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(and MTNS 1979)




Schur-Takagi Interpolation on the 
unit circle of the complex plane!
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Let {ai} be a set of (distinct) points in the open unit disc D of the !
complex plane, and {si} a set of Ôinterpolation valuesÕ. Find a !
function S(z) that is meromorphic in D such that!
1. S(ai) = Si,!
2. |S(z)|≦1 for |z|=1 (belongs to L∞)!
3. the number of poles of S in D is minimal.!



An algebraic solution!
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Let


and solve the Lyapunov-Stein equation (‘H’=Hermitian conjugate):


€ 

AHMA + B1
HB1 − B2

HB2 = M
(under the given assumptions there will always be a solution)

Then:

(1) If M is singular we have a ‘singular case’.... skip it!

(2) If M is non-singular, let (n1,n2) be its signature (inertia)

then solutions exist with n2 poles in D (and of degree less or

equal to n).




How to construct all solutions?!
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Construct a J-unitary causal system Θ of dimension 2"2  with


! 

A
B1
B2

" 

# 

$ 
$ 
$ 

% 

& 

' 
' 
' 

as ‘controllability operator’ (always exist), then all solutions

are given by 


€ 

S = (Θ11 −Θ12SL )(Θ21SL −Θ22)
−1

(Note: we use a ‘row’ convention for system representation)




ÔHistoricalÕ note!

¥! the problem and Þrst results go back to independent papers 
of Schur and Takagi (1910-20)!

¥! a very extensive analysis in the complex case is due to 
AAK (Adamyan, Arov, Krein)!

¥! many other researchers worked on it, in particular 
Gohberg, Langer, Dym, Glover, Partington etc...!

¥! Bultheel started the Ôsystem theoreticÕ view on it!

¥! the theory being algebraic can ÔeasilyÕ be generalized to 
Ôjust matricesÕ and time-varying systems (no complex 
plane anymore)!!

6!
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Constrained Interpolation!

We concentrate at Þrst on the class of interpolation problems!
with a constraint on the norm of the interpolant!

¥! Nevanlinna-Pick!
¥! Hermite-Fejer!
¥! Schur!
¥! Schur-Takagi!

and will derive Ômatrix versionsÕ for them!
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Motivation!

(1)!Ôlow complexityÕ matrix approximation!
(2)!solving problems of the type (pre-conditioners)!

(3)!ÔHankel-normÕ model reduction!
! 

arg minC of low complexity MC " I F



9!

Classical interpolation problems!

! 

H " (T) : uniformily bounded complex functions that!
are analytic in the open unit disc D with boundary!
T and norm !

! 

S(z) = sup z <1 S(z) = sup" S(e
i" )

Nevanlinna-Pick:! Given (single) points !
and Values!

Find (nsc) S(z) s.t.!
(1)!
(2)!

  

! 

wi{ } i=1n

  

! 

si{ } i=1n

€ 

∀i : S(wi) = si

! 

S(z)
"

#1
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Schur-Takagi!

Same types of interpolation as before, but now allow!
singularities in the unit disc in the solution!

(1)!let S have a minimal number of poles in D

(2)!use as norm Ôsup on the boundary TÕ!

Motivation: turns out ST solves the ÔHankel norm!
model reduction problemÕ!
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Tangential problems!

Now S(z) is an m! n matrix and interpolation is just in certain!
directions:!

€ 

ξ iS(ai) =ηi

How are such constrained interpolation problems!
solved? We shall use a ÔmodernÕ method based!
on Ôscattering theoryÕ that can be generalized to!
matrix problemsÉ!
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Working on matrices?!
Motivation for the construction:!

! 

y(z) = u(z)S(z) with !

€ 

S(z)∈ H∞

is equivalent to !

  

€ 

! y−n ! y0,y1![ ] = ! u−n ! u0,u1![ ]

" " #

s0 s1 #

0 s0 s1
0 s0 s1

# 0 " "

"
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 
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with!

! 

S
op

= S(z)
"

operator!
S!

S(z) translates to contractive upper matrix S
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More general framework: block 
matrices!

input vectors:!
output vectors:!

  

€ 

u−1,u0,u1[ ]∈ l2
m dimensions:!  

