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Abstract. We study the transformation of “predicate introduction” in non-monotonic logics. By
this, we mean the act of replacing a complex formula by a newly defined predicate. From a knowl-
edge representation perspective, such transformations can be used to eliminate redundancy or to
simplify a theory. From a more practical point of view, they can also be used to transform a theory
into a normal form imposed by certain inference programs or theorems. In a companion paper, we
developed an algebraic theory that considers predicate introduction within the framework of “ap-
proximation theory,” a fixpoint theory for non-monotone operators that generalizes all main seman-
tics of various non-monotonic logics, including logic programming, default logic and autoepistemic
logic. We then used these results to show that certain logic programming transformations are equiv-
alence preserving under, among others, both the stable and well-founded semantics. In this paper,
we now apply the same algebraic results to autoepistemic logic and prove that a transformation to
reduce the nesting depth of modal operators is equivalence preserving under a family of semantics
for this logic. This not only provides useful theorems for autoepistemic logic, but also demonstrates
that our algebraic theory does indeed capture the essence of predicate introduction in a generally
applicable way.
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1. Introduction

In a companion paper [10], an abstract theory of predicate introduction was developed within the alge-
braic framework of approximation theory. We then applied these abstract results to logic programming,
showing that under certain circumstances, it is possible to replace a complex formula in the body of a rule
by a new predicate symbol. A new feature of our work was that this new predicate could itself be defined
by a—possibly recursive—set of rules. This allowed us to, among others, develop a general method of
eliminating universal quantifiers in rule bodies. Due to the general nature of our algebraic results, they
can equally be applied to other logics whose semantics admit a fixpoint characterization in the setting of
approximation theory. In this paper, we demonstrate this by applying said results to autoepistemic logic.

Concretely, we study transformations that introduce new propositions to reduce the nesting level of
the modal operatorK. For instance, in the formula

¬K(r ∨ ¬Ks)

theK operator is nested to depth 2. By introducing a new propositionp to replaceKs, we can transform
this formula to¬K(r ∨ ¬p), with nesting depth 1. The new propositionp can then be ‘defined’ by
the formulaKs ⇒ p. We will show that, on an algebraic level, what happens here is precisely the
same as what happens with the predicate introduction transformation for logic programming, that we
studied in our companion paper. As such, we will be able to use our algebraic results to prove that this
transformation is equivalence preserving under a number of different semantics for autoepistemic logic.

This paper is structured as follows. Section 2 briefly summarizes the essential results of our algebraic
treatment of predicate introduction in the context of approximation theory. In Section 3, we discuss how
autoepistemic logic fits into the framework of approximation theory. Section 4 then contains the core
result of this papers, namely, the application of our algebraic theorems to autoepistemic logic.

2. Preliminaries

For reasons of self-containedness, this section summarizes some essential concepts and results of ap-
proximation theory and of our study of predicate introduction in this setting.

2.1. Approximation theory

We use the following notations. Let〈L,≤〉 be a complete lattice. A fixpoint of an operatorO : L → L
onL is an elementx ∈ L for whichx = O(x); a prefixpoint ofO is anx such thatx ≥ O(x). We denote
the set of all fixpoints ofO asfp(O). If O is monotone, then it has a unique least fixpointx, which is
also its unique least prefixpoint. We denote thisx by lfp(O).

Our presentation of approximation theory is based on [3, 4]. We consider the squareL2 of the
domain of some latticeL. We will denote an element ofL2 as (x y). We introduce the following
projection functions: for a tuple(x y), we denote by[(x y)| the first elementx of this pair and by|(x y)]
the second elementy. The obvious point-wise extension of≤ to L2 is called theproduct orderonL2,
which we also denote by≤: i.e., for all (x y), (x′ y′) ∈ L2, (x y) ≤ (x′ y′) iff x ≤ x′ andy ≤ y′. An
element(x y) of L2 can be seen as approximating certain elements ofL, namely those in the (possibly
empty) interval[x, y] = {z ∈ L | x ≤ z andz ≤ y}. Using this intuition, we can derive a second order,
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the precision order≤p, onL2: for each(x y), (x′ y′) ∈ L2, (x y) ≤p (x′ y′) iff x ≤ x′ andy′ ≤ y.
Indeed, if(x y) ≤p (x′ y′), then[x, y] ⊇ [x′, y′], i.e.,(x′ y′) approximates fewer elements than(x y). It
can easily be seen that〈L2,≤p〉 is also a lattice. The structure〈L2,≤,≤p〉 is thebilatticecorresponding
to L. If 〈L,≤〉 is complete, then so are〈L2,≤〉 and〈L2,≤p〉. Elements(x x) of L2 are calledexact.
The set of exact elements forms a natural embedding ofL in L2. We denote the set of all exact elements
of a latticeL2 asDiag(L2).

Approximation theory is based on the study of operators which are monotone w.r.t.≤p. Such opera-
tors are calledapproximations. An approximationA approximatesan operatorO onL if for eachx ∈ L,
A(x x) containsO(x), i.e. [A(x x)| ≤ O(x) ≤ |A(x x)]. An exact approximation is one which maps
exact elements to exact elements, i.e., for allx ∈ L, [A(x x)| = |A(x x)]. Each exact approximationA
approximates a unique operatorO onL, namely the one that maps eachx ∈ L to [A(x x)| = |A(x x)].
An approximationA is symmetricif ∀(x y) ∈ L2, if A(x y) = (x′ y′) thenA(y x) = (y′ x′). A
symmetric approximation is exact.

For an approximationA onL2, we define the operator[A(· y)| onL that maps an elementx ∈ L
to [A(x y)|, i.e. [A(· y)| = λx.[A(x y)|, and|A(x ·)] that maps an elementy ∈ L to |A(x y)]. These
operators are monotone. We define an operatorC↓

A on L, called thelower stable operatorof A, as

C↓
A(y) = lfp([A(· y)|). We also define theupper stable operatorC↑

A of A asC↑
A(x) = lfp(|A(x ·)]).

Note that ifA is symmetric, both operators are identical. We define thestable operatorCA : L2 → L2

of A by CA(x y) = (C↓
A(y) C↑

A(x)). Because bothC↓
A andC↑

A are anti-monotone,CA is≤p-monotone.
An approximationA defines a number of different fixpoints: the least fixpoint ofA is called its

Kripke-Kleene fixpoint, fixpoints of its stable operatorCA arestable fixpointsand the least fixpoint of
CA is called thewell-founded fixpointof A. In [3, 4], it was shown that all main semantics of logic
programming, autoepistemic logic and default logic can be characterized in terms of these fixpoints. In
Section 3, we will recall how autoepistemic logic fits into this framework.

2.2. Fixpoint extension

In this section, we summarize our results from [10] on the concept of afixpoint extension, which is our
main algebraic tool for analyzing predicate introduction transformations.

