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Preliminary results

Starting point: Erdos-Turdn Theorem.

o(z): weight function on [a,b] = [—1, 1]
@, : n-th orthogonal polynomial
Zim,---,Tn,y the n distinct zeros of @, (z)

f: a function defined on [—1,1]
Pnfl(fa LE) € anl s.t. Pnfl(fal‘j,n) = f(x],n)v ] = ]-a -y

1 1/2
dw 17 = Poa (4o = | [ 1760) = Praf)Potoaa] =0

1

({Z'j,n}?:ﬁ n=1,2,... nodes in “Gauss-type interpolation”)

I, (Pas(f, ) / Poa(f,2)o(@)de = 3 Ajnf(zim) = 12(f)
j=1

(Gauss-Christophel Quadrature formulas) I (p) = I,(p), Vp € Ilap—1
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Preliminary results

Interpolatory quadrature formulas. Product integration
rules

(:c) pOSSIb|y complex function on [—1, 1]

I(f) = [2, f(2)

o(x): weight functlon on [ 1,1]

Io(Pa-a(f, @) ZAjnfx], = I3(f) = La(f),¥f € I

1 2
Assume:/ Gl dx < +00. (Sloan-Smith, 1982)
o(z

)
Q@ lim I5(f) = Ia(f)
1
o lm Z\AM Ay — / f(@)|a(x)|dz. (Stability)
j=1 -
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Radau-type and Lobatto-type interpolation

o(x) weight function on [—1, 1]
Q of(z) = (1+£2)0(x)
Z1n,---,Tnn the zeros of the n-th orthogonal polynomial,
Ton € {:l:l}
Set: PE(f,x) € Uy : PE(fyzjn) = f(mjn), j=0,1,...,n
Q 5(z) = (1 —2*)o(2)
Z1n,---,Tnn the zeros of the n-th orthogonal polynomial,

Lon = =l Tn+ln = 1

Set: Po(f,z) €L, : Po(f,xjn) = f(xjn), 5=0,1,...,n+1

IJ(]ff(f, -)): Gauss-Radau Quadrature formula.
I,(P,(f,-)): Gauss-Lobatto Quadrature formula.
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Aim of the talk

© Investigate the La-convergence w.r.t. o(x) of the interpolant
sequences {PE(f,2)} and {P,(f,z)}
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Aim of the talk

© Investigate the Lo-convergence w.r.t. o(x) of the interpolant
sequences { PE(f,x)} and {P,(f,z)}

@ Application: Product integration rules taking as nodes 1 or -1
or both.
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Aim of the talk

© Investigate the Lo-convergence w.r.t. o(x) of the interpolant

sequences { PE(f,x)} and {P,(f,z)}
@ Application: Product integration rules taking as nodes 1 or -1
or both.
Passing from [-1,1] to T ={z€ C: |z| =1},
Joukowsky Transformation z = 3(z + z71)

[-1,1] «— T
C\[-1,1] «— D={zeC:|z| <1}

o(x) weight function on [—1, 1]
w(0) = o(cos @) sin 6| weight function on T

n=[ s@eta=3 [ s =110)

g(e%) = f(cos ), ||f||za—f\|g\|zw
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Preliminary results

Interpolation on the unit circle

g : 2m-periodic function or equivalently, defined on T

Interpolants: trigonometric polynomials or more generally “Laurent
Polynomials”.

Apq = span{z! :p < j < q)
Nodes on T associated with a weight function w(6), 6 € [—m, 7]

(9, B = / " g(e)R(@)w(6)d6

{pn(2)}5°: the sequence of monic Szegd polynomials.
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Preliminary results

Interpolation on the unit circle

g : 2m-periodic function or equivalently, defined on T
Interpolants: trigonometric polynomials or more generally “Laurent
Polynomials”.

Apg = span(zj p<j<q)

Nodes on T associated with a weight function w(6), 6 € [—m, 7]

(9, B = / " g(e)R(@)w(6)d6

—T
{pn(2)}5°: the sequence of monic Szegd polynomials.

