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1. Goals of the presentation

Let the Sobolev-Type inner product

P, @) = /000 p(x)q(z)z*e "dx + P(0)' AQ(0), a > —1,

where p and ¢ are polynomials with real coefficients,
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(% o) o= ) eo=( 1)

and A is a positive semidefinite matrix.
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2. The Laguerre polynomials

The Laguerre orthogonal polynomials are defined as the polynomials orthogonal with respect to the
inner product

<p> q) = / pqxae_xdxv o > _17 p,q € P. (2)
0

1 Proposition. Let {Lg}nZO be the sequence of Laguerre monic orthogonal polynomials.
1. For every n € N,
eLy(x) =Ly (x)+ (2n+1+4+a)Ly(z) + n(n+a) Ly (x), (3)
with L§(z) =1, L{(z) = z— (a+1).

2. For every n € N,

Ly(z) = Lyt (o) + nLyty (o). (4)

3. For every n € N,
ILS]1% = n!T(n + o + 1). (5)

4. For every n € N
L) = (-t ) )

I(a+1)

5. For every n € N
(Ly) (z) = nLy*y(2). (7)
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6. For every n € N,
z (Ly(x)) = nLy(x) +n(n+a) Ly ().
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i DEOED) e o
n—oo no
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6. For every n € N,
x(L%(z)) = nLl(x) +n(n+a) L2 | (v).

2 Theorem. (The Mehler-Heine type formula) Let J, be the Bessel function defined by

i —1)7(z/2)%+
= JITG+a+1)’

then R _
lim M — ;E_O‘/ZJQ(Q\/E)

n—00 n<

uniformly on compact subsets C and uniformly in j € NU {0}. Here L%(z) = (—1)"/n!L(x).

3 Theorem. If j,l € R, h,k € Z, then
n(l—j)/QL‘”i(:c)

— -(G=0/2
m — = (—zx :
Nn—00 LOH—Z ([L’) ( )

uniformly on compact subsets of C\[0, c0).
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Let p and ¢ be polynomials with real coefficients. We define the following Sobolev type inner product

P, q)g = /000 p(z)q(x)x®e " dx + P(0)* AQ(0), a > —1, (11)

where

(M, A
a= (%)

My M; > 0, A is a positive semidefinite matrix.



Let {Zﬁ} be the sequence of monic polynomials orthogonal with respect to (11).
n>0



Let {Zﬁ} be the sequence of monic polynomials orthogonal with respect to (11). Then
n>0

Lyto) = 3o - (E:0) a el



Let {Zﬁ} be the sequence of monic polynomials orthogonal with respect to (11). Then
n>0

~ ~ t
Io(x) = L%(z) — (L“ 0 ) A
(o) = 230 - (E200)) 4 (el
From the above expression we obtain

Lo = 2:0)- (£20) 4 (i) ).
A

(B) 0 = @0 - (L)



Let {Zﬁ} be the sequence of monic polynomials orthogonal with respect to (11). Then
n>0

~ ~ t
Io(x) = L%(z) — (L“ 0 ) A
(o) = 230 - (E200)) 4 (el
From the above expression we obtain

Lo = 2:0)- (£20) 4 (i) ).
(Z) 0 = 0 - (L) 4

Thus

where o)
K,_1(0,0) K%(0,0)
K, 1(0,0) = ’ n=1 A% .
1(0,0) (K(O’l)(O,O) K%(0,0)

n—1

Notice that I + AK,,_1(0,0) is a non singular matrix.

(13)



Let {Zﬁ} be the sequence of monic polynomials orthogonal with respect to (11). Then
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~ ~ t
Io(x) = L%(z) — (L“ 0 ) A
(o) = 230 - (E200)) 4 (el
From the above expression we obtain

Lo = 2:0)- (£20) 4 (i) ).
(Z) 0 = 0 - (L) 4

Thus

where

K,-1(0,0) K:"7(0,0)
K, 1(0,0) = ) n—1 % .
1(0,0) (K(O’l)(O,O) K%V(0,0)

n—1 n

Notice that I + AK,,_1(0,0) is a non singular matrix. Then

Lo(x) = Lo (x) — LE(0) (I 4+ AK,,_1(0,0)) " AK,_;(z,0).