We assume two complete lattices〈L1,≤1〉 and〈L2,≤2〉 and consider the square(L1 × L2)2 of the
Cartesian productL1×L2, which is isomorphic to the Cartesian productL2

1×L2
2 of the squares of these

lattices. (For instance, the function that maps each((x u) (y v)) ∈ (L1×L2)2 to ((x y) (u v)) ∈ L2
1×L2

2

is an isomorphism.) We denote pairsP = ((x y) (u v)) of this latter Cartesian productL2
1×L2

2 as( x y

u v
),

where(x y) ∈ L2
1 and(u v) ∈ L2

2. We define the following projection functions: by[P | we denote the
pair (x

u), by |P ] the pair(y
v), by dP e the pair(x y), by bP c the pair(u v), by bP | the elementu, by dP |

the elementx, by |P e the elementy, and by|P c the elementv.
For an operatorB onL2

1 × L2
2, we now define the following three monotonicity properties.

Definition 2.1. LetB be an approximation onL2
1 × L2

2.

• B is part-to-part monotoneiff for each(x y) ∈ L2
1 and(u v) ≤ (u′ v′) ∈ L2

2,

bB( x y

u v
)c ≤ bB( x y

u′ v′
)c;
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• B is part-to-whole monotoneiff for each(x y) ∈ L2
1 and(u v) ≤ (u′ v′) ∈ L2

2,

B( x y

u v
) ≤ B( x y

u′ v′
);

• B is whole-to-part monotoneiff for all ( x y

u v
) ≤ ( x′ y′

u′ v′
) ∈ L2

1 × L2
2,

⌊
B( x y

u v
)
⌋
≤

⌊
B( x′ y′

u′ v′
)
⌋
.

Given an operatorB on L2
1 × L2

2 and a pair(x y) ∈ L2
1, we define the operatorB(x y) on L2

2

asλ(u v).
⌊
B( x y

u v
)
⌋
. Conversely, given a pair(u v) ∈ L2

2, we define the operatorB(u v) on L2
1 as

λ(x y).
⌈
B( x y

u v
)
⌉
. Now, if B is part-to-part monotone, then everyB(x y) is a≤-monotone operator,

which must therefore have a≤-least fixpointlfp(B(x y)).
Our results concern the relation between the fixpoints of an approximationB on (L1 × L2)2 and

those of an approximationA onL2
1, whereA andB satisfy the following property.

Definition 2.2. (Fixpoint extension)
LetB be an approximation onL2

1×L2
2 andA an approximation onL2

1. B is afixpoint extensionof A iff
it is part-to-part monotone and, for allx, y ∈ L1,Blfp(B(x y))(x y) = A(x y).

In [10], the following results were proven.

Theorem 2.1. Let B be a fixpoint extension ofA. A pair (x y) is a fixpoint ofA iff (x y

lfp(B(x y))
) is a

fixpoint ofB.

If the operatorB happens to be such that, for all of its fixpoints( x y

u v
), (u v) = lfp(B(x y)), then

the above theorem implies a stronger property: in this case, the setfp(A) of fixpoints ofA coincides
with the setdfp(B)e of restrictions toL2

1 of fixpoints ofB and, therefore, the≤p-least fixpoint ofA
must also be equal to the restrictiondlfp(B)e of the≤p-least fixpoint ofB. An interesting special case
of this is when the operatorB is part-to-part constant, meaning that for every(x y), the operatorB(x y)

is constant.
If the fixpoint extensionB satisfies the additional property of being either whole-to-part or part-to-

whole monotone, then its stable and well-founded fixpoints are related to those ofA in the following
way.

Theorem 2.2. Let B be a fixpoint extension ofA, such thatB is either part-to-whole or whole-to-part

monotone.B has a stable fixpoint( x y

u v
) iff (x y) is a stable fixpoint ofA. Moreover,(x y) is the

well-founded fixpoint ofA iff for some(u v), ( x y

u v
) is the well-founded fixpoint ofB.
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3. Autoepistemic logic and approximation theory

In this section, we describe the syntax of autoepistemic logic and give a brief overview, based on [4],
of how a number of different semantics for this logic can be defined using concepts of approximation
theory.

LetL be the language of propositional logic based on a set of atomsΣ. Extending this language with
a modal operatorK, gives a languageLK of modal propositional logic. An autoepistemic theory is a
set of formulas in this languageLK . For such a formulaϕ, the subset ofΣ containing all atoms which
appear inϕ, is denoted byAt(ϕ); atoms which appear inϕ at least once outside the scope of the modal
operatorK are calledobjectiveatoms ofϕ and the set of all objective atoms ofϕ is denoted byAtO(ϕ).
A modal literalis a formula of the formK(ψ), withψ a formula. Ifϕ is a subformula ofψ andϕ appears
negatively inψ, we writeϕ ∈− ψ; if ϕ appears positively inψ, we writeϕ ∈+ ψ. By theK-rank of an
occurrence of a subformulaϕ in a formulaψ, we mean the number of modal operators inψ, in whose
scopeϕ occurs. As such, the objective atoms ofψ are precisely those atoms that have an occurrence of
K-rank zero inψ.

To illustrate, consider the following example:

T = {ϕ1 = p ∨ ¬Kp ; ϕ2 = K(p ∨Kq) ∨ q}

The objective atomsAtO(ϕ2) of ϕ2 are{q}, while the atomsAt(ϕ2) are{p, q}. The formulaK(p ∨ q)
is a modal literal ofϕ2. We also have thatKp ∈− ϕ1 andp ∈+ ϕ2. TheK-rank ofq in K(p ∨Kq) is
2, whereas theK-rank of the second occurrence ofp in ϕ1 is 1.

An interpretationor world is a subset of the alphabetΣ. The set of all interpretations ofΣ is denoted
byIΣ, i.e.IΣ = 2Σ. A possible world structureis a set of interpretations, i.e. the set of all possible world
structuresWΣ is defined as2IΣ . Intuitively, a possible world structure sums up all “situations” which
are possible. It therefore makes sense to order these according to inverse set inclusion to get aknowledge
order≤, i.e. for two possible world structuresQ,Q′, Q ≤ Q′ iff Q ⊇ Q′. Indeed, if a possible world
structure containsmorepossibilities, it actually containslessknowledge. Figure 1 shows part of the
latticeWAt(T ) for the above exampleT .

Following [4], we will define the semantics of an autoepistemic theory by an operator on the bilattice
BΣ = W2

Σ. An element(P S) of BΣ is known as abelief pairand is calledconsistentiff P ≤ S. In
a consistent belief pair(P S), P can be viewed as describing what mustcertainly be known, i.e., as
giving anunderestimate of what is known, whileS can be viewed as denoting what mightpossiblybe
known, i.e. as giving anoverestimate. Based on this intuition, there are two ways of estimating the truth
of modal formulas according to(P S). To conservatively estimate the truth of a formulaϕ in a worldI
and a consistent belief pair(P, S), we evaluate all positively occurring modal literalsKψ ∈+ ϕ in the
possible world set with the least knowledge, i.e., inP , and all negatively occurring modal literals in the
possible world set with the most knowledge, i.e., inS. Vice versa, to liberally estimate the truth of a
formulaϕ in I and(P, S), we evaluate positive modal literals inS and negative modal literals inP . To
formalize these intuitions, we define the following truth assignment:

Definition 3.1. For each(P S) ∈ B, I ∈ IΣ, a ∈ Σ and formulasϕ,ϕ1 andϕ2, we inductively define
HI,(P S) as:

• For each atomp,HI,(P S)(p) = t iff p ∈ I;
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Figure 1. Part of the latticeW{p,q}.

