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1. Goals of the presentation

Let the Sobolev-Type inner product

〈p, q〉S =

∫ ∞

0

p(x)q(x)xαe−xdx + P(0)tAQ(0), α > −1, (1)

where p and q are polynomials with real coefficients,

A =

(
M0 λ
λ M1

)
, P(0) =

(
p(0)
p′(0)

)
, Q(0) =

(
q(0)
q′(0)

)
,

and A is a positive semidefinite matrix.
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2. The Laguerre polynomials

The Laguerre orthogonal polynomials are defined as the polynomials orthogonal with respect to the
inner product

〈p, q〉 =

∫ ∞

0

pqxαe−xdx, α > −1, p, q ∈ P. (2)

1 Proposition. Let {Lα
n}n≥0 be the sequence of Laguerre monic orthogonal polynomials.

1. For every n ∈ N,

xLα
n(x) = Lα

n+1(x) + (2n + 1 + α) Lα
n(x) + n (n + α) Lα

n−1(x), (3)

with Lα
0 (x) = 1, Lα

1 (x) = x− (α + 1).

2. For every n ∈ N,
Lα

n(x) = Lα+1
n (x) + nLα+1

n−1 (x) . (4)

3. For every n ∈ N,
‖Lα

n‖
2
α = n!Γ(n + α + 1). (5)

4. For every n ∈ N

Lα
n(0) = (−1)n Γ(n + α + 1)

Γ(α + 1)
. (6)

5. For every n ∈ N
(Lα

n)′ (x) = nLα+1
n−1(x). (7)
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x (Lα

n(x))′ = nLα
n(x) + n (n + α) Lα

n−1(x). (8)
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n(x) + n (n + α) Lα

n−1(x). (8)

2 Theorem. (The Mehler-Heine type formula) Let Jα be the Bessel function defined by

Jα(x) =
∞∑

j=0

(−1)j(x/2)2j+α

j!Γ(j + α + 1)
,
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lim
n→∞

L̂α
n(x/(n + j))

nα
= x−α/2Jα(2

√
x) (9)

uniformly on compact subsets C and uniformly in j ∈ N ∪ {0}. Here L̂α
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n(x) = (−1)n/n!Lα

n(x).

3 Theorem. If j, l ∈ R, h, k ∈ Z, then

lim
n→∞

n(l−j)/2L̂α+j
n+k(x)

L̂α+l
n+h(x)

= (−x)−(j−l)/2, (10)

uniformly on compact subsets of C\[0,∞).
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where
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(
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(1,0)
n−1 (0, 0)

K
(0,1)
n−1 (0, 0) K

(1,1)
n−1 (0, 0)

)
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Notice that I + AKn−1(0, 0) is a non singular matrix. Then

L̃α
n(x) = Lα

n(x)− Lα
n(0)t (I + AKn−1(0, 0))−1 AKn−1(x, 0).



On the other hand
I + AKn−1(0, 0) =

= Kn−1(0, 0)

[(
1

Kn−1(0,0)
0

0 1
Kn−1(0,0)

)
+ A

(
1 −n−1

α+2

−n−1
α+2

(n(α+2)−(α+1))(n−1)
(α+1)(α+2)(α+3)

)]
= Kn−1(0, 0)M,

where

M =

(
G H
J K

)
,

G =
1

Kn−1(0, 0)
+

(
M0 +

λ

α + 2

)
− nλ

α + 2

H =
λn2

(α + 1)(α + 3)
−
(

M0

α + 2
+

(2α + 3)λ

(α + 1)(α + 2)(α + 3)

)
n +(

M0

α + 2
+

λ

(α + 2)(α + 3)

)
J = − M1

α + 2
n +

(
λ +

M1

α + 2

)
K =

M1n
2

(α + 1)(α + 3)
−
(

λ

α + 2
+

(2α + 3)M1

(α + 1)(α + 2)(α + 3)

)
n +(

λ

α + 2
+

M1

(α + 2)(α + 3)

)
+

1

Kn−1(0, 0)
.
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0
(−1)n
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(−1)n
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(−1)n−1 nΓ(n+α+1)
Γ(α+1)

)t(
G H
J K

)−1
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0

1 1

)(
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n−1(x)
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n−2(x)

)
,
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A×(
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n−1
0

1 1
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Lα+1

n−1(x)
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,

4 Proposition. For every n ∈ N,
L̃α

n(x) = (14)

= Lα
n(x) +

(
−1
n

α+1

)t(
G H
J K

)−1

A

(
−(α + 1) 0

n− 1 n− 1

)(
Lα+1

n−1(x)
Lα+2

n−2(x)

)
.



