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Motivation

Assume 

• analysing a dataset

• e.g. molecules

• looking for patterns of interest 

• patterns are subgraphs 



Inductive Queries
Many interesting queries 

• which patterns are frequent ?

• which patterns are frequent in the actives and infrequent in 
the inactives ? and do not contain any halogens ? or benzene-
rings ?

• which patterns are significant w.r.t. classes ?

• all patterns ? k-best patterns ?

• which pattern set is the best concept-description for the 
actives ? for the inactives ? 

correlated pattern mining

pattern set mining

frequent pattern mining

still no general system that can do all of this 



Inductive queries

• Traditional pattern mining:
Th(L, Q,D) = {p ∈ L|Q(p,D) = true}

• Correlated pattern mining with function φ(p,D), (χ2),
Th(L, Q,D) = argp∈Lmaxk φ(p,D)

• Pattern set mining
Th(L,Q,D) = {P ⊆ L|Q(P,D) = true}

Inductive queries  Q employ constraints 
such as frequency, generality, closedness, ...



Constraints

Constraints are declarative

• specify WHAT -- not HOW

• systems processing constraints should find a solution 
satisfying the constraints

Constraint-based data mining ~ inductive querying/
databases

Constraint-based mining exists about 15 ? years 



Constraint-Based 
Mining

Numerous constraints have been used

Numerous systems have been developed

And yet, 

• new constraints often require new 
implementations

• very hard to combine different constraints 



Constraint Programming

Exists since about 20 ? years

A general and generic methodology for dealing with 
constraints across different domains

Efficient, extendable general-purpose systems exist, and key 
principles have been identified

Surprisingly CP has not been used for data mining ?

CP systems often more elegant, more flexible and more 
efficient than special purpose systems

Also true for Data Mining ?



Overview

Introduction to Constraint Programming

Use Constraint Programming for 

1) Local Pattern Mining (using itemset)

2) Correlated Pattern Mining (top-k) 

3) Towards Mining Patterns Sets (challenge)

Conclusions



Introduction to 
Constraint Programming



Constraint 
Programming

Given

• a set of variables V

• the domain D(x) of all variables x in V

• a set of constraints C on values these 
variables can take

Find an assignment of values to variables in V 
that satisfies all constraints in C



Constraint Satisfaction
Variables:

P1,P2,P3,P4
with
domain {1 ,   2  }

Constraints:

P1 != P2

P3 != P4

P1 != 1

P1

P2

P3

P4

Person Office

Solutions:

 1 

  2  

2        1 2      1 



Constraint 
Programming

Two key ideas 

• propagation of constraints, e.g., from 

D(P1) = {1} and D(P2) = {1,2,3} and P1 != P2  infer      
that 1 ∉ D(P2) and simplify D(P2) = {2,3}

propagator: if D(x) = {d} and x!=y then delete d from D(y)

•  if you cannot propagate, instantiate (or divide) and 
recurse, e.g., 

 call with D(P2)={2}       and      with D(P2)={3}

         P2=2                                  P2=3



Search
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Constraint 
Programming

There is a lot more to say

• about propagators -- how to modify domains 

• about choosing the next variable to instantiate 

• about types of constraints and domains used 

• about implementations ....



CP for Local Pattern 
Mining



Itemset mining

Let’s try to apply CP for item-set mining,

the simplest form of data mining 

Th(L , Q, D) = { p ∈ L|Q(p, D) = true}

• L = 2I , i.e., itemsets

• D ⊂ L, i.e., transactions

• Q(p,D) = true if freq(p,D) ≥ t



Data Set

Owns_real_estate Has_savings Has_loans

Items

T
ra
n
sa
ct
io
n
s

frequency =2

Dti= 0 or 1



Anti-Monotonicity

Most sytems for frequent pattern mining rely 
on the anti-monotonicity property

Basically, 

can be used for pruning

For all G, S ⊆ I : G ⊆ S ⇒ freq(G) ≥ freq(S)



