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INTRODUCTION: AN APPROACH OF THE QUESTION.

MATRICIAL REPRESENTATION OF

ORTHOGONAL RATIONAL FUNCTIONS

PARA-ORTHOGONAL RATIONAL FUNCTIONS

A COMPUTATION OF SZEGO RATIONAL QUADRATURE FORMULAS

SOME EXAMPLES.




ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE

Measure suppu C T:={2€C: |z| =1}
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ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE

e Measure suppu C T:={2€C: |z| =1}

e Basis {1,z,271,22,272,...} Gram-Schmidt (xn) OLP wrt pu

(o) = Geo) {XQ” =7 Yen

Xon4+1 = 2~ "Pop41

—aq1 —biao b1bo
by —azap aibp O
e Matrix of T}, C = O —boaz —axa3z —bzag 0304
bob3 apbz —azasa azbs O

CMV
Matrix

Bohnhorst, Bunse-Gerstner, Elsner, Watkins (1993), CMV (2003)




SZEGO QUADRATURE FORMULAS

» To determine: the nodes z1,25,...,2, (zi # z,i 7% j) and
the weights A1, Xo,...0 N, (A >0,7=1,...,n)
st 1) = [ 1e)du(o) = SNFG) = 1), € Apg p+a maximum
. =
e Accuracy on A_,, ={2* /—p <k <p}, withp<n-1
o If QF exact on A_¢,_1),-1 and P(z) = ﬁ(z — zj) then P,(2) = ¢u [pn(2) + unpl(2)]
j=1

e Conversely, if P,(2) = ¢, [en(2) + une’(2)], then

e P,(z) has exactly n diferent zeros on T

e EXxist A\, \2,..., \, positive real numbers, s.t. | I,(f) = L.(f) V€N _(n—1)n-1

W.B. Jones, O. Njastad & W.J. Thron




NODES — ZEROS OF POP

po(z) po(z) 0
* z( : )an(a;u)T< : )—I—( : )
Xn—l(z) @n—l(z) P%(Z;U)

x0() x0() o
* 2 ( : ) = Cp(a; u)t : + bnz_[_Q_]Pn(z; u)

Xn—1(2) Xn—1(2)

Po(zu) i= zpp_1(2) +up;_1(2) — POP

NODES OF SZEGO QUADRATURE FORMULAS
EIGENVALUES OF HESSENBERG AND CMYV MATRICES




Orthogonal rational funcions

. wa (2 zZ—
e MOBIUS TRANSFORM (¢ = —— (2) — - acDb
wa(2) 1—az
7T*
e BLASCHKE PRODUCT Bg =1, B, = (= =,
Tn
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Orthogonal rational functions

e Measure

e Basis

suppu CT:={2€C: |z| =1}

{Bo.B1,B>...}

Gram-Schmidt

gbn(Z) — ¢ Zﬂn—l(z) 1 an
(b;;(z) " wn(2) an 1

_ ¢nap—1)

a

L ¢7>|’<L(Oén—l)

en=

wn(an) 1

wp—1(p—1) 1—‘@71,’2

)

(¢rn) ORF wrt 1

Cn—l(z)¢n—1(z)>

n—1(2)




Orthogonal rational functions - Matricial representation

e Basis of ORF (¢,)
e (a,) compactly included in D

e Matrixof T, | L ——  Operator Mobius transform of 'H

v=C (H) =0t (H4+ A) (L 4+ ATH) Ly

% na=+V1-—AA At Adjoint of A
% A = diag(ag, a1, a2 )

% 'H Hessenberg matrix

L. Velazquez, "Spectral methods for orthogonal rational functions”

Journal of Functional Analysis (2008)




O R F - A simpler matricial representation

e (¢,) ORF with poles in E

e Odd and even Blaschke products
B B =1
B? = (1(3 - (on—1
BS = (2Ca -+ (on

> Xon = B{.05, Xon+1 = Bj.95,11

e (xn) ORF with poles in E and D.

