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Abstract

¢ We present a method for computing the Hermite Interpolation polynomial
based on equally spaced nodes on the unit circle with an arbitrary number
of derivatives in the case of algebraic and Laurent polynomials.

¢ Indeed we present a smart adaptation of the method of the Fast Fourier
transform (FFT) for this type of problems with the following characteristics:

e casy computation,
e small number of operations,

e casy implementation.

¢ We adapt the algorithm for computing the Hermite Interpolation polyno-
mial based on the nodes of the Chebyshev polynomials.

¢ We also study Hermite trigonometric interpolation problems.



1. Introduction and some definitions.
We study some interpolation problems on the unit circle, corresponding
to the case of equally spaced nodes. For simplicity and without loss of

generality we assume that the nodes are the n roots of the unity {z;}"=).

If we fix a vector {u;}—), the general interpolation problem is to
determine a polynomial p, 1(z) with degree less than or equal to n — 1 such
that

pn—l(z) € Pn—l[z]a pn—l(zj) = Uy, fOI"j — Oa T, Il (1)

It is well-known that this polynomial exists and it is unique.

Among the different methods for computing p, 1(z) it may be pointed up
the method which uses the Fast Fourier Transform (FFT) for obtaining its
coefficients.

Indeed p,_1(2) = 31—, G2" with ¢ = L Z;:& u;z;”, that can be computed
by using the FF'T (assuming that n is a power of 2).



Extending this method to the Hermite interpolation problem

Definition 1 We call Hermaite interpolation problem with equally
spaced nodes {z; ;”;5 on T to determine a polynomial
Hzn_1(2> € ]P)Qn_l[Z] . Hgn_1(2j> = Uy, H2(1) (Zj) = U fOTj = O, e, — 1,

n—1

n—1
J=0

n—1

where {u;}i—y and {v; are fixed vectors.

It is well-known that this polynomial exists and it is unique. Moreover, it is
given by:

Hy, 1(2) = z_: Ar(2)uy, + z_: Bi(2)vy, (2)

with Ag(z) = (1—2(z—zk)z,§1>(z)) 2(2), Bu(z) = (2 — 2)B(2), k =

0,---,n—1, where [}(2) are called the fundamental polynomials of Lagrange
interpolation and they are given by [ (2) = W(l)?/")(’(z) . fork=0,--- ,n—1,
n o (2k)(z— 2k

with W,(2) = {2 (2 — 2) = 2" — 1.



Definition 2 We call Hermite interpolation problem of type I with
n—1

equally spaced nodes {z;}'Z; on the unit circle T to determine a poly-
nomial HIy, 1(z) € Pgn_l[]Z] such that

HIy, 1(zj) =u; and H]Q(},L)_l(zj) =0 for j=0,---,n—1.

Definition 3 We call Hermite interpolation problem of type II with

n—1

equally spaced nodes {z;}—y on the unit circle T to determine a poly-

nomial HII,, 1(z) € Py, 1|z] such that
HIL, 1(z)=0 and HILY (z)=v; for j=0,---,n—1.

From the general solution (2) we obtain the explicit solutions

o) = i <z_,§uuk sl —1) (2" - 1)21%) |

c—~ \n? (2 — 21)? n?  (z—z)
and :
n— 22 (Zn _ 1)2
HIL, (2)=) =
2n 1( ) kZ:O’I’Lz (Z—Zk)v

Next we are going to present an algorithm using the FEF'T to compute

HIQn_l(Z) and HIIQn_l(Z).



2. FFT for solving Hermite interpolation problems on T.
We consider the inner product of Sobolev type in the Space Py, +1[2], associ-

ated with the system of equally spaced nodes {z;}7=, i, defined by
1 n—1 1 n—1
(f(2),9(2))s = - Z f(z)g(z;) + o Z FO(2)gD(z)
j=0 j=0

Theorem 1 The following system

n—1
272 1 n—1 n+k 1 + (n + k>k k
{Zi(2) { }k =0 U { a 1+ k2 ~ i

=0

is an orthogonal basis of the space Py, 1|z] with the inner product
(,)s and the norms are

