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Abstract. We study the transformation of “predicate introduction” in non-monotonic logics. By
this, we mean the act of replacing a complex formula by a newly defined predicate. From a knowl-
edge representation perspective, such transformations can be used to eliminate redundancy or to
simplify a theory. From a more practical point of view, they can also be used to transform a theory
into a normal form imposed by certain inference programs or theorems. In a companion paper, we
developed an algebraic theory that considers predicate introduction within the framework of “ap-
proximation theory,” a fixpoint theory for non-monotone operators that generalizes all main seman-
tics of various non-monotonic logics, including logic programming, default logic and autoepistemic
logic. We then used these results to show that certain logic programming transformations are equiv-
alence preserving under, among others, both the stable and well-founded semantics. In this paper,
we now apply the same algebraic results to autoepistemic logic and prove that a transformation to
reduce the nesting depth of modal operators is equivalence preserving under a family of semantics
for this logic. This not only provides useful theorems for autoepistemic logic, but also demonstrates
that our algebraic theory does indeed capture the essence of predicate introduction in a generally
applicable way.

*Works supported by FWO-Vlaanderen, IWT-Vlaanderen, and by GOA/2003/08.
TResearch Assistant of the Fund for Scientific Research-Flanders (Belgium) (FWO-Vlaanderen).



2 J. Vennekens et al./ Predicate Introduction in Autoepistemic Logic

1. Introduction

In a companion paper [10], an abstract theory of predicate introduction was developed within the alge-
braic framework of approximation theory. We then applied these abstract results to logic programming,
showing that under certain circumstances, it is possible to replace a complex formula in the body of a rule
by a new predicate symbol. A new feature of our work was that this new predicate could itself be defined
by a—possibly recursive—set of rules. This allowed us to, among others, develop a general method of
eliminating universal quantifiers in rule bodies. Due to the general nature of our algebraic results, they
can equally be applied to other logics whose semantics admit a fixpoint characterization in the setting of
approximation theory. In this paper, we demonstrate this by applying said results to autoepistemic logic.

Concretely, we study transformations that introduce new propositions to reduce the nesting level of
the modal operatoK . For instance, in the formula

-K(rV -Ks)

the K operator is nested to depth 2. By introducing a new propositimreplacek s, we can transform

this formula to—K (r vV —p), with nesting depth 1. The new propositiprcan then be ‘defined’ by

the formulaKs = p. We will show that, on an algebraic level, what happens here is precisely the

same as what happens with the predicate introduction transformation for logic programming, that we

studied in our companion paper. As such, we will be able to use our algebraic results to prove that this

transformation is equivalence preserving under a number of different semantics for autoepistemic logic.
This paper is structured as follows. Section 2 briefly summarizes the essential results of our algebraic

treatment of predicate introduction in the context of approximation theory. In Section 3, we discuss how

autoepistemic logic fits into the framework of approximation theory. Section 4 then contains the core

result of this papers, namely, the application of our algebraic theorems to autoepistemic logic.

2. Preliminaries

For reasons of self-containedness, this section summarizes some essential concepts and results of ap-
proximation theory and of our study of predicate introduction in this setting.

2.1. Approximation theory

We use the following notations. LéL, <) be a complete lattice. A fixpoint of an operator: L — L
onLis an element € L for whichz = O(xz); a prefixpoint ofO is anz such that: > O(x). We denote
the set of all fixpoints oD as fp(O). If O is monotone, then it has a unique least fixpaintvhich is
also its unique least prefixpoint. We denote thigy Ifp(O).

Our presentation of approximation theory is based on [3, 4]. We consider the sbitiarfethe
domain of some latticd.. We will denote an element af? as (z y). We introduce the following
projection functions: for a tuplér y), we denote by(x y)| the first element of this pair and by/(x y)]
the second element The obvious point-wise extension efto L? is called theproduct orderon L?,
which we also denote by.: i.e., for all (z y), (z' v') € L?, (z y) < (2' /) iff z < 2’ andy < /. An
element(z y) of L? can be seen as approximating certain elemenfs, aamely those in the (possibly
empty) intervalz,y] = {z € L | z < z andz < y}. Using this intuition, we can derive a second order,
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the precision order<,, on L% for each(z y), (z' v) € L?, (z y) <, (2’ ¢/) iff < 2’ andy’ < y.
Indeed, if(z y) <, (2’ ¢/), then[z,y] D [/, y/], i.e., (2" y') approximates fewer elements thany). It
can easily be seen that?, <,) is also a lattice. The structufé?, <, <,) is thebilattice corresponding
to L. If (L, <) is complete, then so ard.?, <) and(L?, <,). Elements(z z) of L? are calledexact
The set of exact elements forms a natural embeddinginfL?. We denote the set of all exact elements
of a latticeL? as Diag(L?).

Approximation theory is based on the study of operators which are monotonedy.r$uch opera-
tors are calledpproximations An approximationd approximatesn operato© on L if for eachx € L,
A(z x) containsO(xz), i.e. [A(z z)| < O(z) < |A(z x)]. An exact approximation is one which maps
exact elements to exact elements, i.e., foradl L, [A(z x)| = |A(x z)]. Each exact approximatias
approximates a unique operatoron L, namely the one that maps eacke L to [A(z z)| = |A(x z)].
An approximationA is symmetricif V(z y) € L?, if A(x y) = (o' ¢/) thenA(y ) = (¥ 2/). A
symmetric approximation is exact.

For an approximatiomd on L2, we define the operatdri(- y)| on L that maps an element ¢ L
to [A(z y)|, i.e. [A(- y)| = Az.[A(z y)|, and|A(x -)] that maps an elemepte L to |A(z y)]. These
operators are monotone. We define an operél;bron L, called thelower stable operatoof A, as
Ch(y) = Iip(JA(- y)|). We also define thepper stable operato€’, of A asC,(x) = Ifp(|A(z -)]).
Note that if A is symmetric, both operators are identical. We definestable operatoCy : L? — L?
of AbyCa(z y) = (C4(y) Cl(x)). Because botli*, andC, are anti-monoton&; 4 is <,-monotone.

