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Schur-Takagi Interpolation on the
unit circle of the complex plane!

Let {a} be a set of (distinct) pomts In the open unit dxsof the !
complex plane, ands§ a set of Ointerpolation valuesO. Find a !
functionS(z) that is meromorphic iD such that!

1.5(a) =S,

2. Sz)|=1 for g|=1 (belongs to L)!

3. the number of poles 6fin D is minimal.!



An algebraic solution!

" %
Let 3 | * *
A=g | WB =1 " 1,B,=[s, " 5]

B a,&

and solve the Lyapunov-Stein equation (‘H’=Hermitian conjugate):
A"MA+B'B,-B,B,=M
(under the given assumptions there will always be a solution)

Then:

(1) If M is singular we have a ‘singular case’.... skip it!

(2) If M is non-singular, let (ny,n,) be its signature (inertia)
then solutions exist with n, poles in D (and of degree less or

equal to n). 4



How to construct all solutions?!

Construct a J-unitary causal system @ of dimension 2"2 with

"AO/

$ I
o
B,

as ‘controllability operator’ (always exist), then all solutions
are given by

S = (@11 - @nSL)(@zlSL - @22)_1

(Note: we use a ‘row’ convention for system representation)
3



OHistoricalO note!

I the problem and Prst results go back to independent papers
of Schur and Takagi (1910-20)!

I a very extensive analysis in the complex case is due to
AAK (Adamyan, Arov, Krein)!

I many other researchers worked on it, in particular
Gohberg, Langer, Dym, Glover, Partington etc...!

| Bultheel started the Osystem theoreticO view on it!

! the theory being algebraic can OeasilyO be generalized to
Ojust matricesO and time-varying systems (no complex
plane anymore)!!



Constrained Interpolation!

We concentrate at brst on the class of interpolation problems!
with a constraint on the norm of the interpolant!

¥Nevanlinna-Pick!
¥Hermite-Fejer!
¥Schur!
¥Schur-Takagi!

and will derive Omatrix versionsO for them!



Motivation!

(1)!Olow complexityO matrix approximation!
(2)!solving problems of the type (pre-conditioners)!

arg min MC™ IHF

C of low complexity

(3)!OHankel-normO model reduction!



Classical interpolation problems!

H (T): uniformily bounded complex functions that!
are analytic in the open unit diBcwith boundary!

!
T and norm ! [52)] = sup,.[S()| = sup. [s(e” )

Nevanlinna-Pick:!  Given (single) pointg¥;} _
and Valuests} ., .

K\ Find (nsc)S(z) s.t.!

o | ® (1)! Vi:S(w) =5,
\J (2)! 5@ #1




Schur-Takag!

Same types of interpolation as before, but now allow!
singularities in the unit disc in the solution!

(1)!let S have a minimal number of polesin
(2)!luse as norm Osup on the bound@&ry

Motivation: turns out ST solves the OHankel norm!
model reduction problemO!
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Tangential problems!

Now S(z) Is anm! n matrix and interpolation is just in certain!

directions:!
%iS(ai) = 1),

How are such constrained interpolation problems!

solved? We shall use a OmodernO method based!
on Oscattering theoryO that can be generalized to!
matrix problemsE!
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Working on matrices?!

Motivation for the construction:!
y(z) =u(z)S(z) with! S2&€H”

IS equivalent topt - #
Sy S #
[| | L | | 0 5] s operator!
Yo YooV ]—[ u_,: Uyl,: ] 0 s s Sl
# 0
with! |5, =[s@].

S(z) translates toontractive upper matrix S
12



More general framework: block
matrices!

input vectors:}---u,,U,u--- €17 dimensions:m=[! m ,m,m! ]
output vectors:|---y .y, ¥, ]€ L dimensions:k =[-+-n_,ng,n,-+]

S U=

dimensions may disappear: Pnite matrices!!

#-.

%

%" S"L"l S"LO S"1,1
§=% SO,"l So,o SO,l .