• HI,(P S)(ϕ1 ∧ ϕ2) = t, iff HI,(P S)(ϕ1) = t andHI,(P S)(ϕ2) = t;

• HI,(P S)(ϕ1 ∨ ϕ2) = t, iff HI,(P S)(ϕ1) = t orHI,(P S)(ϕ2) = t;

• HI,(P S)(¬ϕ) = ¬HI,(S P )(ϕ);

• HI,(P S)(Kϕ) = t iff HJ,(P S)(ϕ) = t for all J ∈ P ;

This evaluation function has two important properties. Firstly, if we consider an exact belief pair,
i.e., one of the form(Q Q), thenHI,(Q Q)(ϕ) corresponds to the standardS5 evaluation [8] ofϕ in the
possible world structureQ and worldI. Secondly, there is an exact sense in which this function can
be used to conservatively or liberally estimate the truth of a formulaϕ. A conservative estimate can
be achieved by consideringHI,(P S)(ϕ). It can then be shown that for any possible world structureQ,
with P ≤ Q ≤ S, it is indeed the case thatHI,(P S)(ϕ) ≤ HI,(Q Q)(ϕ). Conversely, a liberal estimate
consists ofHI,(S P )(ϕ) and, indeed, for any possible world structureQ, with P ≤ Q ≤ S, it is indeed
the case thatHI,(S P )(ϕ) ≥ HI,(Q Q)(ϕ).

We remark that the evaluationHI,(P S)(Kϕ) of a modal literalKϕ depends only on(P S) and not
on I. We will sometimes emphasize such properties by replacing the irrelevant symbol by a dot, e.g., by
writing H·,(P S)(Kϕ). Similarly,HI,(P S)(ϕ) of an objective formulaϕ depends only onI, i.e., we can
also writeHI,(· ·)(ϕ) .

The conservative and liberal way of estimating the truth of a theory can now be used to derive a new,
more precise belief pair(P ′ S′) from an original pair(P S). First, we will focus on constructing the
new overestimateS′. As S′ needs to overestimate knowledge, it needs to contain as few interpretations
as possible. This means thatS′ should consist of only those interpretations, which manage to satisfy
the theory even if the truth of its modal literals is conservatively estimated. So,S′ should contains
those interpretationsI for which, for all ϕ in T , HI,(P S)(ϕ) = t. Conversely, to construct the new
underestimateP ′, we need as many interpretations as possible. This means thatP ′ should contain those
interpretationsI which satisfy the theory, when liberally evaluating its modal literals, i.e., for which, for
all ϕ in T ,HI,(S P )(ϕ) = t.
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These intuitions motivate the following definition of the operatorDT onB:

DT (P S) = (Du
T (S P ) Du

T (P S))

with Du
T (P S) = {I ∈ IΣ | ∀ϕ ∈ T : HI,(P S)(ϕ) = t}.

It can be illuminating to reformulate this definition using some more standard concepts and notation.
Given a pair(P S) and a formulaϕ, it is obviously the case that, in any evaluationHI,(P S)(ϕ), all pos-
itively occurring modal literalsKψ will be interpreted asH·,(P S)(Kψ), while all negatively occurring
modal literalsKψ will be interpreted asH·,(S P )(Kψ). Let us denote byϕ〈P S〉 the formulaϕ′ that is
the result of filling in these truth values, i.e., of replacing each top-level modal literal byt of f in the
appropriate way. Every suchϕ〈P S〉 is of course simply a propositional formula. What the functionDu

T

now actually does is simply map a pair(P S) to the setMod(T 〈P S〉) of all classical models of the
propositional theoryT 〈P S〉 = {ϕ〈P S〉 | ϕ ∈ T}. So, the operatorDT can be equivalently defined as:

DT (P S) = (Mod(T 〈S P 〉) Mod(T 〈P S〉)).

It can be shown that every operatorDT is an approximation [4]. Moreover, since[DT (P S)| =
Du

T (S P ) = |DT (S P )] and |DT (P S)] = Du
T (P S) = [DT (S P )|, it is symmetric and therefore

approximates a unique operator onWΣ, namely the operatorDT , which maps eachQ toDu
T (QQ). This

operatorDT is precisely the operator considered in [9]. As shown in [4], these operators define a family
of semantics for a theoryT :

• fixpoints ofDT areexpansionsof T [9],

• fixpoints ofDT arepartial expansionsof T [2],

• the least fixpoint ofDT is theKripke-Kleene fixpointof T [2],

• fixpoints ofC↓
DT

areextensionsof T [4],

• fixpoints ofCDT
arepartial extensionsof T [4]

• the least fixpoint ofCDT
is thewell-founded modelof T [4].

These various dialects of autoepistemic logic differ in their treatment of “ungrounded” expansions [5],
i.e., expansions which arise from cyclicities such asKp⇒ p.

Example 3.1. To illustrate these definitions, we will compute the Kripke-Kleene model of our example
theoryT = {p∨¬Kp; K(p∨Kq)∨ q}. This computation starts at the least precise element(I{p,q} {})
of B{p,q}. We first construct the new underestimateDu

T ({} I{p,q}) = Mod(T 〈{} I{p,q}〉). It is easy to
see that, for the negatively occurring modal literalKp, H·,(I{p,q} {})(Kp) = t, and for the positively
occurring modal literalK(p ∨ Kq), H·,({} I{p,q})(K(p ∨ Kq)) = t. Therefore,T 〈{} I{p,q}〉 = {p ∨
¬f ; q ∨ t} andDu

T ({}, I{p,q}) = I{p,q}. Now, to compute the new overestimateDu
T (I{p,q} {}) =

Mod(T 〈I{p,q} {}〉), we note that
H·,({} I{p,q})(Kp) = t,

and
H·,(I{p,q} ·)(K(p ∨Kq)) = f .
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Therefore,T 〈I{p,q} {}〉 = {p ∨ ¬f ; q ∨ f} andDu
T (I{p,q} {}) = {{p, q}}. So, DT (I{p,q} {}) =

(I{p,q} {{p, q}}).
To computeDu

T ({p, q} I{p,q}), we note that it is still the case that:

H·,(I{p,q} ·)(Kp) = t andH·,({{p,q}} ·)(K(p ∨Kq) = t.