An approximationA defines a number of different fixpoints: the least fixpointbis called its
Kripke-Kleene fixpointfixpoints of its stable operatdt, arestable fixpointaand the least fixpoint of
C4 is called thewell-founded fixpoinbf A. In [3, 4], it was shown that all main semantics of logic
programming, autoepistemic logic and default logic can be characterized in terms of these fixpoints. In
Section 3, we will recall how autoepistemic logic fits into this framework.

2.2. Fixpoint extension

In this section, we summarize our results from [10] on the concepffigpaint extensionwhich is our
main algebraic tool for analyzing predicate introduction transformations.

We assume two complete latticés;, <;) and(Ls, <) and consider the squa(é&; x Ly)? of the
Cartesian produdt; x Lo, which is isomorphic to the Cartesian prodiiétx L3 of the squares of these
lattices. (For instance, the function that maps g@eh:) (y v)) € (L1 x L2)?to ((z y) (uv)) € L x L3

is an isomorphism.) We denote paits= ((z y) (u v)) of this latter Cartesian produég x L3 as(z z),

where(z y) € L? and(u v) € L3. We define the following projection functions: fi?| we denote the
pair (£), by | P] the pair(}), by [ P] the pair(z y), by | P] the pair(u v), by | P| the element, by [ P|
the element:, by | P] the elemeny, and by|P | the element.

For an operatoB on L? x L2, we now define the following three monotonicity properties.

Definition 2.1. Let B be an approximation oh? x L3.

e B is part-to-part monotondf for each (x y) € L? and(uv) < (v v') € L3,

B )] < [B(% Y));
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e B is part-to-whole monotonif for each(z y) € L? and(u v) < (u'v') € L3,

B(, )< B(, .);

u v u' v

e B iswhole-to-part monotonif for all (* ¥) < (z/ z;) € L?x L2

Given an operato3 on L? x L% and a pair(z y) € L?, we define the operataB®¥) on L2
asA(uv).[B(7 ¥)|. Conversely, given a paifu v) € L3, we define the operataB, ,y on Li as

Az y). (B(z zﬂ Now, if B is part-to-part monotone, then eveBf* ¥) is a <-monotone operator,

which must therefore have<-least fixpointfp(B(® ¥)).
Our results concern the relation between the fixpoints of an approximation (L; x Ls)? and
those of an approximatiod on L?, whereA and B satisfy the following property.

Definition 2.2. (Fixpoint extension)
Let B be an approximation oh? x L3 andA an approximation oi.?. B is afixpoint extensionf A iff
it is part-to-part monotone and, for ally € L1, By, g vy (z y) = A(z y).

In [10], the following results were proven.

Theorem 2.1. Let B be a fixpoint extension ofl. A pair (z y) is a fixpoint of A iff (Ia]fp(B(I y)y)) is a
fixpoint of B.

If the operatorB happens to be such that, for all of its fixpoirﬁt% z), (uv) = Ifp(B@¥), then

the above theorem implies a stronger property: in this case, thépsdd of fixpoints of A coincides
with the set[ fp(B)] of restrictions toL? of fixpoints of B and, therefore, the:,-least fixpoint ofA
must also be equal to the restrictiflfp(B)| of the <,-least fixpoint of B. An interesting special case
of this is when the operatds is part-to-part constantmeaning that for evergz 1), the operato3(* ¥)
is constant.

If the fixpoint extensionB satisfies the additional property of being either whole-to-part or part-to-
whole monotone, then its stable and well-founded fixpoints are related to thoténathe following
way.

Theorem 2.2. Let B be a fixpoint extension aofl, such thatB is either part-to-whole or whole-to-part
monotone. B has a stable fixpoin([z Z) iff (z y) is a stable fixpoint ofA. Moreover, (z y) is the

well-founded fixpoint ofA iff for some (u v), (z Z) is the well-founded fixpoint of3.
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3. Autoepistemic logic and approximation theory

In this section, we describe the syntax of autoepistemic logic and give a brief overview, based on [4],
of how a number of different semantics for this logic can be defined using concepts of approximation
theory.

Let £ be the language of propositional logic based on a set of atbriExtending this language with
a modal operatoK, gives a languag€ . of modal propositional logic. An autoepistemic theory is a
set of formulas in this languagéy . For such a formule, the subset oE containing all atoms which
appear inp, is denoted byAt(y); atoms which appear ip at least once outside the scope of the modal
operatorK are calletbbjectiveatoms ofy and the set of all objective atoms @fis denoted bydto ().
A modal literalis a formula of the forn¥(v), with ¢» a formula. Ify is a subformula ofy andy appears
negatively imp, we write p €~ 1; if © appears positively iy, we write € 1. By the K-rank of an
occurrence of a subformulain a formulay, we mean the number of modal operatorg/inn whose
scopep occurs. As such, the objective atomsyoare precisely those atoms that have an occurrence of
K-rank zero imy.

To illustrate, consider the following example:

T={p1=pV-Kp; p2=K(pVKq)Vq}

The objective atomslto(p2) of po are{q}, while the atomsAt(yps) are{p, ¢}. The formulak (p V q)
is a modal literal ofp,. We also have thakp €~ 1 andp €t o. The K-rank ofgin K(p vV Kq) is
2, whereas thé(-rank of the second occurrencepmin o, is 1.

An interpretationor world is a subset of the alphabgt The set of all interpretations &f is denoted
by Zs, i.e.Zs, = 2*. A possible world structurés a set of interpretations, i.e. the set of all possible world
structures/Vy, is defined a7?=. Intuitively, a possible world structure sums up all “situations” which
are possible. It therefore makes sense to order these according to inverse set inclusioknowttdge
order <, i.e. for two possible world structure3, ', Q < Q' iff Q O Q'. Indeed, if a possible world
structure containsnore possibilities, it actually containkessknowledge. Figure 1 shows part of the
lattice W 44() for the above examplé.