! 

m= ! m" 1,m0,m1![ ]
  

€ 

y−1,y0,y1[ ]∈ l2
n

dimensions:!  

€ 

n = n−1,n0,n1[ ]

€ 

S : l2
m → l2

n

dimensions may disappear: Þnite matrices!!

  

! 

S =

   

 S" 1," 1 S" 1,0 S" 1,1

S0," 1 S0,0 S0,1 

 S1,0 S1,1 

 

# 

$ 
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% 
% 
% 
% 
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( 
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Upper-lower-diagonal!

  

! 

S=

   

 S" 1," 1 S" 1,0 S" 1,1
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 
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Frobenius (Hilbert-Schmidt) 
spaces!

We will also need related Hilbert spaces:!

! 

U2
m, L2

m, D2
m

(square summable over all indices)!
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Model of computation (linear-
upper)!

€ 

x−1

! 

x0

€ 

x1

€ 

x2

! 

u" 1

! 

u0

! 

u1

! 

y1
! 

y0

! 

y" 1

! 

xk+1 yk[ ] = xk uk[ ]
Ak Ck

Bk Dk

" 

# 
$ 

% 

& 
' 

€ 

uk

€ 

yk
€ 

xk

€ 

xk+1
€ 

Ak

€ 

Ck

! 

Bk

! 

Dk

a


b

a+b


state!

next state!

in! out!
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Semi-separable realization!

  

€ 

S=

! ! ! "

! D−1,−1 B−1C0 B−1A0C1

0 D0,0 B0C1

" 0 D1,1 !

" ! !

 

 

 
 
 
 
 
 

 

 

 
 
 
 
 
 

General upper term:!   

€ 

Bi Ai +1Ai +2Aj−1Cj



18!

Properties of realizations!

1.! not unique, let Rk be invertible:!

2.! not necessarily Ôalgebraically minimal, but can be made so!
3.! potentially (numerically?) unstable, require continuous!

!products to be majorized by a geometric series:!€ 

Ak Ck

Bk Dk

 

 
 

 

 
 ≈

Ak
' Ck

'

Bk
' Dk

'

 

 
 

 

 
 =

RkAkRk+1
−1 RkCk

BkRk+1
−1 Dk

 

 
 

 

 
 

  

€ 

lA = limn supi Ai+1Ai+n <1
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Pretty formalization!

DeÞne:!

  

€ 

A =

!

A−1
A0

A1
!
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 
 
 
 
 

 
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 
 
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= diag Ak[ ]

and similar: !

€ 

B = diag Bk[ ], C = diagCk[ ], D = diagDk[ ]

  

€ 

Z =

! !

0 Iδ −1

0 Iδ 0

0 Iδ1

! !

 

 

 
 
 
 
 
 

 

 

 
 
 
 
 
 

i.e.!

€ 

xk[ ]Z = xk+1[ ]

then!

! 

S= D + BZ(I " AZ)" 1C
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Translation rules!

Complex plane! Matrices!

scalars wi, si! diagonals Wi, Di!

shift z! shift Z!

shift commutes with scalars! shift doesÕnt commute !
but keeps diagonal form:!

€ 

D(1) = Z*DZ



21!

Important spaces!
Reachability space:!

€ 

D2(I − Z
*A* )−1Z *B*

strict past input sequences corresponding !
to a state (D2 = square integrable (block)diagonals)!

Observability space:!

€ 

D2(I − AZ)−1C
output sequences that can be generated from !
strict past inputs!

(Nerode equivalence)!€ 

(I − Z *A* )−1Z *B* forms a Ôsliced basisÕ if the realization is
 strictly ÔreachableÕ!

€ 

(I − AZ)−1C forms a Ôsliced basisÕ if the realization is!
strictly ÔobservableÕ!
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Matrix interpretation!

Di,i


Hi
 low rank ith ÔHankel matrixÕ!

column space = reachability sp.!
row space = observability space!

minimal factorization of each Hi

corresponds to Þnding a realization!

  

€ 

Hi =

!

Bi−3Ai−2Ai−1

Bi−2Ai−1

Bi−1

 

 

 
 
 
 

 

 

 
 
 
 

Ci AiCi+1 AiAi+1Ci+2 "[ ]
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Point evaluations!