So,Du
T ({{p, q}} I{p,q}) = I{p,q}. Similarly, still bothH·,({{p,q}} ·)(Kp) = t andH·,(I{p,q} ·)(K(p ∨

Kq)) = f . So,Du
T (I{p,q} {{p, q}}) = {{p, q}}. Therefore,(I{p,q} {{p, q}}) is the least fixpoint ofDT ,

i.e., the Kripke-Kleene model ofT .

4. Predicate introduction in AEL

In this section, we use our algebraic results to study the problem of predicate introduction in autoepis-
temic logic. Concretely, the goal of the transformations we consider is to eliminate nested modal op-
erators by the introduction of a new propositional symbol. We begin with an informal analysis of such
transformations.

4.1. Introduction to the problem

As an example, let us consider the following formula:

t⇒ K(Kr ⇒ Ks).

This formula states that, under some conditiont, the reasoner knows that knowledge aboutr implies
knowledge abouts.

Now, suppose we introduce some propositionp, not belonging to the original alphabetΣ = {t, r, s}
of this formula and that we would likep to mean “s is known”. In general, we have a formulaF of a
theoryT and want to replace a subformulaKϕ (here,ϕ = s), that appears inside the scope of some
other modal operator. We can assume without loss of generality thatT = {F}, because every theory
is equivalent to the singleton theory consisting of the conjunction of its formulas. Letψ be the smallest
modal literal ofF that containsKϕ. In our example,ψ = K(Kr ⇒ Ks). Let F ′ be the result of
replacingKϕ by p, i.e., in this caseF ′ = (t ⇒ K(Kr ⇒ p)). Intuitively, what we want to do now is
construct a formulaFp that defines the new atomp in such a way that the models (under some semantics)
of the original theoryT coincide with the restrictions to the original alphabetΣ of the models of the new
theoryT ′ = {F ′, Fp}. We will now give some intuitions on how we should construct such anFp for the
above example.

Perhaps the most obvious candidate formula would beKs ⇔ p, which abbreviates(Ks ⇒ p) ∧
(Ks ⇐ p). However, it turns out that this will not work. If we abbreviate the set of all interpretations
I{t,r,s,p} for the alphabet ofT ′ asI, we see thatT ′ has a partial expansion(I {}). Indeed, on the one
hand,T ′〈{} I〉 = {t⇒ t; f ⇒ p; t⇐ p}, whose set of models isI, while, on the other hand,T ′〈I {}〉
contains both the formulat ⇒ p andf ⇐ p and, as such, has no models. However, the corresponding
pair (I{r,t,s} {}) is not a partial expansion of the original formulaF , becauseF 〈I{r,t,s} {}〉 = (t⇒ f),
of which every interpretation in whicht is false is a model, soMod(t⇒ f) 6= {}. We therefore need to
look for a different formulaFp.
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It is clear that, in order to ensure that we do get the result we want, it would suffice to getψ =
K(Kr ⇒ Ks) to be equivalent toψ′ = K(Kr ⇒ p). Now,ψ holds iff it is the case that either there is a
possible world in whichr is false or in all possible worlds,s is true. The formulaψ′, on the other hand,
holds iff it is the case that either there is a possible world in whichr is false or in all possible worlds,p
is true. As such, the formulaFp should forcep to be known iff originallys was known. This suggests
the formulaKs ⇒ p. Indeed, if it was originally the case thatKs, then the only possible world forp
will be {p}, but otherwise both{} and{p} will be possible andp will not be known. A similar line of
reasoning applies whenever we want to replace a formulaKϕ that appearspositivelywithin the scope of
the smallest modal literalψ that contains it.

To illustrate the other case, let us now try to replaceKr in the above formulaF by a new atomq.
Once again, it suffices to ensure thatψ is equivalent to the formulaψ′′ = K(q ⇒ Ks). Now,ψ′′ holds iff
either in all possible worldsq is false or in all possible worldss is true. As such, our formulaFq should,
in this case, make sure thatq is known to be false whenever, originally,r was not known to be true. That
is to say, if there exists a world in whichr is false, thenq should be false in all worlds. This suggests
the formula¬Kr ⇒ ¬q, which is of course simply a rewriting ofKr ⇐ q. Once again, a similar line
of reasoning applies whenever we are trying to replace a formulaKϕ that appearsnegativelywithin the
scope of the smallest modal literalψ that contains it.

Let us now formally define the problem that we want to consider.

Definition 4.1. Let T = {F} be an autoepistemic theory. We consider an occurrence of a model literal
Kϕ with K-rank at least1. Let p be a proposition that does not belong to the alphabet ofT . The result
of introducingp to replace (this occurrence of)Kϕ is the theoryT ′ = {F ′, Fp}, whereF ′ is the result
of replacing the selected occurrence ofKϕ in F by p andFp is defined as follows, depending on how
Kϕ appears inside the scope of the smallest modal literalψ that contains it:

• If Kϕ ∈+ ψ, thenFp = (Kϕ⇒ p);

• If Kϕ ∈− ψ, thenFp = (Kϕ⇐ p).

The question we we will study is when (and for which of the previously mentioned semantics) the
result of introducingp to replaceKϕ will be equivalent to the original theory. The rest of this section
will continue to use the notations introduced in the above definition. We will also useΣ to denote the
alphabet of the original theoryT andΣ′ to denote the alphabetΣ ∪ {p} of T ′. By ψ′ we will denote the
result of replacingKϕ by p in ψ.

4.2. Application of the algebraic results

In this section, we now apply our algebraic theorems to the problem at hand. Recall that these relate
an approximationA on a latticeL2

1 to a fixpoint extensionB of A, which is an operator on a lattice
L2

1 × L2
2. In the current case,L2

1 will be the latticeBΣ of pairs of possible worlds structures for the
original alphabetΣ andL2

2 will be the latticeB{p} of pairs of possible world structures for the new
alphabet{p}. Therefore, to play the role of the fixpoint extensionB, we need an operator on the square
of the product latticeWΣ ×W{p}. Let us denote this product lattice bỹWΣ′ and its squarẽW2

Σ′ by B̃Σ′ .
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4.2.1. An intermediate operator

The most obvious candidate for such a fixpoint extensionB is of course the operatorDT ′ . However, it
turns out that we cannot useDT ′ , because the latticeBΣ′ on which it operates is not isomorphic to the
latticeB̃Σ′ . Let us examine this problem more closely. A pair(X

U ) ∈ W̃Σ′ can be mapped to the possible
world structureP that consists of precisely all interpretationsI ∪ J for which I ∈ X andJ ∈ U . We
denote this mapping byκ : W̃Σ′ → WΣ and also define a similar functionκ : B̃Σ′ → BΣ as mapping

each(X Y

U V
) ∈ B̃Σ′ to the belief pair(κ(X

U ) κ(Y
V )).