Following [4], we will define the semantics of an autoepistemic theory by an operator on the bilattice
Bs = W2. An element(P S) of By, is known as @elief pairand is callecconsistentff P < S. In
a consistent belief paifP S), P can be viewed as describing what masttainly be known, i.e., as
giving anundelestimate of what is known, whil§ can be viewed as denoting what migiassiblybe
known, i.e. as giving anverstimate. Based on this intuition, there are two ways of estimating the truth
of modal formulas according t@” S). To conservatively estimate the truth of a formylan a world I
and a consistent belief paiP, S), we evaluate all positively occurring modal literdi®) €* ¢ in the
possible world set with the least knowledge, i.e.Pinand all negatively occurring modal literals in the
possible world set with the most knowledge, i.e.,Sin Vice versa, to liberally estimate the truth of a
formulay in I and(P, S), we evaluate positive modal literals fhand negative modal literals iR. To
formalize these intuitions, we define the following truth assignment:

Definition 3.1. For each(P S) € B,I € Iy, a € ¥ and formulasp, ¢1 andy2, we inductively define
H[’(p 5) as:

e For each atom, H; (p 5)(p) = tiff p € I
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Figure 1. Part of the lattickVy,, ;;-

o Hips)(p1 Apa) = t,iff Hy(p g)(p1) =t andH; p y(p2) =

® Hrps)(p1Vp2) =1t,iff Hypg(p1) =torH; pg(p2)=t;

o Hyps)(mp) =—Hr s p)e);

(
(
(
(Ky) =tiff Hjpg(p)=tforallJe P;

This evaluation function has two important properties. Firstly, if we consider an exact belief pair,
i.e., one of the form@Q Q), then™;  ¢)(¢) corresponds to the standa$g evaluation [8] ofy in the
possible world structur€) and world/. Secondly, there is an exact sense in which this function can
be used to conservatively or liberally estimate the truth of a formulad conservative estimate can
be achieved by consideririg; p g)(¢). It can then be shown that for any possible world strucye
with P < @ < S, itis indeed the case that; (p 5)(¢) < Hj (g g)(¢). Conversely, a liberal estimate
consists ofHL(S p)(ga) and, indeed, for any possible world struct@ewith P < Q < S, itis indeed
the case that(; (s p)(») > Hy 0 @)(¢)-

We remark that the evaluatidti; p 5)(/ ) of a modal literalK v depends only o S) and not
on I. We will sometimes emphasize such properties by replacing the irrelevant symbol by a dot, e.g., by
writing M. (p ) (K ¢). Similarly, H; (p s)(¢) of an objective formulg depends only od, i.e., we can
also writeH; (. () -

The conservative and liberal way of estimating the truth of a theory can now be used to derive a new,
more precise belief paifP’ S’) from an original pair(P S). First, we will focus on constructing the
new overestimat®’. As S’ needs to overestimate knowledge, it needs to contain as few interpretations
as possible. This means théit should consist of only those interpretations, which manage to satisfy
the theory even if the truth of its modal literals is conservatively estimated.SSshould contains
those interpretations for which, for all ¢ in T', H; (p 5)(¢) = t. Conversely, to construct the new
underestimaté”’, we need as many interpretations as possible. This meang’tshbuld contain those
interpretationd which satisfy the theory, when liberally evaluating its modal literals, i.e., for which, for

all © in T, HI,(S p)(QD) =t.
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These intuitions motivate the following definition of the operdigron 15:
Dr(P S) = (Dr(S P) Dr(P S))

with ’D%(P S) = {I €Iy | YVoeT: HL(p S)(SD) = t}.
It can be illuminating to reformulate this definition using some more standard concepts and notation.

Given a pair(P S) and a formulap, it is obviously the case that, in any evaluatiin p )(¢), all pos-

itively occurring modal literalg(+ will be interpreted ast. (p 5)(/¢), while all negatively occurring

modal literalsK) will be interpreted a${. (s py(K1)). Let us denote by (P S) the formulay’ that is

the result of filling in these truth values, i.e., of replacing each top-level modal literaldbyf in the
appropriate way. Every sugh(P S) is of course simply a propositional formula. What the functid

now actually does is simply map a pdiP S) to the setMod(T(P S)) of all classical models of the
propositional theory'(P S) = {@(P S) | ¢ € T'}. So, the operataPr can be equivalently defined as:

Dr(P S) = (Mod(T(S P)) Mod(T(P S))).

It can be shown that every operatbr is an approximation [4]. Moreover, sing®r(P S)| =
DY(S P) = |Dr(S P)] and|Dy(P S)] = DH(P S) = [Dr(S P)|, it is symmetric and therefore
approximates a unique operatordi;, namely the operatddr, which maps eacty to D% (Q Q). This
operatorDr is precisely the operator considered in [9]. As shown in [4], these operators define a family
of semantics for a theory:

e fixpoints of Dy areexpansion®f 1" [9],

fixpoints of D arepartial expansionsf 7" [2],

the least fixpoint oD is theKripke-Kleene fixpoinof 7" [2],

fixpoints ofC’ll)T areextension®sf T' [4],

fixpoints ofCp,. arepartial extensionsf 7" [4]
e the least fixpoint o€p,. is thewell-founded modedf 7" [4].

These various dialects of autoepistemic logic differ in their treatment of “ungrounded” expansions [5],
i.e., expansions which arise from cyclicities suchfgs=- p.

