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In this note we prove the soundness of our symbolic execution approach for implicit dynamic frames.
Sections 1 and 2 define the syntax and run-time semantics, respectively, of programs. The run-time
semantics is standard and ignores annotations. Before we define our symbolic execution-based verification
approach in Section 4, we define a version of it where concrete values are used instead of symbols in
Section 3, and we prove its soundness. We call the latter abstracted execution, since it uses abstract heaps
instead of concrete heaps. In Section 4, we prove that symbolic execution simulates abstracted execution.

1 Language

We define the following sets. X is the set of variable names with typical element x. C is the set of class
names with typical element C. F is the set of field names with typical element f . M is the set of mutator
names with typical element m. P is the set of pure method names with typical element p. Q is the set of
predicate method names with typical element q.

The syntax of programs is shown in Figure 1. Overlining indicates repetition. A program consists of a
number of classes and a main routine s. Each class declares a number of fields and methods. We distinguish
three kinds of methods: mutators, pure methods and predicates. The body of a mutator consists of a
list of statements, while the body of a pure method and a predicate consist of a single return statement,
returning an expression, respectively an assertion. A statement s is either a local variable declaration, a
variable update, a field update, a mutator invocation, an object creation, an if-then-else statement, an
assert statement, an open statement, a close statement or a use statement. An expression e is either
null , a variable, a field read, a pure method invocation, an old expression, an opening expression, a using
expression or a conditional expression. An assertion φ is true, false, an access assertion, an equality, a
separating conjunction, a predicate invocation, a conditional assertion or an untouched assertion.

2 Concrete execution

A continuation is either done, a statement continuation s;κ, or a return continuation ret(Γ, κ).
A configuration consists of a heap, a store, and a continuation.
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prog ::= class s
class ::= class C {field method }
field ::= C f ;
method ::= mutator | pure | pred
mutator ::= void m(C x) requires φ; ensures φ; { s }
pure ::= pure C p(C x) requires φ; { return e; }
pred ::= predicate q(t x) { return φ; }
s ::= C x; | x := e; | e.f := e; | e.m(e) |

x := new C; | if(e = e) { s } else { s } |
assert e1 = e2; | open e.q(e); | close e.q(e); |
use e.p(e)

e ::= null | x | e.f | e.p(e) | old(e) |
opening e.q(e) in e | using e.p(e) in e |
dropping e.f in e | e = e ? e : e

φ ::= true | false | acc(e.f) | e = e | φ ∗ φ | e.q(e) |
e = e ? φ : φ | untouched(φ)

Figure 1: Syntax of a small Java-like language.

H,Γ ` null ⇓ null H,Γ ` x ⇓ Γ(x)
H,Γ ` e ⇓ v (v, f) ∈ dom(H)

H,Γ ` e.f ⇓ H(v, f)

H,Γ ` e0, . . . , en ⇓ v0, . . . , vn v0 6= null
pure C p(C1 x1, . . . , Cn xn) requires φpre; { return e; } H, [this 7→ v0, . . . , xn 7→ vn] ` e ⇓ v

H,Γ ` e0.p(e1, . . . , en) ⇓ v

H,Γ ` e ⇓ v
H,Γ ` opening e.q(e) in e ⇓ v

H,Γ ` e ⇓ v
H,Γ ` using e.p(e) in e ⇓ v

H,Γ ` e ⇓ v
H,Γ ` dropping e.f in e ⇓ v

H,Γ ` e1, e2, e3 ⇓ v1, v1, v3
H,Γ ` e1 = e2 ? e3 : e4 ⇓ v3

H,Γ ` e1, e2, e4 ⇓ v1, v2, v4 v1 6= v2

H,Γ ` e1 = e2 ? e3 : e4 ⇓ v4
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Step-Decl

〈H,Γ, Cx;κ〉 〈H,Γ[x 7→ null], κ〉

Step-Assign
H,Γ ` e ⇓ v

〈H,Γ, x := e;κ〉 〈H,Γ[x 7→ v], κ

Step-Write
H,Γ ` e1 ⇓ v1 (v1, f) ∈ H H,Γ ` e2 ⇓ v2
〈H,Γ, e.f := e;κ〉 〈H[(v1, f) 7→ v2],Γ, κ〉