Now, thisκ is a homomorphism, preserving the knowledge order≤, which implies thatκ is also
a homomorphism, preserving both precision and product order. However,κ is not an isomorphism.
Firstly, it is easy to see thatκ is not surjective. For instance, withΣ = {q}, the possible world structure
Q = {{p, q}, {}} does not belong toκ(W̃Σ′). Indeed, forQ to be equal to someκ(X

U ), it would have
to be the case thatX contains both{p} and{}, while U would have to contain both{q} and{}, but
then{p} ∪ {} would also have to belong toQ. However, none of the possible world sets outside of
κ(W̃Σ′) are relevant for the operatorDT ′ . Indeed, for any belief pair(P ′ S′) in the image of this
operator, bothP ′ andS′ will be of the formMod(T ′〈P S〉) for some belief pair(P S). Now, every
T ′〈P S〉 is a—classical—propositional theory, which consists of a formulaF ′〈P S〉 in alphabetΣ, and
a formulaFp〈P S〉 in alphabet{p}. Because these two alphabets are disjoint, it is an obvious property
of propositional logic thatMod(T ′〈P S〉) consists of allI ∪ J for whichI is a model ofF ′〈P S〉 andJ

is a model ofFp〈P S〉. In other words, for any(P S),Mod(T ′〈P S〉) = κ(Mod(F ′〈P S〉)
Mod(Fp〈P S〉)). We therefore

conclude thatDT ′(B̃Σ′) ⊆ κ(B̃Σ′).
Besides not being surjective,κ is also not injective. Indeed, any pair of the form({}U ) or (X

{}) is

mapped to{}. To overcome this problem, we will often restrict our attention to certain subsets ofW̃Σ′ .
By W̃c

Σ′ , we denote the set of all consistent elements ofW̃Σ′ , that is, all(X
U ) for which bothX 6= {} and

U 6= {} or, equivalently,κ(X
U ) 6= {}. By W̃↓c

Σ′ we denote the set of all(X
U ) for whichU 6= {} andW̃↑c

Σ′

denotes the set of all(X
U ) for whichX 6= {}. We use similar notations̃Bc

Σ′ , B̃↓cΣ′ andB̃↑cΣ′ for the squares
of these lattices.

We now summarize some relevant properties ofκ that follow directly from the above discussion.

Lemma 4.1. The functionκ has the following properties:

1. κ is injective on the subset̃Wc
Σ′ of its domain;

2. For all(X
U ) ∈ W̃↓c

Σ′ , κ(X
U )|Σ = X and for all(X

U ) ∈ W̃↑c
Σ′ , κ(X

U )|{p} = U ;

3. DT ′(B̃Σ′) ⊆ κ(B̃Σ′).

BecauseB̃Σ′ andBΣ are not isomorphic, we cannot directly apply our algebraic results to the oper-
atorsDT ′ andDT . Instead, we will define an intermediate operatorD̃T ′ on B̃Σ′ , such that, on the one
hand, thisD̃T ′ is a fixpoint extension of the operatorDT and, on the other hand, the fixpoints and stable
fixpoints of D̃T ′ correspond to those ofDT ′ . Together, these two results will then of course provide us
with the wanted correspondence between fixpoints and stable fixpoints ofDT ′ andDT .

Definition 4.2. We define the functioñDu
T from B̃Σ′ to W̃Σ′ as mapping every(X Y

U V
) to the pair(X′

U ′ )

for which:
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• X ′ = Mod(F ′〈κ(X Y

U V
)〉);

• U ′ = Mod(Fp〈X Y 〉)

We also definẽDT (X Y

U V
) as(D̃u

T ( Y X

V U
) D̃u

T (X Y

U V
)) andD̃T (X

U ) asD̃u
T ′(

X X

U U
).

This operatorD̃T ′ differs fromDT ′ in two respects. Firstly, in the construction of a new belief pair
for alphabetΣ, it considers only the formulaF , whereas, in the construction of a new belief pair for
{p}, it only considersFp. Secondly, a new belief pair for{p} is constructed using only the original

belief pair (X Y ) for Σ, instead of the entire belief pairκ(X Y

U V
). Because of this, every operator

D̃(X Y )
T ′ = bD̃T ′(X Y

· · )c is actually constant. We now investigate how we can characterize the pair

(U V ) that is the unique element in the image of someD̃(X Y )
T ′ .

First, let us observe that ifKϕ ∈+ ψ, we can determineMod(Fp〈X Y 〉) as follows:

Kϕ ∈+ ψ Kϕ〈Y X〉 = t Kϕ〈Y X〉 = f

Fp Kϕ⇒ p Kϕ⇒ p

Fp〈X Y 〉 t⇒ p f ⇒ p

Mod(Fp〈X Y 〉 {{p}} {{}, {p}}

ForKϕ ∈− ψ, the analogous table is as follows:

Kϕ ∈− ψ Kϕ〈X Y 〉 = t Kϕ〈X Y 〉 = f

Fp Kϕ⇐ p Kϕ⇐ p

Fp〈X Y 〉 t⇐ p f ⇐ p

Mod(Fp〈X Y 〉 {{}, {p}} {{}}

By definition, if(U V ) is the unique element in the image of someD̃(X Y )
T ′ , thenU isMod(Fp〈Y X〉)

andV is Mod(Fp〈X Y 〉), so we can find the precise values of these two possible world structures by
means of the above tables. We remark that, in particular, it is always the case that bothU 6= {} and
V 6= {}, i.e.,D̃T ′(B̃Σ′) ⊆ B̃↓cΣ′ .

We are of course mainly interested in fixpoints ofD̃T ′ . Clearly, for every such fixpoint(X Y

U V
), it has

to be the case that(U V ) is the unique element in the image ofD̃(X Y )
T ′ . Let us denote bỹB∗Σ′ the set

of all (X Y

U V
) for which this last property holds. It can easily be seen from the above discussion that, in

every such element of̃B∗Σ′ , the values ofU andV are as follows.

Lemma 4.2. For all (X Y

U V
) ∈ B̃∗Σ′ , the values ofU andV depend on the values ofX andY , and on

howKϕ appears inψ, as given by the following table:
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Kϕ〈X Y 〉 Kϕ〈Y X〉
t f t f

Kϕ ∈+ ψ U = {{p}} U = {{}, {p}} V = {{p}} V = {{}, {p}}
Kϕ ∈− ψ V = {{}, {p}} V = {{}} U = {{}, {p}} U = {{}}

4.2.2. Relating fixpoints ofD̃T ′ andDT ′

We now show that̃DT ′ andDT ′ have the same fixpoints. Because every fixpoint ofD̃T ′ must obviously

belong to its image, it suffices to consider onlyB̃↓cΣ′ , i.e., the set of all(X Y

U V
) ∈ B̃Σ′ for whichU, V 6= {}.

On this particular part of its domain, the operatorD̃T ′ is related toDT ′ in the following way.

Lemma 4.3. For all (X Y

U V
) ∈ B̃↓cΣ′ , κ(D̃T ′(X Y

U V
)) = DT ′(κ(X Y

U V
)).