Example 3.1. To illustrate these definitions, we will compute the Kripke-Kleene model of our example
theoryT = {pV —~Kp; K(pV Kq)V q}. This computation starts at the least precise elerfigpt, {})

of By, 43- We first construct the new underestim@®({} Zy, ) = Mod(T({} Z,.4))- Itis easy to

see that, for the negatively occurring modal litefap, H (Zpm ((Kp) = t, and for the positively
occurring modal literal'(p V Kq), H. (3 I{p’q})(K(p vV Kq)) = t. ThereforeT{{} Iy, n) = {p V

-f; ¢V t} andDr({}, Zipq)) = Zip,qp- NOw, to compute the new overestimal¥.(Zy, 4 {}) =
Mod(T(Zpq3 {})), we note that

Ho (3 7.0 (D) = £,

and
H (2 VKV Kq)) =1.
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Therefore,T(I{p,q} {}) = {p V —\f; qV f} and ,D%(Z{p,q} {}) = {{p, q}} So, DT(I{IMJ} {}) =

(I{p,q} {{pa Q}})
To computeD7 ({p, ¢} Iy, 43), We note that it is still the case that:

H (12, ) EP) =t andH. 0 ) (K(pV Kq) =t.

So, DY ({{p,q}} I{pg}) =ZTipg)- Similarly, still bOthH.v({{nq}} A)(Kp) =t andH.7(I{p!q} .)(K(p \

Kq)) =f. So,D;&(I{p’q} {p,4}}) = {{p, ¢} }- Therefore(I{M} {{p,q}}) is the least fixpoint oDr,
i.e., the Kripke-Kleene model df.

4. Predicate introduction in AEL

In this section, we use our algebraic results to study the problem of predicate introduction in autoepis-
temic logic. Concretely, the goal of the transformations we consider is to eliminate nested modal op-
erators by the introduction of a new propositional symbol. We begin with an informal analysis of such
transformations.

4.1. Introduction to the problem

As an example, let us consider the following formula:
t= K(Kr= Ks).

This formula states that, under some conditipithe reasoner knows that knowledge abounplies
knowledge about.

Now, suppose we introduce some proposifiponot belonging to the original alphabgt= {¢,r, s}
of this formula and that we would like to mean  is known”. In general, we have a formula of a
theoryT and want to replace a subformulép (here,p = s), that appears inside the scope of some
other modal operator. We can assume without loss of generality'that{ F'}, because every theory
is equivalent to the singleton theory consisting of the conjunction of its formulas) betthe smallest
modal literal of F' that containsK'y. In our exampley) = K(Kr = Ks). Let F’ be the result of
replacingK ¢ by p, i.e., in this casé¢” = (¢t = K(Kr = p)). Intuitively, what we want to do now is
construct a formuld’, that defines the new atopin such a way that the models (under some semantics)
of the original theoryl" coincide with the restrictions to the original alphabkkbf the models of the new
theoryT” = {F’, F,,}. We will now give some intuitions on how we should construct suctafor the
above example.

Perhaps the most obvious candidate formula wouldie< p, which abbreviate$K's = p) A
(Ks < p). However, it turns out that this will not work. If we abbreviate the set of all interpretations
Ty4,r,s,p) for the alphabet of " asZ, we see thaf” has a partial expansioif {}). Indeed, on the one
hand,7’({} Z) = {t = t;f = p;t < p}, whose set of models i5, while, on the other hand;’(Z {})
contains both the formule= p andf < p and, as such, has no models. However, the corresponding
pair (Zy,.¢ 53 {}) is not a partial expansion of the original formufa because”(Zy, ; , {}) = (t = f),
of which every interpretation in whichis false is a model, sd/od(t = f) # {}. We therefore need to
look for a different formulaF;,.
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It is clear that, in order to ensure that we do get the result we want, it would suffice 16 get
K(Kr = Ks)to be equivalenttg)’ = K(Kr = p). Now, ¢ holds iff it is the case that either there is a
possible world in whichr is false or in all possible worlds, is true. The formula/’, on the other hand,
holds iff it is the case that either there is a possible world in whighfalse or in all possible worldg,
is true. As such, the formul#), should forcep to be known iff originallys was known. This suggests
the formulaK's = p. Indeed, if it was originally the case thats, then the only possible world for
will be {p}, but otherwise botH} and{p} will be possible ang will not be known. A similar line of
reasoning applies whenever we want to replace a forfRylahat appearpositivelywithin the scope of
the smallest modal literab that contains it.

To illustrate the other case, let us now try to repléce in the above formuld’ by a new atony.
Once again, it suffices to ensure thias equivalent to the formula” = K(q = Ks). Now, )" holds iff
either in all possible worldg is false or in all possible worldsis true. As such, our formul&, should,
in this case, make sure thats known to be false whenever, originaltywas not known to be true. That
is to say, if there exists a world in whiechis false, theny should be false in all worlds. This suggests
the formula—~Kr = —q, which is of course simply a rewriting dfr» < ¢. Once again, a similar line
of reasoning applies whenever we are trying to replace a forfydhat appearsegativelywithin the
scope of the smallest modal literalthat contains it.

Let us now formally define the problem that we want to consider.

Definition 4.1. LetT = {F'} be an autoepistemic theory. We consider an occurrence of a model literal
Ko with K-rank at least. Letp be a proposition that does not belong to the alphab#t dfhe result

of introducingp to replace (this occurrence off ¢ is the theoryl” = {F’, F,,}, whereF” is the result

of replacing the selected occurrencefod in F' by p and F), is defined as follows, depending on how
Ky appears inside the scope of the smallest modal litetakt contains it:

o If Ko €T 9, thenF, = (Ky = p);
o If Ko e 1, thenE, = (Kp < p).

The question we we will study is when (and for which of the previously mentioned semantics) the
result of introducingy to replaceK ¢ will be equivalent to the original theory. The rest of this section
will continue to use the notations introduced in the above definition. We will als@_usedenote the
alphabet of the original theor/ and>’ to denote the alphab&tu {p} of 7. By ¢/’ we will denote the
result of replacing<y by p in .