% .
% : S:LO Sll

&'

AN AN~ O
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Upper-lower-diagonal!

S U
~
~
~
~
~
\\
L ~
~
° ~




Frobenius (Hilbert-Schmidt)
spaces!

We will also need related Hilbert spaces:!
m m m

(square summable over all indices)!

13



Model of computation (linear-
upper)!

_1 a
v >—> a+b
' b

U. 5 YVeq 5 Stag(ek.
\ 4
xq, A, C,
U s Yk>
s Yo > in! B, D, | out!
X, X.1| next state!
v
A C,Y
> > E | =1 [
k1 Yk A Uy
B, D,s

14



Semi-separable realization!

General upper term:! BA_ A,,---A_C,

! D-1,-1 B—1CO B-1A0C1

0 Do B,C,
0 D,
!
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Properties of realizations!

1.I not unique, leR, be invertible:!
[Ak G| |A G| |RAR. RE
Bk Dk Bk Dk Ble:-lrl Dk
2. not necessarily Oalgebraically minimal, but can be made so!

3.I potentially (numerically?) unstable, require continuous!
Iproducts to be majorized by a geometric series:!

A A

~

<1

l, =lim, sup,||A,,, - A;,,

18



Pretty formalization!

|
DebPne:! A,
A= A, = diag[ A, |

Al
!

and similar: | B=diadB,|, C=diadC,|, D=diagD, ]
. _
0 |6_1 _
i 0] I, l.e.! [xk]Z = ['xk+1]
0 1,
I

then! S=D + BZ(' " AZ)lglC




Translation rules!

Complex plane! Matrices!
scalarsw,, s;! diagonalsW, D!
shift 2! shift Z!

shift commutes with scalars!  shift doesOnt commute !
but keeps diagonal form:!

Sy PV =Z7"DZ

20



Important spaces!
Reachability space:! D, (I - ZAY'ZB

strict past input sequences corresponding !
to a statelp, = square integrable (block)diagonals)!

Observability space:D, (I — AZ)"'C

output sequences that can be generated from !
strict past inputs!

(I-Z AY'ZB forms a Osliced basisO if the realization is
strictly OreachableQ!
(1 - AZ)y'C forms a Osliced basisO if the realization is!

strictly OobservableO!
(Nerode equivaléhce)!



Matrix interpretation!

H.

l

LI

!
Bi—3Ai—2Ai—1
Bi—ZAi—l

B

i-1

low rank i" OHankel matrixO!

column space = reachability sp.!
row space = observability space!

minimal factorization of eacH,
corresponds to Pnding a realization!

[C, AC,

i+l

AiAi+1Ci+2 "’ ]

22



Point evaluations!

Complex plane! :: Matrices!
S(W;) = 5 | 2!
or! ::
S(2)= s+ (" w)S(2), Si(x)# H S=8+(Z-W)s,
or! 5: S, W, diagonal:
(z-w,)(S(2)-s)€E % (Z"W,)'(S" S)# U

write:!  SAW,) = §,

(+ formula)! 23



Generalized interpolation for
matrices!

(because of the general formalism, subsumes Nevanlinna-Pick,!
Hermite-Fejer and Schur. For Schur-Takagi, see later)!

Data (diagonals):! V.En  s.t! [, <1

FindS s.t.! _ _
(1)'S Is upper, contractive!

(2 (Z" V) (#S" $) %U

24



Examples!

Tangential Nevanlinna-Pick:!

Schur:!

e

V =

Vi

HA A A H

n,

Vv,

23



Solution methodology:#
scattering theory!

S contract: _4a4 passive! \
contractive. scattering
upper b=a$ :
< medium!
lossless transferd!
1 42 :
— > lossless! passive!
s > medium! i load!
‘ b " upper unitary < 5!
1

#'11 "12 #1
[a, b]=[a be . S=",+"u(I1#8"2) §"

24



Chain scattering matrices!

al a #l n (g
>
o @ b =[a blgp™
21 22
b, b,
—> —> —> —>
0, 0, O,
< < <— <——
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Central properties of chain
scatte#qingg matrices!