Proof:
Let (X Y

U V
) ∈ B̃↓cΣ′ and let(P S) be κ(X Y

U V
). As we already showed in the discussion leading up

to Lemma 4.1,Mod(T ′〈P S〉) = κ(Mod(F ′〈P S〉)
Mod(Fp〈P S〉)). Therefore, it suffices to show thatFp〈P S〉 =

Fp〈X Y 〉. BecauseU, V 6= {}, we have that(P S)|Σ = (X Y ), which proves the result. ut

From this lemma, the correspondence between fixpoints now follows.

Theorem 4.1. For all (P S) ∈ BΣ, (P S) is a fixpoint (respectively, the Kripke-Kleene fixpoint) ofDT ′

iff there exists a(X Y

U V
) ∈ B̃Σ′ such thatκ(X Y

U V
) = (P S) and(X Y

U V
) is a fixpoint (the Kripke-Kleene

fixpoint) of D̃T ′ .

Proof:
Every fixpoint(X Y

U V
) of D̃T ′ must belong toB̃↓cΣ′ and therefore it follows directly from Lemma 4.3 that

κ(X Y

U V
) is a fixpoint ofDT ′ . To prove the other direction, we must show that for every fixpoint(P S)

of DT ′ , there exists a fixpoint(X Y

U V
) of D̃T ′ such thatκ(X Y

U V
) = (P S). Let (X Y ) be (P S)|Σ. We

now defineU as follows: ifP = {}, then alsoX = {} and we defineU = Mod(Fp〈Y {}〉); otherwise,
we defineU = P |{p}. Similarly, we defineV as: if S = {}, thenV = Mod(Fp〈X {}〉); otherwise

V = S|{p}. We now show that this(X Y

U V
) satisfies the desired properties.

Firstly, we show thatκ(X Y

U V
) = (P S), i.e., thatκ(X

U ) = P andκ(Y
V ) = S. If P = {}, thenκ(X

U ) =

κ({}U ) = {}. If P 6= {}, thenX = P |Σ andU = P |{p}. Because(P S) belongs toDT ′(B̃Σ′) ⊆ κ(B̃Σ′)

(Lemma 4.1), we have thatP ∈ κ(W̃Σ′). It follows thatP = κ(P |Σ
P |{p}

) and, therefore,P = κ(X
U ).

A similar argument shows that alsoS = κ(Y
V ). Secondly, we show that(X Y

U V
) is indeed a fixpoint

of D̃T ′ . Let (X′ Y ′

U ′ V ′ ) be D̃T ′(X Y

U V
). Because by constructionU, V 6= {}, Lemma 4.3 implies that



J. Vennekens et al. / Predicate Introduction in Autoepistemic Logic 13

κ(X′ Y ′

U ′ V ′ ) = DT (κ(X Y

U V
)) = κ(X Y

U V
), that is,κ(X′

U ′ ) = κ(X
U ) andκ(Y ′

V ′) = κ(Y
V ). We now show that

this implies(X
U ) = (X′

U ′ ). Because bothU,U ′ 6= {}, the equalityκ(X′
U ′ ) = κ(X

U ) implies thatX = X ′.
Now, if X,X ′ 6= {}, then this equality also impliesU = U ′. If, on the other hand,X = X ′ = {}, then
by construction,U = Mod(Fp〈Y {}〉) = U ′. We conclude that in both cases(X

U ) = (X′
U ′ ). By a similar

argument it follows that also(Y
V ) = (Y ′

V ′), so(X Y

U V
) is indeed a fixpoint of̃DT ′ . ut

We now also examine the relation between stable fixpoints ofDT ′ andD̃T ′ . To this end, we compare
the lower stable operatorsC↓

DT ′ andC↓
D̃T ′

. It suffices to compare only these two operators, because, due

to the symmetry ofDT ′ andD̃T ′ , we have thatC↑
DT ′ = C↓

DT ′ andC↑
D̃T ′

= C↓
D̃T ′

. Recall thatC↓
DT ′ is

defined as mapping eachS to lfp([DT (·, S)|) and, similarly,C↓
D̃T ′

maps each(Y
V ) to lfp([D̃T ′( · Y

· V
)|) .

By a straightforward induction over the construction of these least fixpoints, Lemma 4.3 now implies the
following result.

Lemma 4.4. For all (X
U ) ∈ W↓c

Σ , κ(C↓
D̃T ′

(X
U )) = C↓

DT ′ (κ(
X
U )).

This lemma now implies the following correspondence between stable fixpoints ofDT ′ andD̃T ′ , in
precisely the same way as Theorem 4.1 follows from Lemma 4.3.

Theorem 4.2. For all (P S) ∈ BΣ, (P S) is a stable fixpoint (respectively, the well-founded fixpoint)

of DT ′ iff there exists a(X Y

U V
) ∈ B̃Σ′ such thatκ(X Y

U V
) = (P S) and(X Y

U V
) is a stable fixpoint (the

well-founded fixpoint) ofD̃T ′ .

Having shown that̃DT ′ andDT ′ have the same (stable) fixpoints, we can now proceed to relate the
models ofT ′ (under the various semantics we consider) to those ofT , by using our algebraic theory of
fixpoint extension to establish a correspondence between (stable) fixpoints ofD̃T ′ andDT .

4.2.3. D̃T ′ is a fixpoint extension ofDT

We now show that̃DT ′ is indeed a fixpoint extension ofDT . We first observe that, becauseDT ′ is part-
to-part constant, it is also part-to-part monotone. Therefore, all that remains to be shown is that, for all

(X Y

U V
) with (U V ) = lfp(D̃(X Y )

T ′ ), dD̃T ′(X Y

U V
)e = DT (X Y ). Of course, in this case, the condition that

(U V ) = lfp(D̃(X Y )
T ′ ) is simply equivalent to(U V ) being the unique element in the image ofD̃(X Y )

T ′ ,

i.e., to(X Y

U V
) belonging toB̃∗Σ′ .

Lemma 4.5. D̃T ′ is a fixpoint extension ofDT .

Proof:
We need to prove that for all(X Y

U V
) ∈ B̃∗Σ′ , dD̃T ′(X Y

U V
)e = DT (X Y ). By definition of these two

operators, it suffices to show that, for all(X Y

U V
) ∈ B̃∗Σ′ , F ′〈κ(X Y

U V
)〉 = F 〈X Y 〉 andF ′〈κ( Y X

V U
)〉 =
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F 〈Y X〉. Due to the symmetry of̃DT ′ , we have that(X Y

U V
) ∈ B̃∗Σ′ iff ( Y X

V U
) ∈ B̃∗Σ′ . Therefore,

it suffices to show that for all(X Y

U V
) ∈ B̃∗Σ′ , F ′〈κ(X Y

U V
)〉 = F 〈X Y 〉. Because the only difference

betweenF ′ andF lies in the modal literalsψ′ andψ, it suffices to show that the way in whichψ′

is evaluated inF ′〈κ(X Y

U V
)〉 coincides with the way in whichψ is evaluated inF 〈X Y 〉. The precise

property that needs to be proven now depends on whetherψ ∈+ F orψ ∈− F , but by the same symmetry

argument as above, we can cover both cases by showing that for all(X Y

U V
) ∈ B̃∗Σ′ , ψ′〈κ(X Y

U V
)〉 =

ψ〈X Y 〉.
Let us first consider the modal literalψ′ and letρ′ be the formula for whichψ′ = Kρ′. For any

belief pair(P S), Kρ′〈P S〉 is equal to the minimum of all truth valuesHI,(P S)(ρ′) for which I ∈ P .