4.2. Application of the algebraic results

In this section, we now apply our algebraic theorems to the problem at hand. Recall that these relate
an approximationd on a latticeL? to a fixpoint extension3 of A, which is an operator on a lattice

L? x L3. In the current case,? will be the lattice By, of pairs of possible worlds structures for the
original alphabe®: and L2 will be the lattice By, of pairs of possible world structures for the new
alphabet{p}. Therefore, to play the role of the fixpoint extensiBnwe need an operator on the square

of the product latticéVs x Wy,;. Let us denote this product lattice by, and its squaraV2, by By, .
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4.2.1. Anintermediate operator

The most obvious candidate for such a fixpoint extengsois of course the operatd@; . However, it
turns out that we cannot uge;, because the latticBy,y on which it operates is not isomorphic to the
lattice Bs. Let us examine this problem more closely. A p@rj € Wy can be mapped to the possible
world structureP that consists of precisely all interpretatiohs) J for whichl € X andJ € U. We
denote this mapping by : Wx, — W, and also define a similar function: Bsy — Bs, as mapping
each(); 1) € By to the belief pair(s( ) £(}))).

Now, this x is a homomorphism, preserving the knowledge ordemhich implies thats is also
a homomorphism, preserving both precision and product order. Howevernot an isomorphism.
Firstly, it is easy to see thatis not surjective. For instance, with = {¢}, the possible world structure
Q = {{p,q},{}} does not belong ta(Ws,). Indeed, forQ to be equal to some(;}), it would have
to be the case thaX’ contains both{p} and{}, while U would have to contain botfig} and{}, but
then{p} U {} would also have to belong t@. However, none of the possible world sets outside of
x(Wsy) are relevant for the operatd;+. Indeed, for any belief paifP’ S') in the image of this
operator, bothP?’ and S” will be of the form Mod(T"(P S)) for some belief pai{ P S). Now, every
T'(P S) is a—classical—propositional theory, which consists of a fornftiig® S) in alphabef:, and
a formular,(P S) in alphabet{p}. Because these two alphabets are disjoint, it is an obvious property
of propositional logic thalZod(T"(P S)) consists of all U J for which I is a model ofF’(P S) and.J

is a model ofF},(P S). In other words, for anyP S), Mod(T'(P S)) = n(%ﬂggg ?)))) We therefore
conclude thaDy (Bs) C &(Bsy).
Besides not being surjective, is also not injective. Indeed, any pair of the fo(rﬁ) or (f}) is

mapped tof}. To overcome this problem, we will often restrict our attention to certain subséts-of
By W¢,, we denote the set of all consistent elementgsf, that is, all(;s ) for which bothX # {} and

U # {} or, equivalentlysx(X) # {}. By va'f we denote the set of alf} ) for whichU # {} andV\/;?
denotes the set of alff ) for which X # {}. We use similar notationss,, Z’S’éc, andB;C, for the squares

of these lattices.
We now summarize some relevant properties tiat follow directly from the above discussion.
Lemma 4.1. The functionx has the following properties:

1. xisinjective on the subséfvg, of its domain;
2. Forall(¥) e Wy, ()]s = X and for all(¥) € WL, ()l = Us

3. Dp(Bsy) C ®(Bsy).

Because3s, and By, are not isomorphic, we cannot directly apply our algebraic results to the oper-
atorsDp» andDy. Instead, we will define an intermediate operaﬁqr/ on Bsy, such that, on the one
hand, thisf)T/ is a fixpoint extension of the operat®¥- and, on the other hand, the fixpoints and stable
fixpoints of D7 correspond to those @P;. Together, these two results will then of course provide us
with the wanted correspondence between fixpoints and stable fixpoitts @nd Dy

Definition 4.2. We define the functio¥ from By to Wy as mapping every)U( 5) to the pair(f},’)
for which:
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o X' = Mod(F'(7(}, |))):

o U'=Mod(F)(XY))

A Y X

We also definéiT(); }‘:) as(Dy(y, ) P

Su XY ~ ~u

This operatorD;- differs from Dy in two respects. Firstly, in the construction of a new belief pair
for alphabet, it considers only the formul@’, whereas, in the construction of a new belief pair for
{p}, it only considersF},. Secondly, a new belief pair fofp} is constructed using only the original

belief pair (X Y) for X, instead of the entire belief paj?r()(j }‘:). Because of this, every operator

ﬁ(T),( Y) = LﬁT/().( ?/)J is actually constant. We now investigate how we can characterize the pair

(U V) that is the unique element in the image of soﬁgé( )
First, let us observe that K¢ €™ ¢, we can determind/od(F,(X Y)) as follows:

| Kpetw || KoY X)=t | Ko(Y X)=f |
F, Kp=p Kp=p
Fy(XY) t=p f=p
Mod(Fy(XY) {{r}} {{}; {p}}

For Ko €~ 1, the analogous table is as follows:

| Kpe v || Ko(XY)=t | Kp(XY)=f |
E, Keo<p Ko<p
F(XY) t<p f<p
Mod(F,(XY) {{}, {r}} {3}

By definition, if (U V') is the unique element in the image of soﬁhg Y) thenU is Mod(F,(Y X))
andV is Mod(F,(X Y)), so we can find the precise values of these two possible world structures by
means of the above tables. We remark that, in particular, it is always the case that both} and
V #{}.ie.Dr(By) C By

We are of course mainly interested in fixpointsiaf,. Clearly, for every such fixpoir(t?]( {t), it has
to be the case thdlU V) is the unique element in the imagef?ﬁf,( ¥) Let us denote bﬁg, the set

of all (5 5) for which this last property holds. It can easily be seen from the above discussion that, in

every such element oﬁg,, the values ot/ andV are as follows.

Lemma 4.2. For all ()[j ‘Y/) € B, the values ol/ andV depend on the values df andY’, and on
how K ¢ appears iny, as given by the following table:
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Kp(XY) KoY X)
t f t f
Keety | U={{p}} | U={{}{p}} | V={p}} | V={}1{r}}
Koe ¢ | V={{},{p}} V={{}} U={{}{r}} U={{}}
4.2.2. Relating fixpoints ofD;» and Dy

We now show thaD;» andD;» have the same fixpoints. Because every fixpoirPef must obviously
belong to its image, it suffices to consider oy, i.e., the set of ald); ‘t) € By, forwhichU, V +# {}.