Complex plane! Matrices!

€ 

S(wi ) = si

or!

! 

S(z) = si + (z " wi)S1(z), S1(z) # H$

or!

€ 

(z−wi )
−1 S(z) − si( )∈ H∞

?!

€ 

S = Si + (Z −Wi)S1

€ 

Si,Wi diagonals

! 

(Z " Wi )
" 1 S" Si( ) # U

write:!

! 

S^(Wi) = Si
(+ formula)!
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Generalized interpolation for 
matrices!

(because of the general formalism, subsumes Nevanlinna-Pick,!
Hermite-Fejer and Schur. For Schur-Takagi, see later)!

Data (diagonals):!

€ 

V ,ξ,η s.t.!

€ 

lV <1

Find S s.t.!
(1)! S is upper, contractive!

(2)! !

! 

(Z " V )" 1(#S " $) %U
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Examples!
Tangential Nevanlinna-Pick:!
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
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Schur:!

  

€ 

V =

0
I 0
 

I 0

 

 

 
 
 
 

 

 

 
 
 
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,ξ =

ξ1
0


0

 
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 
 
 
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 

 

 
 
 
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,η =

η1
η2


ηn

 

 

 
 
 
 

 

 

 
 
 
 
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Solution methodology:#
 scattering theory!

lossless transfer:!

passive!
scattering!
medium!

S contractive

upper


a


b=aS


lossless!
medium!

passive!
load!

SL!
S


a1


b1


a2


b2


! 

a2 b1[ ] = a1 b2[ ]
" 11 " 12
" 21 " 22

# 

$ 
% 

& 

' 
( 

! 

S= " 12 + " 11 I # SL" 21( )#1
SL" 22! 

" upper unitary
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Chain scattering matrices!
a1


b1


a2


b2


! 

a2 b2[ ] = a1 b1[ ]
" 11 " 12

" 21 " 22

# 

$ 
% 

& 

' 
( 

Θ1! Θ2! Θ3!

Θ=Θ1Θ2Θ3!
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Central properties of  chain 
scattering matrices!

¥! Θ is J-unitary for!

¥! (classical case:) transmission zeros = (modes)* i.e. the!
!frequencies where the input scattering is independent !
!of the load, or Σ12(wi)=S(wi) (interpolation) provide!
!the poles 1/wi* of Θ. For the matrix case this translates!
!to:!

!reachability space maps to observability space by!
 !multiplication with JΘ!
¥! !

! 

J =
I

" I

# 

$ 
% 

& 

' 
( (conservation of energy)!

€ 

S
−I
 

 
 

 

 
 =Θ

SL
−I
 

 
 

 

 
 Θ22 −Θ21SL( )−1€ 

D2(I − Z*AΘ
* )−1Z*BΘ

* • JΘ = D2(I − ZAΘ)
−1CΘ

loading formula
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Central interpolation theorem!
Let V," ,# be the interpolation data and assume that the pair!
(V, " ) is strictly reachable, then the interpolation problem!
has (strict) solutions, iff!

is the reachability pair of a lossless chain scattering matrix Θ,!
i.e. iff the Lyapunov-Stein equation!

€ 

V *

ξ *

η*

 

 

 
 
 

 

 

 
 
 

€ 

VMV * + ξξ * −ηη* = M (−1)

has a strictly positive deÞnite (diagonal) solution M.

All solutions are given by loading Θ with an arbitrary upper!
contractive SL.!
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Sketch of proof!
Consider the following facts:!

1.! J-unitary, upper operators have J-unitary realizations and vice!
!versa. Given a reachability pair            there should exist a!

!state transformation R which makes                     J-isometric.!

!This will happen iff the Lyapunov-Stein equation!

! 

A"

B1"

B2"

# 

$ 

% 
% 
% 

& 

' 

( 
( 
( 

! 

RA" (R
(#1))#1

B1" (R
(#1))#1

B2" (R
(#1))#1

$ 

% 

& 
& 
& 

' 

( 

) 
) 
) 

€ 

AΘ
* MAΘ + B1Θ

* B1Θ − B2Θ
* B2Θ = M (−1)
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Sketch of proof (2)!