Step-Call
H,Γ ` e0, . . . , en ⇓ v0, . . . , vn

void m(C1 x1, . . . , Cn xn) requires φpre; ensures φpost; { s } Γ′ = [this 7→ v0, . . . , xn 7→ vn]
〈H,Γ, e0.m(e1, . . . , en);κ〉 〈H,Γ′, s; ret(Γ, κ)〉

Step-Return

〈H,Γ, ret(Γ′, κ)〉 〈H,Γ′, κ〉

Step-New
o 6= null

o /∈ dom(H) class C { C1 f1; . . . Cn fn; . . . } H ′ = H[(o, f1) 7→ null, . . . , (o, fn) 7→ null]
〈H,Γ, x := new C;κ〉 〈H ′,Γ[x 7→ o], κ〉

Step-If-True
H,Γ ` e1 ⇓ v H,Γ ` e2 ⇓ v

〈H,Γ, if (e1 = e2) { s } else { s′ } κ〉 〈H,Γ, s;κ〉

Step-If-False
H,Γ ` e1 ⇓ v1 H,Γ ` e2 ⇓ v2 v1 6= v2

〈H,Γ, if (e1 = e2) { s } else { s′ } κ〉 〈H,Γ, s′;κ〉

Step-Assert
H,Γ ` e1 ⇓ v H,Γ ` e2 ⇓ v

〈H,Γ,asserte1 = e2;κ〉 〈H,Γ, κ〉

Step-Open

〈H,Γ,open e.q(e);κ〉 〈H,Γ, κ〉
Step-Close

〈H,Γ, close e.q(e);κ〉 〈H,Γ, κ〉

Step-Use

〈H,Γ,use e.p(e);κ〉 〈H,Γ, κ〉

Lemma 1. Concrete evaluation is unique.

(H,Γ ` e ⇓ v1)⇒ (H,Γ ` e ⇓ v2)⇒ v1 = v2

Proof. By induction on the derivation of the first premise.

3 Abstracted execution

Abstracted execution differs from concrete execution in that it abstracts over the heap, over pure method
calls, and over mutator calls.

• A concrete heap contains only field chunks; an abstract heap contains predicate chunks as well. A
predicate chunk abstracts over a nested heap. The nested heap is fully determined by its snapshot.

• In abstracted execution, pure method calls are evaluated using an interpretation function which takes
as input the argument values and the precondition’s snapshot, rather than by recursively evaluating
the body of the pure method. This enables modular reasoning about pure method calls.

• In abstracted execution, mutator calls are verified using their contract instead of by recursively
verifying their body.
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3.1 Concrete snapshots

Definition 1. The set Snapshots of concrete snapshots is defined inductively as follows:

• unit is a concrete snapshot

• if o ∈ O, then fromRef(o) is a concrete snapshot

• if θ1 and θ2 are concrete snapshots, then combine(θ1, θ2) is a concrete snapshot

Definition 2. We define the functions toRef, first, and second as follows:

toRef(unit) = null
toRef(fromRef(o)) = o
toRef(combine(θ1, θ2)) = null

first(unit) = unit
first(fromRef(o)) = unit
first(combine(θ1, θ2)) = θ1

second(unit) = unit
second(fromRef(o)) = unit
second(combine(θ1, θ2)) = θ2

3.2 Abstract heaps

Definition 3. The sets AbstractHeaps and AbstractHeapChunks are defined mutually inductively as fol-
lows:

• A field chunk o.f 7→ v, where o, v ∈ O, is an abstract heap chunk

• A finite multiset of abstract heap chunks is an abstract heap

• A predicate chunk o.q[θ,H](v1, . . . , vn), where o, v1, . . . , vn ∈ O, θ ∈ Snapshots, H ∈ AbstractHeaps,
is an abstract heap chunk

Notice that any concrete heap can be seen as an abstract heap that contains no predicate chunks
and that contains no two field chunks for the same location, and where the target of each field chunk is
non-null. Conversely, any such abstract heap can be seen as a concrete heap.