On this particular part of its domain, the operafdy. is related taD; in the following way.

Xy sl o (XY /XY
Lemma 4.3. For aII(U V)€ Bg,, H(DT/(U v)) = DT/(H(U V)).

Proof:

Let ()(j 5) € Bgﬁ and let(P S) be E()U( i). As we already showed in the discussion leading up
to Lemma 4.1, Mod(T'(P S)) = m(%ijggg gi))) Therefore, it suffices to show thdt,(P S) =
F,(XY). Becausd/,V # {}, we have thatP S)|x, = (X Y'), which proves the result. 0

From this lemma, the correspondence between fixpoints now follows.

Theorem 4.1. For all (P S) € By, (P S) is a fixpoint (respectively, the Kripke-Kleene fixpoint) Bf
iff there exists a(); ‘t) € Bsy such thatﬁ(i ‘t) = (P5S) and(i g) is a fixpoint (the Kripke-Kleene

fixpoint) of Dyv.

Proof:
Every fixpoint()(j ‘1;) of D» must belong td?’g, and therefore it follows directly from Lemma 4.3 that

/XY

R( U v) is a fixpoint of D7+. To prove the other direction, we must show that for every fixpaihts)

of Dy, there exists afixpoir(t)U( 3) of Dy such thaﬁ(g ‘t) =(PS). Let(X Y) be(PS)|x. We

now definel as follows: if P = {}, then alsaX = {} and we definéd/ = Mod(F,(Y {})); otherwise,
we definelU = P|,,. Similarly, we defineV” as: if S = {}, thenV = Mod(F,(X {})); otherwise

V' = S|p3- We now show that thisi ‘Y/) satisfies the desired properties.
Firstly, we show thaki(;, |) = (P S), i.e., thats(§f) = P andr(}) = S. If P = {}, thens({}) =

(1) = {}. If P # {}, thenX = P|s andU = P|,,. Becausé P S) belongs toD7+(Bsy) C &(Bsy)

(Lemma 4.1), we have thad® € x(Ws). It follows that P = n(ﬂfp}) and, thereforeP = k().

A similar argument shows that als$ = «(},). Secondly, we show tha(t); ‘t) is indeed a fixpoint

X/

of Drv. Let (3,

5:) be ﬁT/()U( 5). Because by constructioii, V' # {}, Lemma 4.3 implies that
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E(i,l ";/) = DT(E(); ‘i)) = E()(j ‘t), thatis, (%) = #({) andx(},) = x(}7). We now show that

this implies(¥) = (3%/). Because botl/, U’ # {}, the equalityx(i%,) = »(5¥) implies thatX = X'.
Now, if X, X’ # {}, then this equality also impligg = U’. If, on the other handX = X’ = {}, then
by construction/ = Mod(F,(Y {})) = U’. We conclude that in both casg$) = (3, ). By a similar

argument it follows that als@,) = (1), so()[j ";) is indeed a fixpoint 0Dy O

We now also examine the relation between stable fixpoirfB;@fand@T/. To this end, we compare

the lower stable operato(%ﬁT/ andc% . It suffices to compare only these two operators, because, due
T/

to the symmetry oD andDyv, we have thaC'j, = Cp,_ andC) = Cy . Recall thatCy, s
T’ T/

defined as mapping eachto Ifp([Dr (-, S)|) and, simiIarIy,C% maps eactf},) to Ifp([Dz( €)|) .
T/ )

By a straightforward induction over the construction of these least fixpoints, Lemma 4.3 now implies the
following result.

Lemma 4.4. For all () € Wy, n(c}% () = Cp,_, (5())-

This lemma now implies the following correspondence between stable fixpoifits.adnd Dy, in
precisely the same way as Theorem 4.1 follows from Lemma 4.3.

Theorem 4.2. For all (P S) € By, (P S) is a stable fixpoint (respectively, the well-founded fixpoint)
of Dy iff there exists a(); ‘i) € Bsy such thatﬁ(); ‘i) =(PS) and(); 1;) is a stable fixpoint (the
well-founded fixpoint) ofD;.

Having shown thaD;» and D7+ have the same (stable) fixpoints, we can now proceed to relate the
models ofl” (under the various semantics we consider) to thosE, dfy using our algebraic theory of
fixpoint extension to establish a correspondence between (stable) fixpois ahdDy.

4.2.3. Dy is a fixpoint extension of Dy

We now show thaD;- is indeed a fixpoint extension @ . We first observe that, becauBg- is part-
to-part constant, it is also part-to-part monotone. Therefore, all that remains to be shown is that, for all

(i]( ;) with (U V) = pr(f)(T),( Y)), (f)T,(g ;)1 = Dp(XY). Of course, in this case, the condition that

uUv)= pr(f)(T)f Y)) is simply equivalent tgU V') being the unique element in the imagezbgt’,( Y),

ie., to(g ‘1;) belonging toBs,.

Lemma 4.5. Dy is a fixpoint extension oDy

Proof:

We need to prove that for a{lX Y

1) € By, [Dri(, )] = Dr(X Y). By definition of these two
Y X

operators, it suffices to show that, for QE ‘i) € B, F'(E()Ij §)> =F(XY) andF’(E(V o)) =
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F(Y X). Due to the symmetry oD+, we have tha()[j ‘t) € By, iff (‘t )(j> ¢ B:,. Therefore,
it suffices to show that for al@i ‘i) € By, F’(E(); ‘Y/)> = F(X Y). Because the only difference

betweenF” and F' lies in the modal literals)’ and ), it suffices to show that the way in whicl/
is evaluated inF’(E(g ;)) coincides with the way in which is evaluated inF'(X Y'). The precise

property that needs to be proven now depends on wheétker F ory €~ F, but by the same symmetry

argument as above, we can cover both cases by showing that f(ofrjaﬁl) € B, w’@(g ";)) =

YXY).