Therefore, from (14), after some computations we get

L̃α
n(x) = (15)

= Lα
n(x) +

1

|M |

(
Ãnn

2 + Bnn + Cn Ã′nn
2 + B′

nn + C ′
n

)( Lα+1
n−1(x)

Lα+2
n−2(x)

)
,

with

Ãn =
2 |A|

(α + 1)(α + 2)(α + 3)
+

M1

(α + 1)Kn−1(0, 0)

Bn =
2α |A|

(α + 1)(α + 2)(α + 3)
− 2λ

Kn−1(0, 0)
− M1

(α + 1)Kn−1(0, 0)

Ã′n =
|A|

(α + 1)(α + 2)
+

M1

(α + 1)Kn−1(0, 0)

B′
n =

α |A|
(α + 1)(α + 2)

− λ

Kn−1(0, 0)
− M1

(α + 1)Kn−1(0, 0)
,

and Cn and C ′
n depend of M0, M1, λ and α.
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̂̃
L

α

n(x)

L̂α
n(x)

∼ 1 +
(α + 1)(α + 2)2(α + 3)

|A|

(
Ãn

n
+ Bn

n2 + Cn

n3

Ã′
n

n
+ B′

n

n2 + C′
n

n3

) − L̂α+1
n−1(x)

L̂α
n(x)

1
n−1

L̂α+2
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n
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Ã′
n

n
+ B′

n

n2 + C′
n

n3

) − L̂α+1
n−1(x)

L̂α
n(x)

1
n−1

L̂α+2
n−2(x)

L̂α
n(x)

 ,

On the other hand, if |A| = 0, M1 > 0,

̂̃
L

α

n(x)

L̂α
n(x)

∼ 1 +
(α + 1)(α + 3)Kn−1(0, 0)

M1

(
Ãn

n
+ Bn

n2 + Cn

n3

Ã′
n

n
+ B′

n

n2 + C′
n

n3

) − L̂α+1
n−1(x)

L̂α
n(x)

1
n−1

L̂α+2
n−2(x)

L̂α
n(x)

 .
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7 Theorem. Let

{̂̃
L

α

n

}
n≥0
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lim
n→∞

̂̃
L

α

n(x/n)

nα
= x−α/2

(
Jα(2

√
x)− α + 3√

x
Jα+1

(
2
√

x
)

+
α + 3

x
Jα+2

(
2
√

x
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∣∣∣∣ 1 Lα
n(0)t/ ‖Lα

n‖
2
α

−ALα
n(0) I + AKn−1(0, 0)

∣∣∣∣ .
Finally, using the fact that

I + AKn(0, 0) = I + AKn−1(0, 0) +
A

‖Lα
n‖

2
α

Lα
n(0)Lα

n(0)t,





then ∥∥∥L̃α
n

∥∥∥2

S

‖Lα
n‖

2
α

=
|I + AKn(0, 0)|
|I + AKn−1(0, 0)|

. (19)



then ∥∥∥L̃α
n

∥∥∥2

S

‖Lα
n‖

2
α

=
|I + AKn(0, 0)|
|I + AKn−1(0, 0)|

. (19)

Therefore



then ∥∥∥L̃α
n

∥∥∥2

S

‖Lα
n‖

2
α

=
|I + AKn(0, 0)|
|I + AKn−1(0, 0)|

. (19)

Therefore

8 Proposition. Let

{̂̃
L

α

n

}
n≥0

be the sequence of polynomials orthogonal with respect to (11). Then

lim
n→∞

∥∥∥L̃α
n

∥∥∥2

S

‖Lα
n‖

2
α

= 1.



4. The connection formula

9 Theorem. For every n ∈ N

L̃α
n(x) = Lα+2

n (x) + An,αLα+2
n−1(x) + Bn,αLα+2

n−2(x) (20)

where

An,α = 2n− (−1)n

(n− 2)!Γ(α + 1)

(
L̃α

n(0)
)t

A

(
− 1

n−1
1

(α+1)

)
∼ 2n− (α + 1)(α + 2)

Bn,α = n(n− 1)− (−1)n

(n− 2)!Γ(α + 1)

(
L̃α

n(0)
)t

A

(
−1
n

α+1

)
∼ n(n− 1)− (α + 1)(α + 2)(n− 1).

In other words, the sequence of Laguerre Sobolev Type orthogonal polynomials
{

L̃α
n

}
n≥0

is quasi-

orthogonal of order 2, with respect to {Lα
n}n≥0 .