Encoding a Data Set

Vectors as itemsets Ii = 0 or 1

    

and transactionsets Tt = 0 or 1

Goal find all itemsets  (I,T) such that

• I is frequent &  I covers exactly T’s transactions

      0      1       1

      0   0   0   1   1



Encoding a Data Set

0

1

0

1

0

1

0
1

∑

t

Tt ≥ minsup

Tt = 1⇔
∑

i

Ii(1−Dti) = 0 reified constraint

frequent

exact coverage

where Dti=1 if transaction t contains item i

for all i : Ii = 0 or (Ii = 1 and (1−Dti) = 0)
for all i : Ii = 0 or (Ii = 1 and Dti = 1)



The Model in Essence’

∑

t

Tt ≥ minsup

∀t : Tt = 1⇔
∑

i

Ii(1−Dti) = 0

∀i : Ii = 1⇒
∑

t

TtDti ≥ minsupiff

We use Gecode !



One Propagator
Reified constraints of the form C ⇔ x.

• decompose into C ⇒ x and C ⇐ x

• for C ⇒ x do:

– IF 0 ∈ D(x) and C THEN delete 0 from D(x)
– IF D(x) = 0 THEN apply propagators for ¬C

• for C ⇐ x do:

– IF 1 ∈ D(x) and ¬C THEN delete 1 from D(x)
– IF D(x) = 1 THEN apply propagators for C



Another Propagator

Summation constraint:
∑

x∈V wxx ≥ θ
with variables V and real-valued weights wx

Define xmax = maxd∈D(x) d and xmin = mind∈D(x) d
V + = {x ∈ V |wx ≥ 0} and V − = {x ∈ V |wx < 0}.

Then∑
x∈V − wxxmin +

∑
x∈V + wxxmax ≥ θ

must be satisfied



Another Propagator
IF

∑
x∈V − wxxmin +

∑
x∈V + wxxmax ≥ θ

IF
∑

x∈V − wxxmin +
∑

x∈V +\{x′} wxxmax < θ
THEN D(x′) = {1}
ENDIF

ELSE D(x′) = ∅
ENDIF

x1 + x2 + x3 ≥ 2,
D(x1) = { 1} , D(x2) = { 0, 1} , D(x3) = { 0, 1} ;

One of x2 and x3 must have the value 1, but if

x1 + x2 + x3 ≥ 3,
D(x1) = { 1} , D(x2) = { 0, 1} , D(x3) = { 0, 1} ;

the propagator determines that D(x2) = D(x3) = { 1} .



Exact Coverage

∀t : Tt = 1⇔
∑

i

Ii(1−Dti) = 0

IF t1=1 THEN i2=0



Reified Frequency

IF i1=1 THEN t1+t2 ≥ freq

∀i : Ii = 1⇒
∑

t

TtDti ≥ minsup



Example

∀t : Tt = 1⇔
∑

i

Ii(1−Dti) = 0

∀i : Ii = 1⇒
∑

t

TtDti ≥ minsup

propagate i2 freq



Example

∀t : Tt = 1⇔
∑

i

Ii(1−Dti) = 0

∀i : Ii = 1⇒
∑

t

TtDti ≥ minsup

propagate t1 
coverage



Example

∀t : Tt = 1⇔
∑

i

Ii(1−Dti) = 0

∀i : Ii = 1⇒
∑

t

TtDti ≥ minsup

branch i1 =1



Example

∀t : Tt = 1⇔
∑

i

Ii(1−Dti) = 0

∀i : Ii = 1⇒
∑

t

TtDti ≥ minsup

propagate t3 
coverage



Example

∀t : Tt = 1⇔
∑

i

Ii(1−Dti) = 0

∀i : Ii = 1⇒
∑

t

TtDti ≥ minsup

propagate i3 freq



Example

∀t : Tt = 1⇔
∑

i

Ii(1−Dti) = 0

∀i : Ii = 1⇒
∑

t

TtDti ≥ minsup

propagate t2 
coverage



Example

∀t : Tt = 1⇔
∑

i

Ii(1−Dti) = 0

∀i : Ii = 1⇒
∑

t

TtDti ≥ minsup

propagate i4 freq



Search Tree



Further Constraints

monotonic and anti-monotonic

emerging patterns (use two datasets)