”Zk(Z)HS: (1+k2)§7 k:()a 7n_17
PN
\|Zn+k<z>|rs—< ) k=0, o, n—1

1+ k2



2.1. Solution of the Hermite interpolation problem of type I.

2n—1
Theorem 2 [t holds that HIs, 1(2) = Y ciZ.(2), where
k=0
Zu _kln_luzk (k=0 n—1)
Cr = 1—|—l{32 Cpntk = o = - Y ) .
Proof. (HI,, 1(2), Zk( N = || Zi||? = ck(l + k%),
<H12n—1< ZHIQn 1 ZU
n2
(HIn-1(2), Znir(2))s = Corall Znsll; = n+km,

n—1
. I+ (n+k)k_
<H]2nfl<z>7 Z77,+k7<z)>5 - Uj (Zj " < ) ij)
=0

1+ (n+k)k\ 1 e _,




Remark 1 (i) The coefficients ¢, that determine the solution of the

Hermite problem of type I can be related with the coefficients
n—1

L3 w;z" of the polynomial p,_1(2) solution of the general in-

J=0

terpolation problem posed in (1). Indeed
1 k

Cr, and C,.r = —ﬁck,

Cr —

= Tr R

for k =0,---,n —1 and therefore they can be obtained using the
FFET with a little increase of operations.

(i)

n—1 n—1
1+ (n+k)k .
H[2n—1<2) = (Ck — Cntk 1(+ 12 ) ) 2+ Cpnyk< ",
-0 -0

o
-~

(11i) The operational cost of the method is O(n(logn + 1)) opera-
tions for the determination of the polynomial H 15, 1(z) that satisfies
2n interpolation conditions.



2.2. Solution of the Hermite interpolation problem of type II.
Theorem 3 It holds that

2n—1

HILy 1(2) = Y diZi(2),
k=0

where d;, are given by

A Eo1&iw
d. = _ k-1 _ = Ik
LR nz% 1+k2nj20:z—jzj

J=0

n—1 n—1
11 11l e,
d _ k—1 J—k
n+k — E szj - __Zj

j=0 7=0

fork=0, ---, n—1.



Remark 2 (i) The coefficients d; that determine the solution of the
Hermate interpolation problem of type II depend on the wvalues

n—1 ~

%Z %z_jk, which are the coefficients d;. solution of the general in-
j=0 "

terpolation problem (1) with values Z. Then every method used

J

to determine d, is useful to determine dy with a little increase of
operations.

(i)

n—1

1+ (n+k)
HII, Z (dk Atk 1( 12 ) zZ" + Zdn—i—kz
—0

(iii) The operational cost of the method is O(n(logn + 1)) opera-
tions for the determination of the polynomial HII,, 1(z) that sat-
1sfies 2n interpolation conditions.




2.3. Solution of the Hermite interpolation problem.

Theorem 4 The polynomial Hs, 1(z) solution of the Hermite interpo-
lation problem is given by

Hy, 1(2) = z_:(ck + dy) Zi(2),

k=0

where {c;} and {dy} are given in Theorems 2 and 3, respectively, that
18, as solutions of Hermate interpolation problems I and II.

Remark 3 (i) The polynomial Hs, 1(2) can be written:

n—1

Bl = ; (ck T di— (Cort+ i) +1(Tl;f)k ) 2y
- n—1

Z(Cn+k + dn+k)2n+k-
k=0

(i) The Hermite interpolation problem can be solved using the algorithm
of the FFT with an operational cost of O(n(logn + 1)) operations.



3. The general Hermite interpolation problem on T.
For simplicity we continue assuming that the nodes are the n-roots of the
unity {z;}72.

Let N be a positive integer N > 1, and let {ug), E 7U2_1}i20,---,N—1 be fixed
values. The problem is to determine a polynomial Hy,, 1(z) € Py, _1[z] such
that . .

HY) (z) =) for j=0,--- ,n—1,i=0,--- ,N — 1.

[t is well-known that this polynomial exists and it is unique.
For the obtention we can decompose the problem into [ different problems
with 0 <[ < N — 1 in the following way:

Find the polynomial H Inn-1(2) such that
HIY (2)=0forj=0,---,n—1, 4=0,---,N—1andi # { and
Hlf\]%?il(zj) — u;) for j=0,--- ,n—1.

Hence Hy, 1(2) = ;\;1 Hlyn, 1(2).



In the space Py,_1[z] we consider the inner product of Sobolev type

() s = = 3 Fles)l) + o = Zf ).

and we denote by {Fy(2)}2" ! an orthogonal basis of Py,,_1[2]. Then

Nn—1
Hlyn1(2) = ch’le(z), TR G = nH F ||2 Zu
k=0 C =0

It is easy to prove that

_ ntk I—1)n+k ntk k
Finii(z) = 2 + a(l—l)n—l—kz( a2 4 a2

fork=0,--- ., n—1land{=0,--- , N —1.

We can obtain the coefficients ag_1yn+x, - -+ , @ik, ap solving the system :

<En+k(z)7 Z(l_l)n+k>sN - = <En+k(z)7 Zk>sN — 07

and we can compute || Fix(2) ||5, .
Then we can determine the Coefﬁcients ck,. Notice that they are closely

related with the values + >~ Y Z_]k .