!produces a non-singular solution M with inertia!
!M=R*JδR for some signature matrix Jδ. It will !
!correspond to a lossless system iff Jδ=I (I.e. find


an isometric reachability basis.)!

2. The requested interpolation formulates as!

!I.e. !

!one will recognize a reachability space!!

! 

(Z " V )" 1 # $[ ]
S
" I

% 

& 
' 

( 

) 
* + U

€ 

(I − Z*V )−1Z* ξ η[ ]
S
−I
 

 
 

 

 
 ∈ U
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Sketch of proof (3)!
(⇒) S contractive in the above formula requires the basis!

!to be J-positive. This is the same as providing a p.d.!
!solution to the Lyapunov-Stein equation.!

(⇐) if !

!with Θ having                      then interpolation holds!!

! 

(I " Z*V)" 1Z* # $[ ]

€ 

S

−I

 

 
 

 

 
 =Θ

SL

−I

 

 
 

 

 
 Θ22 −Θ21SL[ ]−1

€ 

AΘ

B1Θ

B2Θ

 

 

 
 
 

 

 

 
 
 

=

V*

ξ *

η*

 

 

 
 
 

 

 

 
 
 
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Norm property!
There is a ÔCaratheodory-FejerÕ version of the previous theory,!
it leads to interpolants of a positive deÞnite matrix!

! 

C =
1
2
(G +G*) = LL* = MM* (Cholesky)!

Any interpolation on data from G (S=(G-I)(G+I)-1) produces !
a low complexity Θ and approximating data  !

! 

Ca =
1
2
(Ga +Ga

* ) = LaLa
* = Ma

*Ma

such that !

€ 

argminX XL − I F

is given by !

€ 

X = dLa
−1

where d is a diagonal close to I when
 the interpolation is far enough out!

(Dewilde-Deprettere, OT29, 1988)
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Schur-Takagi!

In this case, the interpolation problem does not lead to a
 lossless Θ, but only to a non-singular solution of the
 Lyapunov-Stein equation and a J-unitary Θ!

€ 

VMV * + ξξ* −ηη* = M (−1)

This will produce an interpolating and contractive S which is !
not ÔupperÕ, but whose lower part is semi-separable of order q !
(i.e. has a realization of order q.) !

Inertia of M: !

! 

M = R*
Ip

" Iq

# 

$ 
% 

& 

' 
( R
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Application: model order 
reduction!

Given:! ¥! T - a strictly upper matrix to be reduced!
¥! T=BZ(I-AZ)-1C - a high order model for T!
¥! Γ - a diagonal, measure of accuracy


Asked:! Ta=BaZ(I-AaZ)-1Ca of lowest possible complexity!

such that 


! 

" #1(T # Ta)
Hankel

$1

Hankel norm is ‘sup’ of the norm of the matrices Hi

it is a ‘strong’ norm.
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Solution!

Assume the original given in Ôoutput normal formÕ, i.e.!
[A  C] isometric. Do the following steps:!

(1)!Þnd an orthogonal completion of [A  C]:!

(2)!solve Schur-Takagi with the data!

(3)!Þnd Ta by projecting the causal part out of the ST!
      interpolant !

€ 

A C
BU DU

 

 
 

 

 
 

! 

A* BU
* " #1B*[ ]
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Practical solution!
Although the solution presented is exact, it has its drawbacks:!
it is somewhat difÞcult to compute and requires treatment of all!
the data. A practical approach (advocated by Chandrasekaran-Gu!
as well as Van Dooren e.a.) consists in computing nested SVDÕs:!

Di,i


Hi$ Hi+1


subtract red add blue
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Interested?!

General introduction to time-varying (semi-separable) systems:


P. Dewilde and A.-J. van der Veen, Time-varying systems and!
!computations, Kluwer 1998!

Application to system inversion:


S. Chandrasekaran, P. Dewilde, M. Gu, T. Pals, X. Sun,!
A.-J. van der Veen and D. White, !

!ÔSome fast algorithms for sequentially semi-separable 


representations’, Techn. Rept. UCB, 2002 - and the !
!references therein. !



The polynomial case?!
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TV(matrix)-interpolation, 
deadbeat control and the Lšwner 

case!