¥O is J-unitary for!J =¥) . I( (conservation of energy)!

¥(classical case:) transmission zeros = (modes)* i.e. the!
Ifrequencies where the input scattering Is independent !
lof the load, oZ,,(w;)=S(w;) (Interpolation) provide!
Ithe poles 14,* of ®. For the matrix case this translates!

O b (1-Z' A Z'B, + O = D,(1 - ZA,))'C,

Ireachability space maps to observability space by!
Imultiplication withJ®!

S _ :
"©,-06,5S,) : loading formula

28



Central interpolation theorem!

Let V,",# be the interpolation data and assume that the pair!
(V, ") Is strictly reachablethen the interpolation problem!
has (strict) solutions, iff! [v*

=
_n*_
IS the reachabillity pair of a lossless chain scattering m@ttix
l.e. Iff the Lyapunov-Stein equation!

VMV +EE -y =M

has a strictly positive debnite (diagonal) solutién
All solutions are given by loadin@ with an arbitrary upper!

contractives, .!
29



Sketch of proof!

Consider the following facts:!

1.! J-unitary, upper operators have J-unitary realizations and vice!
lversa. Given a reachability pa#A. & there should exist a!

¥
8, (

Istate transformatioR which makesRA (R<#”>#l') J-isometric.!

&
&Br' (R(#l)) )
&52" (R(#l))#lz
I'This will happen iff the Lyapunov-Stein equation!
A;MA@) + BI@Bl(a - B;@Bzg =M
3d




Sketch of proof (2)!

Iproduces a non-singular solutidhwith inertia!
IM=R*JR for some signature matrix It will !
Icorrespond to a lossless systenyy#fi (1.e. find
an isometric reachability basis.)!

2. The requested interpolation formulates as!

0
z"v)'[# $] va(k+ U

4
& 1)
ll.e.!

el S
(I-ZV)Y'Z|&E n]| |€U

lone will recognize a reachability space!

31



Sketch of proof (3)!

(=) S contractive in the above formula requires the basis!
(1" zZV)y'Z'[# 9]

Ito be J-positive. This is the same as providing a p.d.!
Isolution to the Lyapunov-Stein equation.!

(=)If! 19 |
[—| i [622 _6218L]

=0

lwith ® having Ao V: then interpolation holds!!
Bl@ =S
_Bz®_ _77*_

32



Norm property!
There is a OCaratheodory-FejerO version of the previous theory,!
It leads to interpolants of a positive debnite matrix!
C= %(G +G)=LL =MM  (Cholesky)!
Any interpolation on data fror@ (S=(G-1)(G+1)1) produces !
a low complexity® and approximating data !

C, :%(Ga +G)=LL =M M,

suchthat!  zrgmin, IXL-1].

is given by X = dl, wheredis a diagonal close tbwhen
the interpolation is far enough out!

(Dewilde-Deprettere, OT29, 1988)

33



Schur-Takag!

In this case, the interpolation problem does not lead to a
lossles®), but only to a non-singular solution of the
Lyapunov-Stein equation and a J-unitéxy

VMV +EE -nm = M“"

Inertia of M- | #H &
M=R% . (R
$ L

This will produce an interpolating and contractbvehich is !
not OupperO, but whose lower part is semi-separable af brder
(i.e. has a realization of orde)) !

34



Application: model order
reduction!

Given:! ¥MT - a strictly upper matrix to be reduced!
¥T=BZ(I-AZ)*C - a high order model fdF'
¥I" - a diagonal, measure of accuracy

Asked:!! T =B Z(I-A,Z)C, of lowest possible complexity!
such that |" “(T#T,)[ . $1

Hankel

Hankel norm is ‘sup’ of the norm of the matrices H,
it is a ‘strong’ norm.

33



Solution!

Assume the original given in Ooutput normal formO, i.e.!
[A C] isometric. Do the following steps:!