Definition 4. The size of an abstract heap is the total number of nodes: the number of elements plus
the sum of the sizes of the nested heaps. This means that dropping top-level nodes reduces the size, but
replacing a predicate chunk by its nested heap reduces the size as well.

Definition 5. The flattening of an abstract heap is the abstract heap obtained by retaining only the leaf
nodes (i.e., the field chunks, including those in transitively nested heaps).
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3.3 Abstract expression evaluation

P,H,G,Γ ` null ⇓ null P,H,G,Γ ` x ⇓ Γ(x)
P,H,G,Γ ` e ⇓ o o.f 7→ v ∈ H

P,H,G,Γ ` e.f ⇓ v

P,H,G,Γ ` e0, . . . , en ⇓ v0, . . . , vn
pure C p(C1 x1, . . . , Cn xn) requires φ; { return e; } p ∈ P {p′ • p′ < p}, H, ∅,Γ ` e ⇓ v

P,H,G,Γ ` e0.p(e1, . . . , en) ⇓ v

P,G, ∅,Γ ` e ⇓ v
P,H,G,Γ ` old(e) ⇓ v

P,H,G,Γ ` e0, . . . , en ⇓ v0, . . . , vn v0.q[θ,H0](v1, . . . , vn) ∈ H
predicate q(C1 x1, . . . , Cn xn) { return φ; } P, H − {v0.q[θ,H0](v1, . . . , vn)}+H0, G,Γ ` e ⇓ v

P,H,G,Γ ` opening e0.q(e1, . . . , en) in e ⇓ v

P,H,G,Γ ` e ⇓ v
P,H,G,Γ ` using e0.p(e1, . . . , en) in e ⇓ v

P,H,G,Γ ` e ⇓ o (o.f 7→ v0) ∈ H P, H − {o.f 7→ v0}, G,Γ ` e ⇓ v
P,H,G,Γ ` dropping e.f in e ⇓ v

P,H,G,Γ ` e1, e2, e3 ⇓ v1, v1, v
P,H,G,Γ ` if (e1 = e2) e3 else e4 ⇓ v

P,H,G,Γ ` e1, e2, e4 ⇓ v1, v2, v v1 6= v2

P,H,G,Γ ` if (e1 = e2) e3 else e4 ⇓ v

Lemma 2 (Soundness of abstract expression evaluation). If P,H, ∅,Γ ` e ⇓ v and e does not contain old
expressions, then flat(H),Γ ` e ⇓ v.

Proof. By induction on the derivation of the premise. The only non-trivial case is the case of opening
expressions. Here the goal follows immediately from the fact that opening an arbitrary predicate chunk
does not change the flattening of the heap.

Lemma 3 (Expression evaluation monotonicity).

P,H, ∅,Γ ` e ⇓ v ⇒ P ⊆ P ′ ⇒ H ⊆ H ′ ⇒ P ′, H ′, ∅,Γ ` e ⇓ v

Proof. By induction on the derivation of the premise.

3.4 Expression evaluation order

Definition 6. We define a partial order on triples (H,P, e) where H is an abstract heap, P is a set of
pure method names, and e is an expression. We say that (H1, P1, e1) ≺ (H2, P2, e2) if either

• H1 is smaller than H2, or

• H1 is equal to H2 but P1 is a strict prefix of P2, i.e. there is a p ∈ P2 such that ∀p′ ∈ P1 • p′ < p, or

• H1 = H2 and P1 = P2 but e1 is syntactically smaller than e2

Lemma 4. The ≺ order is a well-founded order.