Let us first consider the modal literaf and letp’ be the formula for which)’ = Kp'. For any

belief pair(P ), K/ (P S) is equal to the minimum of all truth valué¢; p s(p') for whichI € P.

In the case of P S) being equal to@(i ‘Y/) for some()U( 5) € By, this is equal to the minimurm

of all Hyyp s)(p’) forwhichI € X andJ € U. Moreover, because there is only one occurrence of
the atomp in the entire formula’, there must exist a single “worst” truth valsefor p which gives rise

to this minimum; more formally put, for some m is equal to the minimum of alt{;; (p s)(0'[p/Vv])

for whichI € X andJ € U. Indeed, on the one hand, jf €™ p/, thenv is the minimum of all
Hy. (p) with J € U. On the other hand, if €~ o/, thenv is the maximum of all- ;. .,(p) with

J € U. Becausd/,V # {} and the formula’[p/v] no longer containg, we now have that: is equal

to the minimum of ali; x v (¢'[p/v]) for which I € X. This is of course by definition equal to
H.x v) (Ko [p/v]) = @/ [p/v])(X Y).

It now suffices to show that this is equal to the way in which the modal liter&ly is evalu-
ated during the construction of(X Y), i.e., that alsap(X V) = (Y [Kp/v])(XY). If Ko €T 9,
then K¢ is evaluated in the belief pa{tX Y), i.e., it then suffices to show th#p(X V) = v =
min;cy (H . ) (p)). On the other hand, iKy €~ v, thenK ¢ is evaluated in the belief pajy” X),
i.e., it then suffices to show th&f (Y X) = v = maxey(H . ) (p)). It can now easily be checked
from Lemma 4.2 that in both cases the needed equality holds.

O

We now have that, on the one hand, the (stable) fixpoinf3;efcoincide with those oﬁT/, while,
on the other hand, the above lemma implies the correspondences between (stable) fixpjntaraf
D, that were summarized in Section 2.2. This now allows us to relate the modg&lsaofd T under
various semantics.

4.2.4. Expansion, partial expansions and the Kripke-Kleene model

BecauseD; is part-to-part constant, Theorem 2.1 implies a correspondence between fixpdihts of
andDy. This gives the following result.

Theorem 4.3. A belief pair (P S) € By, is a partial expansion (respectively, the Kripke-Kleene model)
of T iff there exists a belief paitP’ S’) € By such that P’ S’)|s, = (P S) and (P’ S’) is a partial
expansion (the Kripke-Kleene model) Bf.

It is easy to see that for all € B, ()U( 5) is exact iff (X Y') is exact. Therefore, this

o)
UV
correspondence between partial expansion also implies a correspondence between expansions.
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’ Yer \ Ko e H F, H part-to-part | part-to-whole | whole-to-part
+ + Kp=p v X v
- + Ke=7p v v v
+ - Kp<p v X X
- - Ko<p v v
(*): Holds only if ¢ is objective.

Figure 2. Monotonicity properties @.

Theorem 4.4. A possible world structur@ € Wk, is an expansion df iff there exists a possible world
structureP’ € Wy such thatP’|y;, = P and P’ is an expansion df”.

4.2.5. Extensions, partial extensions and the well-founded model

As we recall from Section 2.2, to get a correspondence between the stable and well-founded fixpoints of
our operators, we need an additional monotonicity property. Concr@&elyneeds to be either part-to-
whole or whole-to-part monotone. We now investigate when this is the case.

Lemma 4.6. If » €~ F, thenDy is part-to-whole monotone.

Proof:
By symmetry of the operatoPy, it suffices to show that for aliX,Y) and (U V) < (U’ V'),

~u XY L XY
D ( < D (

U v) o V,). Furthermore, becaus@; is already know to be part-to-part monotone,

it suffices to show thaMod(F’<E(§ §)>) D) Mod(F’(E(()](, 3//,)>). Because) €~ F, this will be the

case ify’ (¥, X) < o/(¥, X). This now follows fromV’ < V. O

Lemma4.7. If ¢ et F, Kp €t 4 andy is an objective formula, theR;- is whole-to-part monotone.

Proof:
By symmetry ofD», it suffices to show that for all’; ) < (%, V), [Di(5; 1)) < (D55 1)),

This is the case iMod(F,(X Y)) O Mod(F,(X'Y")). Becauser}, = (K¢ = p), this will be the
case if(Kp)(Y X) < (Kp)(Y’ X'). Becausep is objective,(K¢)(Y X) depends only ort” and
(Kp)(Y' X') depends only ofy”". The fact that” < Y’ now implies that K ¢)(Y ) < (K¢)(Y" ).

0

A summary of the monotonicity properties D%~ can be found in Figure 2. By Theorem 4.2, we
now obtain the following result.

Theorem 4.5. If at least one of these conditions is satisfied:
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e ye For
e Ky €™ ¢ andy is objective,

then a belief(P S) € By is a partial extension (respectively, the well-founded modelJ off there
exists a belief paif P’ S") € By such that P’ §")|x, = (P S) and(P’ S’) is a partial extension (the
well-founded model) of”. Moreover, under the same condition, a possible world strudtueeVs; is
an extension of’ iff there exists a possible world structuRé € Wy, such thatP’|y, = P and P’ is an
extension ofl”.

A final question that remains to be answered is what happens in the case where the above theorem is
not applicable, i.e., whein €™ FandK ¢ €~ <. Itturns out that in this case there is no correspondence.
We demonstrate this by the following example.

Example 4.1. Let T be the theon{ K—~Kq}. If we replaceK g by p, we getT” = { K—p; Kq < p}.
Let us first look at the well-founded model Bt We start by applying the stable operafsy,. to the
least precise paifZy. {}). To obtain a new underestimat¥, we construcC%)T({}) = Ifp([Dr(- {})]).