For each n > 1 the nodes of p,(z) liein D = {z: |2| < 1} |
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Preliminary results

Interpolation on the unit circle

Take 7, € T and set

By (2, 7) = pn(2) + Tapl(2) (para-orthogonality)
(P2(2) = 200x(2), pus(2) = Pal1/2))

By (2,7): has exactly n distinct zeros on T , {2}
Rn = A_p(n)q(n); P(n) +¢q(n) =n and

Jim p(n) = lim g(n) = oo, JRn = A

Ln_1(9,2) € Ru1: Ln1(9,2n) = 9(zjn). 5 =1,...,n
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Preliminary results

Interpolation on the unit circle

T

Setting: 1,(g) :/ g(e®)w()do

—Tr

on(nlg» Z)\jngzjn _I() I()

Vg € SRn—l SRn—l* (fﬁn—l* — {g/g* S iRn—l})
(Szegé quadrature formula)

(2]
m . , 1/2
i 1nea(0.) = sl = | [ 10() = Loato, e Puto)as] =0
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Preliminary results

Product integration rules on T

Is(g) = /7r 9(e?)B(6)dd

—Tr

B(0): a possibly complex function on T .
w(0): a weight function on T generating the interpolant

L,_1(9,2) € Rp—1 = I a1

Ig(Ln-1(g; ") Z)\]ng (2jn) = Is(g), Vg € R
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Preliminary results

Product integration rules on T

s 0 2
Assume: / 15(6)] df < +oo0.
—r w(0)
O lim I)(g) = Is(g)
© lim 3"\, lg(zin) = [ ge”)15(6)10
=1 o
A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, O. Njastad.
(Analysis, I, 11 (1998), 11l (2000) ) )
Rational functions with prescribed nodes on C but not on T,
o, %k, ag € D.
ar =0, k=1,2,... poles collapse at {0, 0}
Rational functions = Laurent polynomials
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Interpolation and L>-convergence

Interpolation and Ls-convergence

f a function on [—1,1], {zx}} C (—1,1): z; # x if j # k.
Set = = cos(0), 6 € [0,7],9(0) = g(e??) = f(cos(9)) and
z; = cos(0;),0; € [0,7)
zj=¢€%, 2,1 =%, j=1,...,n = 2n distinct nodes on T .
Set:
© Lyn-1(9,2) € A_(n_nyn: Ln-1(g,2) = 9(25), 5 =1,...,2n
° ﬁn—l(gp Z) € A—n,n—l: ﬁn—l(gazj) = Q(Zj)y j=1,...,2n
° Pn—l(fax) € Hn—l: P’n—l(faxj) = f('r])v .] = 17"'7”
Then:
PTL—I(f7 T) = Ln—l(gaz) = in—l(gaz)7 x = cosf = %(Z + %); = eiﬁ
= Hf_Pnfl(ff)HQ,a = %Hg_Lnfl(ga ')H2,w = %Hg_Lnfl(gv')HQ,w
o(x): weight function on [—1,1],
w(f) = o(cos))|sinb|

P. Gonzalez-Vera Leuven, December 2008



Leuven, December 2008

Interpolation and L>-convergence

Interpolation and Ls-convergence

Assume xg, x1,...,Zn, n + 1 distinct nodes on [—1, 1]
xo € {£1} and {zx}} C (—1,1)
szt(fvx) ell, : P;Lt(f,l‘]) :f(ﬂsj),j:(),l,...,n

(P} means we have taken z9 = 1 and P, 29 = —1)
We have 2n + 1 nodes on T {z; ?20 zp € {£1}
2y = ewﬂ',zn+j =Zj,xj=cosb;,j=1,...,n, g(e?) = f(cos )

LE(g,z) € Ay, such that LE(g, zj) = g(2;), j=0,1,...,2n
Then: PE(f,z) = Li(g,2), o =%(z+ 1) z =€

= [If = Pa(f,)ze = F5llg = Lu (9, ) 2

o(x) on [-1,1], w(#) = o(cosh)|sin b,
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Interpolation and L>-convergence

Interpolation and Ls-convergence

Assume xg, X1, ..., Tn, Tni1, 1+ 2 distinct nodes on [—1,1] , with
xo=—1, pt1 =1 and {zx}} C (—-1,1)

Pn+1(f,$) EHnJrl : Pn+1(f,l'j) :f(ZE]), Jj=0,1,....,n+1
20=—1,20n411=1,25 = ewﬂ',znﬂ =7Zj,z; =cosb;,j=1,...,n,
2n + 2 distinct nodes on T .