(MTNS 2008)!



Classical Lšwner!
Given a Þeld k (e.g. complex numbers) and quantities!

€ 

xi ∈ k, Vi ∈ k
ri ×p, Yi ∈ k

ri ×m, i ∈ N

satisfying the constraints!

€ 

xi ≠ x j , i ≠ j, and    rank Vi = ri ≤ p

Þnd all p! m rational matrices Y(x) (interpolants) such that!

€ 

ViY(xi ) = Yi



Theorem(Antoulas-Anderson-
Ball-Kang-Willems, 1990)!

(case Vi=Ip), let!

  

! 

F :=

x1I p

x2I p



xNI p

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

( k pN) pN,G :=

I p *Y1

I p *Y2

 

I p *YN

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

( k pN) ( p+m)

and deÞne polynomial matrices!

€ 

W(x)∈ k pN×( p+m)[ x],Θ(x)∈ k( p+m)×( p+m) non- singular

such that!

€ 

(xIpN − F)W(x) = GΘ(x), gcrd(W,Θ) = I p+m

(and MTNS 1989)




Theorem (2)!
and partition!

€ 

Θ(x) =
Θ11(x) Θ12(x)
Θ21(x) Θ22(x)

 

 
 

 

 
 as (p+m)! (p+m)!

then!

The p! m rational matrix Y(x) is an interpolant if and only if

there exist polynomial matrices P(x) and Q(x) of appropriate

size such that 


€ 

Y (x) = (Θ11(x)P(x) +Θ12(x)Q(x))(Θ21(x)P(x) +Θ22(x)Q(x))
−1

where


€ 

det Θ21(xi)P(xi) +Θ22(xi)Q(xi)[ ] ≠ 0, i ∈ N .

+ many more details and results...




notice...!

€ 

(xI − F)−1G = W(x)Θ(x)−1
is a left right coprime polynomial representation of !
the left h.s., which exists under the conditions stated !
iff reachable!

!(Lšwner condition)!

the basic formula to be satisfied (with various conditions on the

terms is 


! 

(xI " F)" 1G# =W
with % non-singular polynomial and minimal degree and

W polynomial.

LetÕs call this the Ôbasic interpolation formulaÕ!!



Polynomial embedding!

The problem we want to solve (see later):!
!Given a reachable pair {A,B}, Þnd matrices {C,D}!

!such that                  is a system whose inverse is poly in Z!

€ 

A B
C D
 

 
 

 

 
 

Obvious condition 1: D block-square invertible, choose D=I

Then a realization for the inverse is just!

€ 

A − BC −B
C I

 

 
 

 

 
 

This will be polynomial iff (A-BC)Z is nilpotent !



Deadbeat control #
(ˆ la Van Dooren - MTNSÕ83)!

Observation: the polynomial embedding problem is the same

as the (TV) deadbeat control problem. It was originally solved

by Popov (see Kailath’s book) for the LTI case. I could not

extend Popov’s method to the TV case. Van Dooren provided

another, numerically stable method that does extend.


Deadbeat control: !- bring each state xi at time i to zero as fast !
! ! !  as possible!!
! !     !- use feedback if possible!!

Observation:!if the system is strictly reachable then any state xi at!
! !time i can be brought to zero by an adequate input!
! !sequence ui, ui+1, ... (finite series, but not nec. uniform)  




TV deadbeat control(2)!

Position yourself at an (arbitrary) position i!!
Partition the state space Bi as follows:!

!- Si,1 is the subspace that can be brought to zero in 1 step!
!- Si,2 in at most 2 steps!
!- etc...!

Hence: !  

€ 

Si,1 ⊂ Si,2 ⊂⊂ Si,ki ⊂ Bi



TV deadbeat control (2)!
Theorem 
Suppose that [Ai, Bi] is the reachability pair at time!

!i of a system that can be deadbeat controlled in finite time


ki at each time point i. Then there exist block diagonal


(feedback) matrices Fi such that the 


€ 

Ai
f = Ai − BiFi

brings down each state xi to zero in a minimal number of

steps (i.e. AfZ is nilpotent.)




