ¢ € C

@ Unique normalized left eigenvector y(c) for all but finitely many ¢
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The Parametric Google Matrix G(c) for complex ¢

A =1 and every eigenvalue of G with modulus 1 is semisimple
A = 1is a simple eigenvalue of G(c) for all but finitely many c € C
Unique normalized left eigenvector y(c) for all but finitely many ¢

Unique y(c) exists for all ¢ in the open unit disk, and the power
method converges there.
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The Parametric Google Matrix G(c) for complex ¢

A =1 and every eigenvalue of G with modulus 1 is semisimple
A = 1is a simple eigenvalue of G(c) for all but finitely many c € C
Unique normalized left eigenvector y(c) for all but finitely many ¢

Unique y(c) exists for all ¢ in the open unit disk, and the power
method converges there.

Unique y(c) exists in a punctured neighborhood of ¢ =1
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The Parametric Google Matrix G(c) for complex ¢

A =1 and every eigenvalue of G with modulus 1 is semisimple
A = 1is a simple eigenvalue of G(c) for all but finitely many c € C
Unique normalized left eigenvector y(c) for all but finitely many ¢

Unique y(c) exists for all ¢ in the open unit disk, and the power
method converges there.

Unique y(c) exists in a punctured neighborhood of ¢ = 1

y(e) = v XY  +(1—)W*Sy(lym— cE) " Z5
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The Parametric Google Matrix G(c) for complex ¢

A =1 and every eigenvalue of G with modulus 1 is semisimple
A = 1is a simple eigenvalue of G(c) for all but finitely many c € C
Unique normalized left eigenvector y(c) for all but finitely many ¢

Unique y(c) exists for all ¢ in the open unit disk, and the power
method converges there.

Unique y(c) exists in a punctured neighborhood of ¢ = 1
() =v*XY* + (1= WSy (I — cE) " Z5
y(c)* — v*XY* as ¢ — 1 via any path, complex or real
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The Parametric Google Matrix G(c) for complex ¢

@ A =1 and every eigenvalue of G with modulus 1 is semisimple
@ A =1is a simple eigenvalue of G(c) for all but finitely many ¢ € C

@ Unique normalized left eigenvector y(c) for all but finitely many ¢

Unique y(c) exists for all ¢ in the open unit disk, and the power
method converges there.

e Unique y(c¢) exists in a punctured neighborhood of ¢ =1
o

() =v*XY* + (1= WSy (I — cE) " Z5
@ y(c)* — v*XY* as ¢ — 1 via any path, complex or real

y(c)* is analytic in a neighborhood of ¢ = 1, in the interior of the
unit disk, and at all but finitely many points in C
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The Parametric Google Matrix G(c) for complex ¢

A =1 and every eigenvalue of G with modulus 1 is semisimple
A = 1is a simple eigenvalue of G(c) for all but finitely many c € C
Unique normalized left eigenvector y(c) for all but finitely many ¢

Unique y(c) exists for all ¢ in the open unit disk, and the power
method converges there.

Unique y(c) exists in a punctured neighborhood of ¢ = 1

() =v*XY* + (1= WSy (I — cE) " Z5

y(c)* — v*XY* as ¢ — 1 via any path, complex or real

y(c)* is analytic in a neighborhood of ¢ = 1, in the interior of the
unit disk, and at all but finitely many points in C

XY* is a unique, nonnegative, projection
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The Parametric Google Matrix G(c) for complex ¢

A =1 and every eigenvalue of G with modulus 1 is semisimple
A = 1is a simple eigenvalue of G(c) for all but finitely many c € C
Unique normalized left eigenvector y(c) for all but finitely many ¢

Unique y(c) exists for all ¢ in the open unit disk, and the power
method converges there.

Unique y(c) exists in a punctured neighborhood of ¢ = 1

() =v*XY* + (1= WSy (I — cE) " Z5

y(c)* — v*XY* as ¢ — 1 via any path, complex or real

y(c)* is analytic in a neighborhood of ¢ = 1, in the interior of the
unit disk, and at all but finitely many points in C

XY™ is a unique, nonnegative, projection

Nothing bad happens at c =1
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Philosophy and Computation

@ PageRank is not about Markov chains. It is about matrix analysis.
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Philosophy and Computation

@ PageRank is not about Markov chains. It is about matrix analysis.
@ Matrix analysis gives a clear understanding of “pure PageRank”

lim y(c) = (YX")v,

c—1
which is a convex combination of certain distinguished left
eigenvectors of G, namely the columns of the uniquely determined

projection YX*. Moreover, we are free to approach ¢ = 1 along
complex paths if we wish.
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Philosophy and Computation

@ PageRank is not about Markov chains. It is about matrix analysis.

@ Matrix analysis gives a clear understanding of “pure PageRank”

Iimly(c) = (YX*) v,

C—
which is a convex combination of certain distinguished left
eigenvectors of G, namely the columns of the uniquely determined
projection YX*. Moreover, we are free to approach ¢ = 1 along
complex paths if we wish.

@ Complex algorithms involving FFT and vector extrapolation may be

superior to the power method for computing (ordinary) PageRank at
c = .85, at ¢ = .99, and even in the limit as ¢ — 1.
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