4. Hermite interpolation problem on T in the space A.
Theorem 5 * Let p and g be two nondecreasing sequences of nonnega-
tive integers such that p+q =2n—1, n > 1. Then there exists a unique
polynomial L in the Laurent space L € A_,, = span{z" : —p < k < ¢}
such that L(z,) = u,, LY (z,) = vy, k=0,--- ,n— 1, and L has the fol-
lowing expression

n—1 n—1
L(z) =) Ap(2)ur+ Y Bi(2)vs,
k=0 k=0

Zp+2

. « AT2n-1)2  (p—nt1)Z2T(zn—1)2 . (z"—1)2
with Ai(z) = e i £ P and Bj(z) = T

In particular we have the following problems of type I and II respectively:
Find L, € A_,, such that L(z;) = wuy, Lgl)(zk) =0, k=0,---,n—1.
Find L, € A_,, such that Ly(z;) =0, LY (z) =g, k=0,--- ,n—1.

°L. Daruis, P. Gonzélez-Vera, ” A note on Hermite-Fejér interpolation for the unit circle”, Appl.
Math. Letters 14 (2001), 997-1003.




Theorem 6 L, € A_,, such that Li(z) = uy, LM(z) =0, k =
0,---,n—1 1s given by

2n—1

Zi(2) .
Li(z) = g_o (6 + dy) t with
n—1 n—1
Cr = 1 ]{25 E_ ?Zj y Cpvk = _Eﬁ < ﬁz
~ ]{p 1 n—1 P -~ p 1 n—1 Uj -
= T D A= o D 55
j=0 j=0

Ly e A_,, such that Ly(z;) = 0, LM (z) =g, k=0,--- ,n—1 is given

2n—1

Z d Zk with

n—1

k= E —Z; n+k — T TSI
1+k2n zp“ I nn zpﬂ !
7=0 7=0 "J




5. Algorithms for solving:

5.1. Hermite interpolation on the interval [—1, 1.
Let {z,}"~] be the n roots of the Tchebychef polynomial of the

first kind 7, (x), that is, x; = cos (mﬂ) ) j=0,- — 1.
Let us consider the Hermite interpolation problem:
Find a polynomial hy, () € Py, 1[x] such that

han-1(2;) = my;, hgl)q(l“j) =n;, j=0,---,n—1,
where {m;}"=; and {n;}7Z) are fixed values.

This problem has unique solution and it is well-known its solution, [Da]*
Thus, our aim is to give an alternative algorithm to compute it.

“P.J. Davis, "Interpolation & Approximation”, Dover Pub. (1975).



- (2j+1)m .
Let wj=¢e"= ,5=0,--- ,n—1.

It is immediate that w?" = —1, j = 0,--- ,n — 1 and therefore {w;, w; 0,
w; + @j

are the 2n-roots of -1, and =x;,7=0,---,n—1.

Problem. Find the Laurent polynomial £ € A_ 3,12, such that
;C(’UJ]) :L(w]) :mj, ] :O, , N — 1,

E(l)(wj) = nﬂ / 1 — x?@jz, E(l)(@]) = —W/j\ / 1 — QZ'?TUjZ.

So we have to solve in the space of Laurent polynomials an interpolation
problem on the unit circle with nodes the 2n roots of —1.

Since we have studied the case corresponding to the roots of 1, first we have
reformulated the results obtained before for this new situation, indeed for a
more general situation, the n-roots of A, with |A| = 1.



e The Laurent polynomial £ € A_(,_1) 2, such that
LXiQ» ::Lxﬁaﬂ>::Tnj7j ::07°°' 7n’_'17

LY (w;) =njy /1 —z2wp, LOW;) = —njy /1 — 22w

is given by
-1 n—1
kE+1 _
L(z) = Z[— I Z m; (W + with+
k=0 =0
L 1
2 (——k+1 k+1
4—712]20 niy /1 — z3(W;" — w; )]W+
2n—1

kton—12L Re i
Do @ w5y ngy 1 @l
=0 =0

w

k+1
J

)]Zk:Jrl



1

o Indeed L(2) € A_2,-1)2,-1 and it is symmetric in 27 and —
%

e The Laurent polynomial £(z) can be written as follows

1
L :—g :
(2) n 4 mj+
J=0
2n—1 2’]?,— . 1
2 — g m; (W5 + wf) 4n2§ njy/1— zi(@; —wh) | (2 —|—?)

e For computing L(z) we have to compute Z;:é m; (W5 + w?) and
S Tt — uh)
Notice that they can be determined by computing

el ZQn ! M]z], with M; =m, for 0 < j <n—1and M;,,, =m,_; ; for
0 < < n — 1 and
e'an 227' 1sz/, with N; = —nj/1—27 for 0 < j < n — 1 and

ij—nnjl\/l r, ;o for0<j<n-—1




1
If we define ho, 1(z) = L(z) with x = z+1/z

obtain.