On the other hand
I+ AK,1(0,0) =

N 0 1
= K,1(0,0) || %100 +A
! ’ 0 Kn_}(0,0) B Z:Lé

— K,_1(0,0)M,

where

1 A n
G = ——+ (M, -
Kn_1(0,0)+< 0+a+2) a2

n—1

T a2
(n(at2)— (o d)) (n—1)

(@+1)(@+2)(a+3)

yo n? _( My (20 + 3)A )>n+

(a+1)(a+3)

(aj\fz Tl 2))\(oz + 3))

a+2 (a+1)(a+2)(a+3

My My
! = _a—|—2n+<)\+a+2)
_ Mn? (A (2a + 3) M,
K= GiDa+3) (a+2 (a+1)(a+2)(0¢+3))n+

A M,y 1
(a—l—Q * (a+2)(a+3)) * K,-1(0,0)

)



As a consequence, from (12)

Ly(x) =
(=1)"}(a+1) 0 ot
(6% o - n— 0% Ln— x
= L%=z) — (LY0))" (I + AK,_1(0)) 1,4( ( ()'5( +2) (1) ) ( Laégx; )
(n—2)T(a+2) (n—2)IT(a+2) n—2

L. (1) (s N (e oHN
= Ln(l‘)— (n—2)'F(OZ+2)Kn—1(0>0) ( (_1)n IM ) ( J K) A X

I(a+1)
_Z_ﬂ 0 La+1($)
11 LT3 ()



As a consequence, from (12)

n

= Ly(z) — (L5(0) (I + AK,1(0)) " A (

= L%z)—

(n —2)T(a+2)K,_1(

() ().

4 Proposition. For every n € N,

Lo(z) =

(D" (a+D)
(

n—DIT (a+2)
1)

0

(="

(=
(n—2)IT'(a+2)

(n—2)IT'(a+2)

I'(a+1)

) (5

nr+o ¢
(—1)" (—1)rEtery G H
0,0) \ (=1)r-1ollntetl) J K

La+1

a+2
n—2

1 (2)

()

—1
) A X

)

(14)



Therefore, from (14), after some computations we get

Ly(x) = (15)

« 1 A .2 A1 .2 / l Lgti (x)
=L (1:)—1——( An®+ Bn+C, An*+ Bn+C) ) Lot3(g) )
n—2

" | M]
with

i — 2 |A| N M,

" (a+1)(a+2)(a+3) (a+1)K,_1(0,0)
B - 2a | A| B 2\ B M,

" (a+1D)(a+2)(a+3) K,-1(0,0) (a+1)K, 1(0,0)
I A n M,

" (a+1)(a+2) (a+1)K,1(0,0)

a|A| A M,

B = G D2  Ka0,0) @t DE,0,0)

and C,, and C!, depend of My, My, A and a.
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Al >
M~ et




Assuming that |A| > 0, we get

then

~ 1

| M| ~

(a+1)(a+2)*(a+3)

|A]

(a+1)(a+2)%2(a+3)

Le(x) |Al

2

n-.

(f+%+%-i+




Assuming that |A| > 0, we get

|A]
M| ~
|M] (a+1)(a+2)%2(a+3)
then
E“@~1+M+Dmﬁaﬂa+$<;ﬂi%+% L.
Lg(x) 4] rm

~14+

(a+1)(a+ 3)K,-1(0,0)

My

oS}

(%+—;+ L

n

:w|§3

2

n-.

+

C/

n3
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5 Theorem. For every n € N,

L) = E)
- La(r) _
A Te@
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5 Theorem. For every n € N,

Lo = L T,
- La(r) _
A Te@
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te’

6 Theorem. Let {Ln
Then

uniformly on compact subsets of C.

~«

L, (x/n)

na

= xia/QJa+4(2\/E)7

(16)
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If we denote

L,(@) == Ta), (16)
thus
5 Theorem. For every n € N, B
- Ly(z)
1 L =1 17
M Taw) 1

uniformly on compact subsets of C\[0, 00).

te’

6 Theorem. Let {Ln} be the sequence of polynomials orthogonal with respect to (11) and |A| > 0.
n>0
Then

AT
n—oo n<

uniformly on compact subsets of C.

=2~ Jara(2V), (18)

S

7 Theorem. Let {Ln} be the sequence of polynomials orthogonal with respect to (11) and |A| =
n>0
0, M; > 0. Then

S

. L, (z/n) _ a+3 a+3
lim =2 /2 2 — T (2
Jim =2 x (Ja( V) 7z Jat1 (2Vx) + .

Ja+2 (2\/5)) :

uniformly on compact subsets of C.
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t
’O L= 1BluB
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s (g )=o) ()
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Using (11) we get

‘L“ = |IL&))% + L2(0)"(I + AK,,_1(0,0)) " AL*(0).
Taking into account
0 uf t p—1
v B —|Blu'B™ v
where
a=(2a) ()= ()
c d Us Vg
thus
|zl = ez - ! 0 L3 (0)"
s wlo ™ T3 AK, 1(0,0)] | ALG(0) T+ AK,1(0.0)
[225]» 0 L (0)/ |1 Lg 12
nlla I+ AK,_1(0,0 n nlla
774K, 0.0 I+ ARt OO+ arag) 734K, (0,0)

[E2s L L)Y L
|] + AKn—1(070)| _AIL%(O) I+ AKn—l(Ovo) '