We find thatCih({}) = Zs;, because:
[Dr(Zs, {}] = Mod(T'({} Is)) = Mod(t) = Is.
For the new overestimate, we have tﬁ%T (Zs) = Iy, because:
"DT(Iz,IE)] = MOd(T<IE Iz))) = Mod(t) = IE.

We therefore have tha&p,. (Zs, {}) = (Zx Zx). Moreover, since by symmetry @, CLDT = CJDT, we
now also see thalp,. (Zs Zx) = (Zx Ix). Therefore, this belief pair is the well-founded modellgf
which is also its unique stable model.

We now perform a similar construction f@t. Firstly, C%)T, ({}) = Zx, because:

[Dr(Zs, {})| = Mod(T({} Iz)) = Mod(t; t < p) = Iy
SecondIyC{)T, (Zx) = {}, as can be seen from the following computation:

| Dri(Is Ix)] = Mod(f; f < p) = {}
Dr(Is {})] = Mod(f; £ < p) = {}

Therefore, the well-founded model @f is (Z, ., {}). The restriction of this to the original alphabet
¥ is (Zx, {}), which does not coincide with the well-founded modellof Moreover, the partial stable
models ofT" are(Zy, o3 {}), ({} Z(p,qy) @nd({{q}, {}} {{q},{}}), which do not correspond to those of
T either.

As a side note, we remark that if we were to ignore our analysis of Section 4.1 anH tekée the
formula K¢ = p instead ofKy < p, then we would not get a correspondence either. Indeed, it can
easily be checked that the well-founded mode{ &f-p; K¢ < p} is also(Zx, {}).

The results of our analysis of predicate introduction for autoepistemic logic can now be summarized
by the table in Figure 3.
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’ Yer \ Ko e H F, H (part.) expansion‘ K-K \ (part.) extension\ wfm ‘
+ + Kp=p & & v v
- + Kp<p v v v v
+ - Ko=p v v X X
- - Kp<p v v v

(*): Holds only if ¢ is objective.

Figure 3. Semantics preserved by repladitg by p.

4.3. Discussion and related work

The nesting of modal operators is a source of computational complexity when evaluating autoepistemic
theories in possible world structures, and therefore also when constructing models of such theories.
Moreover, it also obscures the relation between this logic and other, related languages, such as logic
programming and default logic. Indeed, both the Konolige transformation [6] from default logic into
autoepistemic logic and, for instance, the transformations of logic programming into autoepistemic logic
considered in [1] map into the fragment without nested modal operators. In [7], a transformation is
presented that, at least under the semantics of expansions, can reduce any theory to an equivalent one
that does not have such nestings. This transformation preserves the original alphabet of the theory, but
might lead to an exponential blow-up in its size, since it uses the standard propositional normalization
technique of distributing disjunction over conjunction. Our results on predicate introduction can be used
to achieve the opposite effect of avoiding such a blow-up, at the expense of an increase in the alphabet. A
simple algorithm that does this, would be the following. As long as there are formuldgaiik at least

2, select a formuld(y with maximum K -rank and replace this by a new atom, in the way previously
described. This algorithm reduces a the@ryo a theoryT” without nestedX” operators, whose size

is linear in the size of the original theory. Our results show fi{ais equivalent taI" on the original
alphabet ofl" under the semantics of expansions, partial expansions, and Kripke-Kleene semantics. For
the semantics of (partial) extensions and the well-founded semantics, this result does, however, not hold.
Indeed, here, our results do not give us a way of getting rid of nesfings ~ 1, wherey €™ F.

Our analysis of the problem of predicate introduction in autoepistemic logic shows that our algebraic
theorems also allow meaningful and useful results to be derived for this logic. Moreover, the algebraic
concepts we have defined, i.e., those of fixpoint extension and part-to-part, part-to-whole, and whole-to-
part monotonicity, have also proven to be useful analysis tools in this case. The use of these concepts
reveals some interesting similarities to predicate introduction for logic programming, which might other-
wise have gone unnoticed. Indeed, Figure 4 shows four cases of predicate introduction, in which, at the
algebraic level, what happens in logic programming is precisely the same as what happens in autoepis-
temic logic. As such, the results of this section provide convincing evidence for the fact that our algebraic
theory of fixpoint extensions is not only a convenient way of proving results for logic programming, but
is also more widely applicable abstraction of a general knowledge representation principle.
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Logic programming Autoepistemic logic Preserves
A \ A/ T \ T stable fixpoints
R — -P. K
(R« —R)} - (KKr) P v
P «—R. Kr=p
R — P. -K
(R — —R} - (~K-Kr) P v
P «— —=R. Kr < P
R — P. -K
(R R) - (~KKr) P v
P «— R. Kr=p
R — —P. K
{R «— R} . {K-Kr} P X
P «— —R. Kr<p

Figure 4. Correspondences between logic programming and autoepistemic logic.

5. Conclusion

In a companion paper [10], we developed a theory of fixpoint extension in the algebraic framework of
approximation theory and applied this to logic programming. In this paper, we have studied the appli-
cation of these results to autoepistemic logic. Concretely, we examined a transformation to reduce the
nesting depth of the modal operatér We showed that, at the algebraic level, there are some remarkable
parallels between the effects of this transformation and what happens in the case of logic programming.
We were able to prove that this transformation preserves equivalence under the semantics of (partial)
expansions and Kripke-Kleene semantics. Moreover, we also showed that, in a large number of cases,
though not all, equivalence is also preserved under the well-founded semantics and the semantics of
(partial) extensions. In summary, we have demonstrated that our abstract concepts, defined at the level
of approximation theory, can be used to analyze the problem of predicate introduction and prove equiva-
lence results for different non-monotonic logics and under different kinds of fixpoint semantics for these
logics.
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