Proof!Main ingredients:

let a:X→Y be an operator between spaces

     " =[" 1,...," m] a stack of vectors in X with span span(" ) !
     a" =[a" 1,...,a" m] the stack of image vectors

     x in span(" ) represented as x=" x=Σ" ixi.


Take now " , u and # bases for X, U respect. Y, let a:XY!
and b:UY be operators, and assume 

for some stack u. Then there exists a matrix F such

that a" =buF


The matrices F can be stacked as well! If 

! 

span(a" ) # span(bu)

! 

span(a" 1) # span(bu) and


! 

span(a" 2) # span(bu)

then a[" 1 " 2]=bu[F1 F2]




Proof (2)!

Look Þrst at Si,1, and let " 1 be a basis-stack that spans it. Let!
ai be the transition operator at time point i and let ui be a!
basis stack for the input space at that point. Then because!
of the deÞnition of Si,1, span(ai" 1)⊂biui, where bi is the !
input-to-state operator at time i. Hence there exists a matrix!
Fi,1 such that ai" 1=biuiFi,1.!
And now generalize and stack:

Stack basis vector stacks in both Bi and Bi+1:!

  

! 

ai" k = #1  #k[ ]
Ai,1k

f



Ai,k$1,k
f

% 

& 

' 
' 
' 

( 

) 

* 
* 
* 
+ #1  #ki +1[ ]

Bi,1



Bi,ki +1

% 

& 

' 
' 
' 

( 

) 

* 
* 
* 
Fi,k



What is happening?!

€ 

ξ1

€ 

ξ2

€ 

ξki

basis stack

for Bi


ui!

basis stack for Bi+1


€ 

η1

€ 

η2

! 

" ki +1

! 

" ki#1€ 

ai
f

€ 

ai
f

€ 

ai
f

bi




The result!

  

€ 

aiξ = η1 ! ηki +1[ ]

0 Ai,11
f ! Ai,1,ki

f

" #

0 Ai,ki −1 ,ki

0 0 ! 0

 

 

 
 
 
 

 

 

 
 
 
 

 

 

 
 
 
 

 

 

 
 
 
 

+

Bi,1

"

Bi,ki +1

 

 

 
 
 

 

 

 
 
 

Fi,1 ! Fi,ki[ ]

or, dropping the bases:!

! 

Ai = Ai
f + BiFi

and this deÞnes the deadbeat controller, and at the same time!
the polynomial embedding!!



Application to Lšwner 
Interpolation!

We need an operator Θ to deÞne the fractional representation!
which is polynomial in Z rather than J-unitary, non-singular!
and such that (given the interpolation data V," ,#)!

€ 

(Z −V )−1 ξ η[ ]Θ =W
where also W is polynomial.!
To connect up with the previous interpolation problems, our!
strategy will be to Þnd a (block upper) unitary U such that!

! 

(Z " V )" 1 # $[ ]U %upper

and weÕll Þnd minimal polynomial factorizations !

! 

U = QP" 1



Theorems!
The unitary, upper operator U will exist iff the pair


€ 

V ξ η[ ][ ]
is strictly backward controllable. U is then a unitary operator

with observability pair                       . 


! 

V " #[ ][ ] H

A unitary operator is (uniformly) controllable in finite time iff

it is also (uniformly) observable in finite time.




Theorems (2)!
Let U be a causal unitary operator which is controllable in

(max) finite time &. Then there exist polynomial matrices P

and Q in Z of order at most & such that U=QP-1. Moreover,

their local state space dimension (degree) can be chosen to

be at most equal to that of U, and P can be chosen so that

also P-1 is an upper operator in which case Q-1 will be

lower (anti-causal).


P is obtained by using the deadbeat construction on the data!!

The basis interpolation formula will then be satisÞed by!
taking Q for Θ.!



Discussion!
¥! The existence condition amounts to a Lšwner condition
 (in the polynomial case)!
¥! The deadbeat construction offers an ordering that can be
 utilized to sharpen results as in the LTI case!
¥! Extension to larger domains for V is in principle not hard!
¥! In this case the TV extension, although considerably more
 complicated goes smoothly (not true for polynomial
 Schur-Takagi, see the paper with Alpay)!
¥! All the ramiÞcations of the result have not yet been
 worked out!