In the case of(P S) being equal toκ(X Y

U V
) for some(X Y

U V
) ∈ B̃∗Σ′ , this is equal to the minimumm

of all HI∪J,(P S)(ρ′) for which I ∈ X andJ ∈ U . Moreover, because there is only one occurrence of
the atomp in the entire formulaρ′, there must exist a single “worst” truth valuev for p which gives rise
to this minimum; more formally put, for somev, m is equal to the minimum of allHI∪J,(P S)(ρ′[p/v])
for which I ∈ X andJ ∈ U . Indeed, on the one hand, ifp ∈+ ρ′, thenv is the minimum of all
HJ,(· ·)(p) with J ∈ U . On the other hand, ifp ∈− ρ′, thenv is the maximum of allHJ,(· ·)(p) with
J ∈ U . BecauseU, V 6= {} and the formulaρ′[p/v] no longer containsp, we now have thatm is equal
to the minimum of allHI,(X Y )(ρ′[p/v]) for which I ∈ X. This is of course by definition equal to
H·,(X Y )(Kρ′[p/v]) = (ψ′[p/v])〈X Y 〉.

It now suffices to show that thisv is equal to the way in which the modal literalKϕ is evalu-
ated during the construction ofψ〈X Y 〉, i.e., that alsoψ〈X Y 〉 = (ψ[Kϕ/v])〈X Y 〉. If Kϕ ∈+ ψ,
thenKϕ is evaluated in the belief pair(X Y ), i.e., it then suffices to show thatKϕ〈X Y 〉 = v =
minJ∈U (HJ,(· ·)(p)). On the other hand, ifKϕ ∈− ψ, thenKϕ is evaluated in the belief pair(Y X),
i.e., it then suffices to show thatKϕ〈Y X〉 = v = maxJ∈U (HJ,(· ·)(p)). It can now easily be checked
from Lemma 4.2 that in both cases the needed equality holds.

ut

We now have that, on the one hand, the (stable) fixpoints ofDT ′ coincide with those of̃DT ′ , while,
on the other hand, the above lemma implies the correspondences between (stable) fixpoints ofD̃T ′ and
DT , that were summarized in Section 2.2. This now allows us to relate the models ofT ′ andT under
various semantics.

4.2.4. Expansion, partial expansions and the Kripke-Kleene model

BecauseD̃T ′ is part-to-part constant, Theorem 2.1 implies a correspondence between fixpoints ofD̃T ′

andDT . This gives the following result.

Theorem 4.3. A belief pair(P S) ∈ BΣ is a partial expansion (respectively, the Kripke-Kleene model)
of T iff there exists a belief pair(P ′ S′) ∈ BΣ′ such that(P ′ S′)|Σ = (P S) and(P ′ S′) is a partial
expansion (the Kripke-Kleene model) ofT ′.

It is easy to see that for all(X Y

U V
) ∈ B̃∗Σ′ , (X Y

U V
) is exact iff (X Y ) is exact. Therefore, this

correspondence between partial expansion also implies a correspondence between expansions.
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ψ ∈ F Kϕ ∈ ψ Fp part-to-part part-to-whole whole-to-part

+ + Kϕ⇒ p X × X∗

- + Kϕ⇒ p X X X∗

+ - Kϕ⇐ p X × ×
- - Kϕ⇐ p X X ×

(∗): Holds only ifϕ is objective.

Figure 2. Monotonicity properties of̃DT ′ .

Theorem 4.4. A possible world structureP ∈ WΣ is an expansion ofT iff there exists a possible world
structureP ′ ∈ WΣ′ such thatP ′|Σ = P andP ′ is an expansion ofT ′.

4.2.5. Extensions, partial extensions and the well-founded model

As we recall from Section 2.2, to get a correspondence between the stable and well-founded fixpoints of
our operators, we need an additional monotonicity property. Concretely,D̃T ′ needs to be either part-to-
whole or whole-to-part monotone. We now investigate when this is the case.

Lemma 4.6. If ψ ∈− F , thenD̃T ′ is part-to-whole monotone.

Proof:
By symmetry of the operator̃DT ′ , it suffices to show that for all(X,Y ) and (U V ) ≤ (U ′ V ′),

D̃u
T ′(

X Y

U V
) ≤ D̃u

T ′(
X Y

U ′ V ′ ). Furthermore, becausẽDT ′ is already know to be part-to-part monotone,

it suffices to show thatMod(F ′〈κ(X Y

U V
)〉) ⊇ Mod(F ′〈κ( X Y

U ′ V ′ )〉). Becauseψ ∈− F , this will be the

case ifψ′〈YV X
· 〉 ≤ ψ′〈YV ′

X
· 〉. This now follows fromV ≤ V ′. ut

Lemma 4.7. If ψ ∈+ F ,Kϕ ∈+ ψ andϕ is an objective formula, theñDT ′ is whole-to-part monotone.

Proof:
By symmetry ofD̃T ′ , it suffices to show that for all(X Y

U V
) ≤ (X′ Y ′

U ′ V ′ ), bD̃u
T ′(

X Y

U V
)c ≤ bD̃u

T ′(
X′ Y ′

U ′ V ′ )c.
This is the case ifMod(Fp〈X Y 〉) ⊇ Mod(Fp〈X ′ Y ′〉). BecauseFp = (Kϕ ⇒ p), this will be the
case if(Kϕ)〈Y X〉 ≤ (Kϕ)〈Y ′ X ′〉. Becauseϕ is objective,(Kϕ)〈Y X〉 depends only onY and
(Kϕ)〈Y ′ X ′〉 depends only onY ′. The fact thatY ≤ Y ′ now implies that(Kϕ)〈Y ·〉 ≤ (Kϕ)〈Y ′ ·〉.

ut

A summary of the monotonicity properties of̃DT ′ can be found in Figure 2. By Theorem 4.2, we
now obtain the following result.

Theorem 4.5. If at least one of these conditions is satisfied:
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• ψ ∈− F or

• Kϕ ∈+ ψ andϕ is objective,

then a belief(P S) ∈ BΣ is a partial extension (respectively, the well-founded model) ofT iff there
exists a belief pair(P ′ S′) ∈ BΣ′ such that(P ′ S′)|Σ = (P S) and(P ′ S′) is a partial extension (the
well-founded model) ofT ′. Moreover, under the same condition, a possible world structureP ∈ WΣ is
an extension ofT iff there exists a possible world structureP ′ ∈ WΣ′ such thatP ′|Σ = P andP ′ is an
extension ofT ′.