Lnt1(9,2) € Ap i1t Lnti(9,25) = 9(25), j=0,1,...,2n+1
Pn-H(fa ‘/L‘) = PTH-l(vaOSG) = % [Ln-&-l(gvz) +Ln+1(gv %)] )
z=e€" = |f = Popa(f, 2o < F5ll9 = Lnt1(g,)ll2w

o(z), z € [-1,1], w(f) = o(cosh)|sinb|, § € [—m, 7]
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Interpolation and L>-convergence

A connection between orthogonality on [—1,1] and para-orthogonality on T

o(z),z € [1, 1], weight function, w(f) = o(cos)|sinb|,d € [—m, 7]
Bn(z,7) = pn(2) + 7p3(2), (I7] = 1)

© (x): n-th orthogonal polynomial w.r.t o(x). Then,
zj =cosb;, j =1,...,n are the zeros of ng)(m) iff

zj=¢eY%, 2, =%; j=1,...,n are the zeros of
BQn(zv 1) = pZH(Z) + pgn(z)

P. Gonzalez-Vera Leuven, December 2008



Leuven, December 2008

Interpolation and L>-convergence

A connection between orthogonality on [—1,1] and para-orthogonality on T

o(z),z € [1, 1], weight function, w(f) = o(cos)|sinb|,d € [—m, 7]
Bn(z,7) = pn(2) + 7p3(2), (I7] = 1)

© (x): n-th orthogonal polynomial w.r.t o(x). Then,
xj =cosbj, j=1,...,n are the zeros of ng)(m) iff
zj=¢eY%, 2, =%; j=1,...,n are the zeros of
Ban(2,1) = pan(2) + p3,(2)

L”(:a): n-th orthogonal polynomial w.r.t (1 — x)o(x).Then,
xj =cosbj, j=1,...,n are the zeros of Qg)(x) iff

zj = et Zntj = Zj, J=1,...,n and zy = 1 are the zeros of
Bony1(2,—1) = pant1(2) — p3,41(2)
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Interpolation and L>-convergence

A connection between orthogonality on [—1,1] and para-orthogonality on T

o(x),z € [—1,1], weight function, w(f) = o(cosf)|sinb|,d € [—m, 7]
Bn(z,7) = pn(z) + 7p5(2), (7] = 1)

@ (x): n-th orthogonal polynomial w.r.t (1 + x)o(z). Then,
xj =cosbj, j=1,...,n are the zeros of Qg)(x) iff
zj = s, Zntj = Zj, J=1,...,n and zg = —1 are the zeros of
Bont1(2,1) = pan+1(2) + p3,1(2)
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Interpolation and L>-convergence

A connection between orthogonality on [—1,1] and para-orthogonality on T

o(x),z € [-1,1], weight function, w(f) = o(cosf)|sinb|,0 € [—m, 7]
Bn(z2,7) = pn(2) + 7p5(2), (I7] = 1)

2 (x): n-th orthogonal polynomial w.r.t (1 + x)o(z). Then,
xj =cosbj, j=1,...,n are the zeros of Q%Q)(x) iff
zj = s, Zntj = Zj, J=1,...,n and zg = —1 are the zeros of
Bont1(2,1) = pan+1(2) + p3,1(2)

® (z): n-th orthogonal polynomial w.r.t (1 — 22)o(x).Then,
Tj = cos 0, j =1,...,n are the zeros of Qq(f’)(:p) iff

A = et Znyj =7Zj,J=1,...,m20=—1and zop41 = +1 are
the zeros of
Bont1(2, —1) = pant2(z) — P§n+2(2)
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Interpolation and L>-convergence

Lo-convergence

o(x): weight function on [—7, 7]
cO(z) =o(z), cW(z) = (1 - x)o(z), c@(z) = (1 + z)o(z),
c®(z) =1 -2?)o(z) n>1

° Qg)(x) (1=0,1,2,3) n-th orthogonal polynomial w.r.t o;(z)
° {ka}zzl, the zeros of Qg)(:c), 1=0,1,2,3.