» Matrix of T, wrt (xn,) ——  Operator M&obius transform of C

U= e

L. Velazquez, "Spectral methods for orthogonal rational functions”

Journal of Functional Analysis (2008)




Para-orthogonal rational functions

e (¢,) ORF with poles in E
¢ PORF — PU(z) = ¢p(2) +véi(2), vET

» Zeros of P! ~ . Eigenvalues X of v("%), y = (;1(v)

. Eigenvectors ~ (¢o(N), 01(N), - o (M))T

oo )\ generalized eigenvalue of the pencil (A, + H" Z, + Al HY)
» Zeros of PY ~ . Eigenvalues \ of "), u = ¢ 1(v)

. Eigenvectors ~  (xo(A\), x1(A), -+ xn(A))T

oo )\ generalized eigenvalue of the pencil (A, + C% Z, + AlCY)

n

L. Velazquez, "“Spectral methods for orthogonal rational functions”




The computation of rational Szego quadrature formulas

» To determine: the nodes 21,22, ..., 2n (zi # zj,i #j) and

the weights A1, 4>,..., 4, (A;>0,7=1,...,n)
s.t.  L.(f) =/ F(€)du(0) = " Nf(z) = I(f), f € Rpg p+g¢ maximum
_7r =

> z1,22,---,2y zeros of PV POREF.

Exist A1, Ao,--- Ay st ]N{f} = ]ﬂ{f}' Vf e RN—l,N—l

A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, O. Njastad

» Nodes of rational Szegd quadrature formulas:
Eigenvalues of matrix Mobius transform of Hessenberg

and five-diagonal matrices




Some numerical examples

14z z 224322
SO = st s St e ea_ea-

e Approximate [,{f}, n Lebesgue measure
eap=1a,=1/(n+1),n=7
Generalized eigenvalue problem for the pencil (A, + H", Z, + Al HY)

v= -1, 0, of nodes z; = ¢'%

Nodes Weights

0 | 8.403361344537813E — 002
+2.465407008647439E + 000 | 2.077776600510375E — 001
+1.336738281545516E + 000 | 1.488205944472059E — 001
+5.650413576629920E — 001 | 1.013849387790675E — 001




Some numerical examples

do
e | ebesgue measure —

Poles

ap=——, k=1,...,7, v=1

E+1

Nodes

Weights

2.798995563470065E + 000
—2.148422117836067E + 000
1.582596667215560E + 000
—1.114446080717590E + 000
7.313150857335874E — 001
—4.118403543362309E — 001
1.325975632655727E — 001

2.161442192462172E — 001
1.952619467196891E — 001
1.643566429924263E — 001
1.344496322877105E — 001
1.106238819774966E — 001
9.399019672023695E — 002
8.517348005622358E — 002




Some numerical examples

p
» Relative error of/ - - do
sin(z°%) 4+ 0.2

n=>5,10,15,---,200 p=0, p=-1, p=1

0 50 100 1 50 200




Some numerical examples

» Rational modification of Lebesgue measure

1—|r]?df
du(0) = —
#(9) |z —r|2 27
» Schur parameters for the ORF +— a1 = —r, a; =0k =2,3---
1+ 2 z 224 32—23
o« f(2) = + +

1—2/2 2—2z (2—-5)1—2/6)(1—22)’
r € (—1,1) and differents v

Zp
= = —-1,0,1 foreveryrebh ,veT
@ =g ro02 v ’

» T he method converges




Some numerical examples

» Chebyshev weights

do
.ve{-1,1}, dg(e)z(l—ucose)g

» Orthogonal Rational Functions

Xn(z) 7 — 1,273,,, (Xn(z) :cn—|—22(2’—bn)

.CDo:]_, Cbn(z):m, 1

Bn—l
—)
— Qz

1 —apap,_1
» Schur parameters a, = p?¢c,————

2P
sin(z5) 4+ 0.2

» Integration of

» T he method converges
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