(1)'Pnd an orthogonal completion of [C]:! [A C}
BU DU

(2)'solve Schur-Takagi with the datdla” B, " *5']

(3)'bndT, by projecting the causal part out of the ST!
Interpolant !

34



Practical solution!

Although the solution presented is exact, it has its drawbacks:!
It Is somewhat difPcult to compute and requires treatment of all!

the data. A practical approach (advocated by Chandrasekaran-Gu!
as well as Van Dooren e.a.) consists in computing nested SVDOs:!

H$ H.

[ i+1

D.. I

I,

subtract red add blue

34



Interested?!

General introduction to time-varying (semi-separable) systems:

P. Dewilde and A.-J. van der Veen, Time-varying systems and!
lcomputations, Kluwer 1998!

Application to system inversion:

S. Chandrasekaran, P. Dewilde, M. Gu, T. Pals, X. Sun,!
A.-J. van der Veen and D. White, !
\Some fast algorithms for sequentially semi-separable
representations’, Techn. Rept. UCB, 2002 - and the !
Ireferences therein. ! 39



The polynomial case?!
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TV(matrix)-interpolation,
deadbeat control and the LSwner
case!

(MTNS 2008)!



Classical LSwner!

Given a Pelk (e.g. complex numbers) and quantities!
x. €k, V.e€k"" Yek"™, i&N

satisfying the constraints!
x;=x, Ii=j, and rankV,=r<p

bnd allp! m rational matriced(x) (interpolants) such that!

ViY(Xi) = Y|



Theorem(Antoulas-Anderson-
Ball-Kang-Willems, 1990)!

(caseV=1), let! (and MTNS 1989
;Xﬂp % 1, T %
F -$ XZIF’ ( kPVPN G = gp ( K PN) (p+m)
3 DU $:
%5 XNIp& ﬁp

and dePne polynomial matrices!
W (x) € kPP %] @(x) € kP*™*P*™ non-singulal

such that!
(Xl = F)W(X) = GO(X), gerdW,0) =1 |



Theorem (2)!

0, 06,(x)

o) =
and partition'®(x) 0. () 0.(x)

as(p+m)! (p+m)!

then!

The p! m rational matrix Y(x) is an interpolant if and only if
there exist polynomial matrices P(x) and Q(x) of appropriate
size such that

Y (x) =(0,,(x)P(x) + B, (x)Q(x))(O,,(X)P(x) + ©,,(x)Q(x))™

where

det[@m(xi)P(xi) + @22(xl.)Q(xi)] =0, 1E€EN.

+ many more details and results...



notice...!
(XI =F)"'G=W(X)O(x)"

IS a left right coprime polynomial representation of !
the left h.s., which exists under the conditions stated !
Iff reachable!

l(LSwner condition)!

the basic formula to be satisfied (with various conditions on the

terms is (X| " F)lG# =\W

with Y%non-singular polynomial and minimal degree and
W polynomial.
LetOs call this the Obasic interpolation formulaO!!



Polynomial embedding!

The problem we want to solve (see later):!
IGiven a reachable paiA{B}, Pnd matrices {,D}!

A B

Isuch that C D

IS a system whose inverse is paly in

Obvious condition 1D block-square invertible, choogk=1
Then a realization for the inverse is just!

A-BC -B
C Il
This will be polynomial iff A-BC)Z is nilpotent!




Deadbeat control #
(" la Van Dooren - MTNSQO83)!

Observation: the polynomial embedding problem is the same
as the (TV) deadbeat control problem. It was originally solved
by Popov (see Kailath’s book) for the LTI case. I could not
extend Popov’s method to the TV case. Van Dooren provided
another, numerically stable method that does extend.

Deadbeat control: !- bring each state at timei to zero as fast !
! ! | as possible!!
! ! l- use feedback if possible!!
Observation:lif the system is strictly reachable then any stase!
| Itime i can be brought to zero by an adequate input!
! Isequence,, u,, ,, ... (finite series, but not nec. uniform)



TV deadbeat control(2)!