5. The five term recurrence formula



5. The five term recurrence formula

10 Proposition. If p and q are polynomials with real coefficients, then〈
x2p, q

〉
S

=
〈
p, x2q

〉
S

. (21)



5. The five term recurrence formula

10 Proposition. If p and q are polynomials with real coefficients, then〈
x2p, q

〉
S

=
〈
p, x2q

〉
S

. (21)

11 Theorem. (The five term recurrence formula) For every n ∈ N

x2L̃α
n(x) = L̃α

n+2(x) + an,n+1L̃
α
n+1(x) + an,nL̃

α
n(x) + an,n−1L̃

α
n−1(x) + an,n−2L̃

α
n−2(x). (22)

whereL̃α
−1(x) = L̃α

−2(x) = 0 and

an,n+1 ∼ 4n

an,n ∼ 6n2

an,n−1 ∼ 4n3

an,n−2 ∼ n4.



5.1. Example

If p, q are polynomials with real coefficients, we introduce the inner product

〈p, q〉S =

∫ ∞

0

p(x)q(x)xαe−xdx + Mp(0)q(0) + 4Np′(0)q′(0). (23)

Let
{

L̃α
n

}
n≥0

be the sequence of monic Laguerre-Sobolev polynomials orthogonal with respect to (23)

and {Pn}n≥0 be the sequence of polynomials orthogonal with respect to the following inner product

〈p, q〉H =

∫ ∞

−∞
p(x)q(x) |x|2α e−x2

dx + Mp(0)q(0) + Np′′(0)q′′(0), (24)

M, N ∈ R+. Then



5.1. Example

If p, q are polynomials with real coefficients, we introduce the inner product

〈p, q〉S =

∫ ∞

0

p(x)q(x)xαe−xdx + Mp(0)q(0) + 4Np′(0)q′(0). (23)

Let
{

L̃α
n

}
n≥0

be the sequence of monic Laguerre-Sobolev polynomials orthogonal with respect to (23)

and {Pn}n≥0 be the sequence of polynomials orthogonal with respect to the following inner product

〈p, q〉H =

∫ ∞

−∞
p(x)q(x) |x|2α e−x2

dx + Mp(0)q(0) + Np′′(0)q′′(0), (24)

M, N ∈ R+. Then

12 Proposition. For every n ∈ N

P2n(x) = L̃α−1/2
n (x2)

P2n+1(x) = xLα+1/2
n (x2).



6. The holonomic equation

Let

f(x; n) = An,α + (x− (2n + 1 + α))

Mn = Bn,α − (n− 1) (n + α + 1)

Kn = 1− Bn−1,α

(n− 2)(n + α)

g(x; n) = An−1,α +
Bn−1,α (x− (2n + α− 1))

(n− 2)(n + α)
.

φ(x; n) = nx + An,αn− n−Bn,α − An,α − n2

σ(x; n) = Bn,αx + An,α

(
−1− α + nα + n2

)
−Bn,α (1 + n + α) + n(α− n2 − nα + 1)

then



13 Proposition. Let
{

L̃α
n

}
n≥0

be the sequence of monic polynomials orthogonal with respect to (11).

Then, the differential operators Jn and Kn defined by

Jn = F (x; n)D + G(x; n)I

Kn = F (x; n)D + J(x; n)I

where D is the derivate operator, I the identity operator, and

F (x; n) = x [g(x; n)f(x; n)−KnMn] ,

G(x; n) = φ(x; n) (Kn − g(x; n)) ,

H(x; n) = f(x; n)σ(x; n)−Mnφ(x; n),

J(x; n) = Mnτ(x; n)− υ(x; n)f(x; n),

K(x; n) = τ(x; n)g(x; n)−Knυ(x; n),

satisfy

Jn

(
L̃α

n

)
= H(x; n)L̃α

n−1, (the lowering operator).

Kn

(
L̃α

n−1

)
= K(x; n)L̃α

n, (the raising operator).



14 Theorem. Let
{

L̃a
n

}
n≥0

be the sequence of monic Laguerre-Sobolev polynomials orthogonal with

respect to (11). Then

A(x; n)
(
L̃α

n(x)
)′′

+ B(x; n)
(
L̃α

n(x)
)′

+ C(x; n)L̃α
n(x) = 0,

where

A(x; n) = F 2(x; n)

B(x; n) = F (x; n)

[
F ′(x; n) + G(x; n) + J(x; n)− F (x; n)H ′(x; n)

H(x; n)

]
C(x; n) = F (x; n)G′(x; n) + J(x; n)G(x; n)− F (x; n)G(x; n)H ′(x; n)

H(x; n)
−K(x; n)H(x; n).



Thank you for your attention
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