A final question that remains to be answered is what happens in the case where the above theorem is
not applicable, i.e., whenψ ∈+ F andKϕ ∈− ψ. It turns out that in this case there is no correspondence.
We demonstrate this by the following example.

Example 4.1. Let T be the theory{K¬Kq}. If we replaceKq by p, we getT ′ = {K¬p;Kq ⇐ p}.
Let us first look at the well-founded model ofT . We start by applying the stable operatorCDT

to the
least precise pair(IΣ {}). To obtain a new underestimateP ′, we constructC↓

DT
({}) = lfp([DT (· {})|).

We find thatC↓
T ({}) = IΣ, because:

[DT (IΣ, {})| = Mod(T 〈{} IΣ〉) = Mod(t) = IΣ.

For the new overestimate, we have thatC↑
DT

(IΣ) = IΣ, because:

|DT (IΣ, IΣ)] = Mod(T 〈IΣ IΣ〉) = Mod(t) = IΣ.

We therefore have thatCDT
(IΣ {}) = (IΣ IΣ). Moreover, since by symmetry ofDT , C↓

DT
= C↑

DT
, we

now also see thatCDT
(IΣ IΣ) = (IΣ IΣ). Therefore, this belief pair is the well-founded model ofT ,

which is also its unique stable model.
We now perform a similar construction forT ′. Firstly,C↓

DT ′ ({}) = IΣ, because:

[DT ′(IΣ, {})| = Mod(T 〈{} IΣ〉) = Mod(t; t⇐ p) = IΣ

Secondly,C↑
DT ′ (IΣ) = {}, as can be seen from the following computation:

|DT ′(IΣ IΣ)] = Mod(f ; f ⇐ p) = {}
|DT ′(IΣ {})] = Mod(f ; f ⇐ p) = {}

Therefore, the well-founded model ofT ′ is (I{p,q} {}). The restriction of this to the original alphabet
Σ is (IΣ {}), which does not coincide with the well-founded model ofT . Moreover, the partial stable
models ofT ′ are(I{p,q} {}), ({} I{p,q}) and({{q}, {}} {{q}, {}}), which do not correspond to those of
T either.

As a side note, we remark that if we were to ignore our analysis of Section 4.1 and takeFp to be the
formulaKϕ ⇒ p instead ofKϕ ⇐ p, then we would not get a correspondence either. Indeed, it can
easily be checked that the well-founded model of{K¬p;Kq ⇐ p} is also(IΣ {}).

The results of our analysis of predicate introduction for autoepistemic logic can now be summarized
by the table in Figure 3.
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ψ ∈ F Kϕ ∈ ψ Fp (part.) expansion K-K (part.) extension wfm

+ + Kϕ⇒ p X∗ X∗ X∗ X∗

- + Kϕ⇐ p X X X X

+ - Kϕ⇒ p X X × ×
- - Kϕ⇐ p X X X X

(∗): Holds only ifϕ is objective.

Figure 3. Semantics preserved by replacingKϕ by p.

4.3. Discussion and related work

The nesting of modal operators is a source of computational complexity when evaluating autoepistemic
theories in possible world structures, and therefore also when constructing models of such theories.
Moreover, it also obscures the relation between this logic and other, related languages, such as logic
programming and default logic. Indeed, both the Konolige transformation [6] from default logic into
autoepistemic logic and, for instance, the transformations of logic programming into autoepistemic logic
considered in [1] map into the fragment without nested modal operators. In [7], a transformation is
presented that, at least under the semantics of expansions, can reduce any theory to an equivalent one
that does not have such nestings. This transformation preserves the original alphabet of the theory, but
might lead to an exponential blow-up in its size, since it uses the standard propositional normalization
technique of distributing disjunction over conjunction. Our results on predicate introduction can be used
to achieve the opposite effect of avoiding such a blow-up, at the expense of an increase in the alphabet. A
simple algorithm that does this, would be the following. As long as there are formulas ofK-rank at least
2, select a formulaKϕ with maximumK-rank and replace this by a new atom, in the way previously
described. This algorithm reduces a theoryT to a theoryT ′′ without nestedK operators, whose size
is linear in the size of the original theory. Our results show thatT ′ is equivalent toT on the original
alphabet ofT under the semantics of expansions, partial expansions, and Kripke-Kleene semantics. For
the semantics of (partial) extensions and the well-founded semantics, this result does, however, not hold.
Indeed, here, our results do not give us a way of getting rid of nestingsKϕ ∈− ψ, whereψ ∈+ F .

Our analysis of the problem of predicate introduction in autoepistemic logic shows that our algebraic
theorems also allow meaningful and useful results to be derived for this logic. Moreover, the algebraic
concepts we have defined, i.e., those of fixpoint extension and part-to-part, part-to-whole, and whole-to-
part monotonicity, have also proven to be useful analysis tools in this case. The use of these concepts
reveals some interesting similarities to predicate introduction for logic programming, which might other-
wise have gone unnoticed. Indeed, Figure 4 shows four cases of predicate introduction, in which, at the
algebraic level, what happens in logic programming is precisely the same as what happens in autoepis-
temic logic. As such, the results of this section provide convincing evidence for the fact that our algebraic
theory of fixpoint extensions is not only a convenient way of proving results for logic programming, but
is also more widely applicable abstraction of a general knowledge representation principle.



18 J. Vennekens et al. / Predicate Introduction in Autoepistemic Logic

Logic programming Autoepistemic logic Preserves

∆ ∆′ T T ′ stable fixpoints

{R← ¬R}

{
R← ¬P.
P ← R.

}
{KKr}

{
Kp

Kr ⇒ p

}
X

{R← ¬R}

{
R← P.

P ← ¬R.

}
{¬K¬Kr}

{
¬Kp

Kr ⇐ p

}
X

{R← R}

{
R← P.

P ← R.

}
{¬KKr}

{
¬Kp

Kr ⇒ p

}
X

{R← R}

{
R← ¬P.
P ← ¬R.

}
{K¬Kr}

{
Kp

Kr ⇐ p

}
×

Figure 4. Correspondences between logic programming and autoepistemic logic.

5. Conclusion

In a companion paper [10], we developed a theory of fixpoint extension in the algebraic framework of
approximation theory and applied this to logic programming. In this paper, we have studied the appli-
cation of these results to autoepistemic logic. Concretely, we examined a transformation to reduce the
nesting depth of the modal operatorK. We showed that, at the algebraic level, there are some remarkable
parallels between the effects of this transformation and what happens in the case of logic programming.
We were able to prove that this transformation preserves equivalence under the semantics of (partial)
expansions and Kripke-Kleene semantics. Moreover, we also showed that, in a large number of cases,
though not all, equivalence is also preserved under the well-founded semantics and the semantics of
(partial) extensions. In summary, we have demonstrated that our abstract concepts, defined at the level
of approximation theory, can be used to analyze the problem of predicate introduction and prove equiva-
lence results for different non-monotonic logics and under different kinds of fixpoint semantics for these
logics.
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