(delta)-closed sets and (delta)-free sets

correlated patterns (e.g. significant patters)

maximal sets

convertible constraints (e.g. min average cost item)

as well as numerous combinations possible



Tt = 1⇔
∑

i

Ii(1−Dti) = 0

Ii = 1⇔
∑

t Tt(1−Dti) = 0

Ii = 1⇔
∑

t Tt(1− δ −Dti) ≤ 0

Frequent Itemsets

Ii = 1⇒
∑

t

DtiTt ≥ minsup

Maximal Itemsets (supersets are not frequent)

Ii = 1 !
∑

t

DtiTt " minsup

Exact Coverage (always needed)

Closed  Itemsets (supersets have strictly lower frequency)

delta Closed  Itemsets
+ Frequency

+ Frequency



Other Systems

most flexible system today  CP 4 IM - downloadable



Experiments

Compared to
LCM
Mafia

Patternist



Experiments

For highly constrained problems, already competitive 



CP for Itemset Mining
CP already competitive when having strong 
constraints

CP can easily handle new constraints and new 
combinations  of constraints

General purpose.



Challenges
In Constraint Programming, different solvers 
optimized for different domains (reals, discrete 
domains, ...)

In Data Mining, different pattern types and data

• graphs, trees, sequences with CP ?

Large numbers of reified constraints unusual 
for CP



CP for Correlated 
Pattern Mining



Top-k Correlated 
Pattern Mining

• D now consists of two datasets, say P and N

• a correlation function φ(p,D), e.g., χ2

• Th(L, Q,D) = argp∈Lmaxk φ(p,D)



Correlation function
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Computing upper bounds
Typical branch-and-bound algorithm

Morishita & Sese 



Constraint 
Programming

It works (extremely well)

• written another propagator

• whenever a pattern satisfying the constraint  
is found update the threshold



Pattern Set Mining



Pattern Sets

Most data miners are not directly interested in 
all solutions or the top-k solutions to a pattern 
mining task, but typically post-process

Patterns are then used as features in classifiers 
or clusterers

So, why not apply CBM to Pattern Sets 
directly ?  [De Raedt, Zimmermann SDM 07]



Pattern Sets

Consider a set of itemsets 

Can be interpreted as DNF expression

Useful for concept-learning and clustering

{{ a, b, c} , { b, d, e} , { c, e, f }}

(a ∧ b ∧ c) ∨ (b ∧ d ∧ e) ∨ (c ∧ e ∧ f)

from local to global pattern mining



Can we apply Constraint-Based Mining to 
Pattern Set Mining ?

What are meaningful constraints  ?

Th(L , Q, D) = { P ⊆ L|Q (P, D) = true}

• local constraints on I ∈ P such as f req (I, D) ≥ minsup

• constraints on all pairs of patterns I 1, I 2 ∈ P , e.g.
|covers(I 1,D) ∩ covers(I 2,D)| ≤ t

• global constraints f req (P,D) ≥ t ′

• correlation, top-k, ...

Pattern Sets



Properties
Many properties of local pattern mining carry 
over, though sometimes in a subtle way, e.g.

(a ∧ b ∧ c) ∨ (b ∧ d ∧ e)
is more specific than

(a ∧ b ∧ c) ∨ (b ∧ d ∧ e) ∨ (c ∧ e ∧ f)

freq((a ∧ b ∧ c) ∨ (b ∧ d ∧ e)) ≤
freq((a ∧ b ∧ c) ∨ (b ∧ d ∧ e) ∨ (c ∧ e ∧ f))

Thus

Thus, anti-monotonicity reversed



Two Step
 Pattern Set Mining

1. Find L = Th(L, q,D) = {p ∈ L|q(p,D) = true}
where q specifies the local constraints

2. Find Th(L,Q,D) = {P ⊆ L|Q(P,D) = true}
where Q specifies the global constraints

approach  taken in [De Raedt, Zimmermann SDM 07]
solved some classification problems

some similar problems as usual pattern mining



One Step
 Pattern Set Mining

Th(L , Q, D) = { P ⊆ L|Q (P, D) = true}

Open question :  mine directly for 

Focus on finding top-1 pattern set ? 
For instance, concept-learning -- most 

accurate one ? 
We are currently working on using CP 



Conclusions
Constraint programming -- 

• largely unexplored in data mining though directly 
applicable

• several interesting open questions and new 
perspective

Not only frequent but also correlated pattern mining.

Towards pattern set mining ...



Thank you !