and L(z) given by (3), we

Theorem 7 The polynomial hy, |(x) € Py, 1|x] such that

h2n—1($j) — mj7 hgz)—l(xj) — nja ] — O: e, N = 17

where {m;}"— and {n;},=5 are fized values is given by

1
B _ = .
m 1($) nzmj+
7=0
> (G5 v+ g V)
m; w w nj\/1 — a3 w — w" ().
— 2n? / 2n2 J

e For evaluating ho, 1(x) at a point & we evaluate £(z) given by (3) at 2
F41/z
=

such that £ =



5.2. Hermite trigonometric interpolation on [0, 27].
We present the formulae for the coefficients of the Hermite interpolant.
Although our approach is different, the results can be seen in [BW] “.

The problem that we want to solve is the following:
. - ol . 2Jm
Let us consider the equidistant nodes {6;}/=; in [0, 27) with §; = —— for

n
j=0,-,n—1.

Find a trigonometric polynomial 7'(6) with real coefficients and degree at
most n such that

T0;)=m; and TW(@,)=n; forj=0,---,n—1,

where {m;}"—) and {n;}}Z) are fixed values.

@J. P. Berrut, A. Welscher, ” Fourier and bary centric formulae for equidistant Hermite trigonometric
interpolation”, Appl. Comput. Harmon. Anal. 23 (2007), 307-320.



For solving this problem we solve the following Hermite interpolation
problem on T:

Find the Laurent polynomial L € A_(,_y), such that L(z;) =m; and
LW(z;) = —1z;n; where z; = % for 5 =0,--+- ,n — 1.

Since {z]}’j;& are the n roots of 1, we apply the preceding results to
obtain L.

After doing some easy computations we have:

. n—1 n—1 - k’ n—1 . n—1
7=0 k=1 7=0 7=0
n—1 n—1 n—1 n—1 n—1
IZ L0 N n—k ey )1
n 4 J n2§ : J E: n2 E : )7 nQE: 177 Sk
7=0 7=0 k=1 7=0 7=0

Now, if we define T'(f) = L(e"”) we obtain that T'(6) is a trigonometric
polynomial with complex coefficients, degree at most n and it satisfies the
interpolation conditions.




Let us write L(e?) = RL(e?) + 1SL(e?). Then

1 n—1
T,(0) = RL(e?) = —22 n; sin nf+
n=<

2( _ (n;k)%(im % Zn )cosk@—

k=1 J=0
n—1 o — n—1 1 n—1 ) 1 n—1
2 Z( = )%(Z m;z;) + Eﬂ?(z n;z;) | sin k6 + EZ m;.
k=1 =0 j=0 j=0

n—1 n—1
1 1
T5(0) = SL(e”) = — E n;cosnf + — E n;.
J=0 =0

Since Ty(0,) = T3V(0;) = 0 for j = 0,--- ,n — 1 then T1(0) fulfills the
conditions and it has real coefficients.
Therefore T1(0) is a solution of our problem, °. Notice that its coeffi-

- 1 1
cients depend on Y 77" my;2f and Y7 n; 2]

“R. Kress, ”On general Hermite trigonometric interpolation”, Numer. Math. 20 (1972), 125-138.




6. Final remarks.
e For solving the Hermite interpolation problem on T, with n nodes, in the
space of Laurent polynomials we need to compute the following sums:

n—1 2 n—1 -

d 2z and Y Lz
Z,p Z]H‘

j=0 "7 j=0 "/

Therefore, by doing 6 multiplications we obtain the coefficients:

~ A

614:7 6n+k7 dk) dn+k:7 dk; dn+k7

and, if FFT could be applied we need O(n(logn + 1)) operations to obtain
all the coefficients.
Notice that the different problems studied:

1. The Hermite interpolation problem on T, with n nodes, in the space of
algebraic polynomials,

2. The Hermite interpolation on the interval [—1, 1],
3. The Hermite trigonometric interpolation on [0, 27,

can be solved from the solution of the preceding problem by setting the
suitable interpolation conditions.



e The Hermite interpolation problem on T in the space of Laurent polyno-
mials,

e The Hermite interpolation on the interval [—1, 1] and
e The Hermite trigonometric interpolation problem on [0, 27]

can be formulated with higher derivatives, not necessarily consecu-
tives.

The solution follows from the case of algebraic polynomials.