Finally, using the fact that

A

I + AK,(0,0) = I + AK,_,(0,0) + TGl

L7 ()L (0)',






then

2

S

[T+ AK,(0,0)]

2
15

[T+ AK,_1(0,0)|



then

Therefore

2

S _

|I + AK,,(0,0)]

2
[nie

[T+ AK,_1(0,0)|



then
2

‘ s |I + AK,,(0,0)]
ILe|? 1+ AK,—1(0,0)]

La

n

(19)

Therefore

~Q

8 Proposition. Let {Ln} be the sequence of polynomials orthogonal with respect to (11). Then
n>0

|21, _

nee || a2
nila

~ 12
a
Ln




4. The connection formula
9 Theorem. For every n € N
L(x) = Le*2(2) + Ao L33 (@) + BuoLot3(z) (20)

where

~ 2n—(a+1)(a+2)

_ (=" o) 4 ( 1
Bua = 0 =1) = o a 1) (Ln(0)> A( n )

~ nn-—1) —(a+1)(a+2)(n—1).

In other words, the sequence of Laguerre Sobolev Type orthogonal polynomials {Zﬁ} is quasi-
n>0

orthogonal of order 2, with respect to {Lj}, -
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5. The five term recurrence formula

10 Proposition. If p and ¢ are polynomials with real coefficients, then

(2°p,q)g = (P, 2°q)

11 Theorem. (The five term recurrence formula) For every n € N

37222(5”) = Z%—f—z(x) + an,n-l-lzi-f—l(z) + amnzg(z) + an,n—lzg—l(z) + an,n—2zz—2($)-

whereL®, (z) = L%,(z) = 0 and

Apnt+1 4n

Qpn—1 4n3

App—2 ~ TN .

(21)

(22)



5.1. Example

If p, ¢ are polynomials with real coefficients, we introduce the inner product
(a5 = | pladala)a®eda + Mp(0)a(0) + NH(0)¢ 0) (23)
0

Let {Eg} be the sequence of monic Laguerre-Sobolev polynomials orthogonal with respect to (23)
n>0

and {Pn}n;0 be the sequence of polynomials orthogonal with respect to the following inner product

D)y = / " p(@)ale) [2* e de + Mp(0)q(0) + Np"(0)q"(0), (24)

—00

M, N € R*. Then



5.1. Example

If p, ¢ are polynomials with real coefficients, we introduce the inner product

(b a)s = / " p(@)g(x)ate"de + Mp(0)q(0) + 4Np (0)(0). (23)

Let {Eg} be the sequence of monic Laguerre-Sobolev polynomials orthogonal with respect to (23)
n>0

and {Pn}n;0 be the sequence of polynomials orthogonal with respect to the following inner product

D)y = / " p(@)ale) [2* e de + Mp(0)q(0) + Np"(0)q"(0), (24)

M, N € R*. Then

12 Proposition. For every n € N

Py (z) = Ly *(a?)
Popyi(z) = ng+1/2($2).



6. The holonomic equation

Let

flzin) = Apa+(@—02n+1+a))
M, = Boo—(n—1)(n+a+1)

Bn—l,oc
K = 1= o)
) = By oz —(2n+a—1))
g(fE, ) An—l,a + (TL — 2)(’[’L T a) .

d(z;n) = nr+ Ayon —n— Bpo— A, —n?
o(z;n) = Bpar+Aye(-1—a+na+n®) = Buo(l4+n+a)+n(la—n*—na+1)

then



13 Proposition. Let {E;?L‘} be the sequence of monic polynomials orthogonal with respect to (11).
n>0
Then, the differential operators 7, and KC,, defined by

In = Flzin)D+ G(z;n)l
K. = F(z;n)D+ J(x;n)l

where D is the derivate operator, I the identity operator, and

F(z;n) vlg(z;n)f(z;n) — KnM,],
G(zin) = o(x;n) (K, — g(z;n)),

H(z;n) = f(zin)o(z;n) — Muo(z;n),
J(zin) = M,7(z;in) —v(z;n)f(z;n),
K(z;n) = 7(z;in)g(z;n) — Kyv(a;n),

satisfy
n—1»

TIn (E;f) = H(x;n)L®_,, (the lowering operator).

K, (Eg_1> — K(x;n)L%, (the raising operator).



14 Theorem. Let {E?L}
respect to (11). Then

be the sequence of monic Laguerre-Sobolev polynomials orthogonal with
n>0

Ay (Za@)) "+ Blasn) (Ba(@) + € L) = 0,
where

A(x;n) = F*(z;n)

Blein) = Flain) |Fain) + Glain) + Jain) - 20 L)

H(x;n)
F(z;n)G(z;n)H' (z;n)
H(x;n)

C(xz;n) = F(x;n)G'(x;n) 4+ J(x;n)G(z;n) — — K(z;n)H(x;n).



Thank you for your attention
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