Position yourself at an (arbitrary) positidh

Partition the state spaceds follows:!
I- S, Is the subspace that can be brought to zero in 1 step!
I-§,In at most 2 steps!

I- etc...!
Hence: $,, CS,,C---C Si,k,. C B,



TV deadbeat control (2)!

Theorem Suppose that [A,, B)] is the reachability pair at time!
li of a system that can be deadbeat controlled in finite time

k. at each time point i. Then there exist block diagonal
(feedback) matrices F; such that the

Aif = Ai _BiFi

brings down each state x; to zero in a minimal number of
steps (i.e. A'Z is nilpotent.)



|
Main ingredients: P rOOf

let a:X—Y be an operator between spaces
"=["1,...." | a stack of vectors in X with span span(’) !
a"=[a",,....,a" ] the stack of image vectors

x in span(’) represented as="x=2"x

i

Take now ", U and # bases for X, U respect. Y, let a.X—=Y

and b:U—Y be operators, and assume sparfa”) # sparfbu)
for some stack U. Then there exists a matrix F such
that a"=bulf

The matrices F can be stacked as well! If
sparfa”,) # sparibu) gnd span(a”,)# span(bu)

then a| ", ",]=DU[F | F,)]



Proof (2)!

Look Prst at 5, and let”; be a basis-stack that spans it. Let!
a;be the transition operator at time pai®@ind let ube a!

basis stack for the input space at that point. Then because!
of the dePnition of §, spang;”,)Cb,u;, whereb, is the !
Input-to-state operator at tinneHence there exists a matrix!
F;,such that,",=b,urF; ,.!

And now generalize and stack:

Stack basis vector stacks in bothaiad B, ;:,
YA, /B,

*

ai”k:[#l #k]' : *+[#1 #kiﬂ]' Ly
&A‘i]jkﬂksc 8Bi,ki+5



What Is happening?!

basis stack
gl §2 gki for B,

[} |
ki +1
basis stack for B, ,




The result!

(-O Ai]jll | Ai],cl,ki I B |
" # :,1
a1§=[771 ! nkm] + [Fll | Flk]
0 Ai,ki_l,ki B
o o ! o |t

or, dropping the bases:!

A,=A! +B/F

and this debnes the deadbeat controller, and at the same time!
the polynomial embedding!!



Application to Lswner
Interpolation!

We need an operat@r to debne the fractional representation!
which ispolynomial in Z rather than J-unitary, non-singular!
and such that (given the interpolation dgta#)!

(Z-V)'E nle=w

where alsd¥V is polynomial.!
To connect up with the previous interpolation problems, our!
strategy will be to bnd a (block upper) unitéahgsuch that!

(z"v)'[# $|U %Y%upper

and weOll bnd minimal polynomial factorizatidhs QP*



Theorems!

The unitary, upper operator U will exist iff the pair

vV [g n]]

is strictly backward controllable. U is then a unitary operator
with observability pair [V [ #]] "

A unitary operator is (uniformly) controllable in finite time iff
it is also (uniformly) observable in finite time.



Theorems (2)!

Let U be a causal unitary operator which is controllable in
(max) finite time & Then there exist polynomial matrices P
and Q in Z of order at most &such that U=QP1. Moreover,
their local state space dimension (degree) can be chosen to
be at most equal to that of U, and P can be chosen so that
also P is an upper operator in which case Q1 will be
lower (anti-causal).

P Is obtained by using the deadbeat construction on the data!!

The basis interpolation formula will then be satisped by!
takingQ for ©.!



Discussion!

¥The existence condition amounts to a LSwner condition
(in the polynomial case)!

¥The deadbeat construction offers an ordering that can be
utilized to sharpen results as in the LTI case!

¥Extension to larger domains fris in principle not hard!

¥In this case the TV extension, although considerably more
complicated goes smoothly (not true for polynomial
Schur-Takagi, see the paper with Alpay)!

¥AIl the ramibcations of the result have not yet been
worked out!