for k = 1
o n (f, x) € II,,_; interpolatory f(x) at xkn,
o p (f, x) € II,, interpolatory f(z) at xkn (1% =-1
(5] Pn (f, x) € II,, interpolatory f(x) at xkn, (27)1 =1
o pr¥ ( ,x) € Il 41 interpolatory f(z) at l‘kgzl 33837)1 =—1,
) B
n+1 n
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Interpolation and L>-convergence

Lo-convergence

Theorem

Let o(x) be a weight function on [—1,1] and f(x) a bounded
function such that f(x)o(z) is integrable on [—1,1]. Then,

1
Tim ||f = PY(f, )3, = lim [ |f(2) = P{(f,2)[Po(z)de =0

n—oo | 4

1=0,1,2,3.
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Interpolation and L>-convergence

Lo-convergence

Py(LO)(f, x) € II,,_1: Gauss-type interpolation.(The classical
Erdés-Turan Theorem)

Pr(ll)(f, x) € II,,: Radau-type interpolation.

P7(L3)(f, x) € I,,41: Lobatto-type interpolation.

This Theorem was earlier proved by the authors for the particular
1

V1—zx2

case o(z) =

P. Gonzalez-Vera Leuven, December 2008
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An application to product integration rules

An application to product integration rules

- /_ 11 f(2)a(z)dz

a(z): a possibly complex function.

- Z A f ()
{zk}} preassigned set of dlstlnct pomts on [—1,1]

I3(f) = Lo(Pa-1(f,-)),
Pnfl(fa )EHn 18t P 1(faxj) ( ) =1,...,n
How to choose the nodes {z}} so that nlL O‘(f) =1,(f)?

n
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An application to product integration rules

An application to product integration rules

= [ sty

a(z): a possibly complex function.

- Z A f ()
{zk}} preassigned set of dlstlnct pomts on [—1,1]

() = La(Paa (),
nl(fa )EHTL i Solts Pn 1(fal'j) ( ) ...,Nn
How to choose the nodes {z}] so that Jim. ( ) I.(f)?

Zeros of orthogonal polynomial w.r.t an auxiliary weight function
o(x) on [—1,1], but also including +1, —1 or both as nodes.

P. Gonzalez-Vera Leuven, December 2008
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An application to product integration rules

An application to product integration rules

from o(x) we define:

00(z) = o(z), sW(z) = (1~ 2)o(z), 0P (z) = (1 + z)o(2),
and 0@ (2) = (1 — 22)o(x)

for each n > 1, w,(;;l k=1,...,n the zeros of the n-th orthogonal
polynomial w.rt O'(T)( ), 7=0,1,2,3. Set,

Q I.o(f ZA“” 20)) = Io(f),Vf € My

Q I.(f) = ZASnf( D)= Ia(f),Vf €My, 2l = 1

k',O
0 In Q(f) = ZA(Q) f( (2)) — Ia(f)’vf = Hn, x(()2,)L = 1l
n+1 ’
Z Ak: n (3) (f)avf S Hn-&-lxmé?,)L =—1 and
“L£7,3J)rl n — ]'
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An application to product integration rules

An application to product integration rules

Let a(x) be a Lebesgue integrable and possibly complex function
on [—1,1] such that:

/1|a((x)>|2d:n<+oo
1 o(z

with o(x) a weight function on [—1,1], Then, asr =0,1,2,3.
o
lim I, (f) = La(f),

n—oo

Q
Tim 3 JAQ) | f (@) = Ta(f),

for any Riemann integrable function on [—1,1].
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An application to product integration rules

A numerical example

a(z) = (1 —2)*(1+ x)°, Re(a), Re(b) > —1
a=b=1+1i, a(z) = (1 -z, o(z) = 11—952
f(z) Trapezoidal Rule Simpson Rule
22 .232213512391e — 1 .222111356411e — 1
SLo 231240569930¢ — 1 .210338752077¢ — 1
e’ .352497553069¢ — 1 .314561179816e — 1
|IL‘2 — 4| .759442067263¢ — 1 .671495757124e — 1
e’ 189040766308 175162443552
¥ +e T .745647939616e¢ — 1
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Lobatto-type Rule
0
6.28697507623e¢ — 7
3.63427207672e¢ — 7
1.8310267194e — 15
3.63223765917e¢ — 7

.681138049427e — 1  2.02839903835¢ — 14
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An application to product integration rules

CONGRATULATIONS
ADHEMAR
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