Lemma 5. If the flattening of an abstract heap H is a concrete heap, then the value of an expression in
H is unique:

(P,H, ∅,Γ ` e ⇓ v1) ∧ (P,H, ∅,Γ ` e ⇓ v2)⇒ v1 = v2

Proof. By induction according to the ≺ order on (H,P, e) and case analysis on e.
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3.5 Abstract assertion evaluation

∅, G,Γ ` φ ⇓ θ,H
H,G,Γ � φ ⇓ θ

H, ∅,Γ � φ ⇓ θ
H,Γ � φ ⇓ θ

H,G,Γ ` true ⇓ unit, H

H,G,Γ ` e ⇓ o
H,G,Γ ` acc(e.f) ⇓ v,H + {o.f 7→ v}

H,G,Γ ` e1 ⇓ v H,G,Γ ` e2 ⇓ v
H,G,Γ ` e1 = e2 ⇓ unit, H

H,G,Γ ` φ1 ⇓ θ1, H1 H1, G,Γ ` φ2 ⇓ θ2, H2

H,G,Γ ` φ1 ∗ φ2 ⇓ combine(θ1, θ2), H2

H,G,Γ ` e0, . . . , en ⇓ v0, . . . , vn
predicate q(C1 x1, . . . , Cn xn) { return φ; } H0, [this 7→ v0, . . . , xn 7→ vn] � φ ⇓ θ

H,G,Γ ` e0.q(e1, . . . , en) ⇓ θ,H + {v0.q[θ,H0](v1, . . . , vn)}

H,G,Γ ` e1 ⇓ v1 H,G,Γ ` e2 ⇓ v2 v1 = v2 H,G,Γ ` φ1 ⇓ θ,H1

H,G,Γ ` e1 = e2 ? φ1 : φ2 ⇓ θ,H1

H,G,Γ ` e1 ⇓ v1 H,G,Γ ` e2 ⇓ v2 v1 6= v2 H,G,Γ ` φ2 ⇓ θ,H1

H,G,Γ ` e1 = e2 ? φ1 : φ2 ⇓ θ,H1

H,G,Γ ` e0, . . . , en ⇓ v0, . . . , vn v0.q[θ,G0](v1, . . . , vn) ∈ G v0.q[θ,H0](v1, . . . , vn) ∈ H
H,G,Γ ` untouched(e0.q(e1, . . . , en)) ⇓ unit, H

Lemma 6.
(H,G,Γ ` φ ⇓ θ,H ′)⇒ H ⊆ H ′

Proof. By induction on the derivation of H,G,Γ ` φ ⇓ θ,H ′.

Lemma 7. Suppose H, H1, and H2 are abstract heaps such that flat(H + H1) ∈ ConcreteHeaps and
flat(H +H2) ∈ ConcreteHeaps. Then

(H, ∅,Γ ` φ ⇓ θ,H1)⇒ (H, ∅,Γ ` φ ⇓ θ,H2)⇒ H1 = H2

Proof. By induction on the derivation of H, ∅,Γ ` φ ⇓ θ,H1, using the uniqueness of expression evaluation
(Lemma 5).

Lemma 8. Suppose H1 and H2 are two abstract heaps whose flattenings are concrete heaps. Then if an
assertion φ holds over both of them, with the same snapshot θ, then H1 = H2:

(H1,Γ � φ ⇓ θ)⇒ (H2,Γ � φ ⇓ θ)⇒ H1 = H2

Proof. Follows immediately from Lemma 7

Definition 7. We say an abstract heap is consistent if its flattening is a concrete heap and each for each
predicate chunk o.q[θ,H0](v1, . . . , vn), we have H0, ∅, [this 7→ o, x1 7→ v1, . . . , xn 7→ vn] � φ ⇓ θ where
predicate q(x1, . . . , xn) { return φ; }.

Notice that if an abstract heap is consistent, then so are its nested heaps.
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3.6 Interpretation of pure method calls

Definition 8. We define the value I(C.p)(θ, v0, . . . , vn) of a pure method call with arguments v0, . . . , vn
and snapshot θ as follows:

pure C p(C1 x1, . . . , Cn xn) requires φ; { return e; } flat(H) ∈ ConcreteHeaps
H, [this 7→ v0, . . . , xn 7→ vn] � φ ⇓ θ {p′ • p′ < p}, H, ∅, [this 7→ v0, . . . , xn 7→ vn] ` e ⇓ v

I(C.p)(θ, v0, . . . , vn) = v

This equation has a solution since there is at most one such heap H, and expression evaluation is unique.
However, we do not claim here that the equation has only one solution. We pick any solution that satisfies
the equation.

3.7 Abstract production, consumption, evaluation

The equations below define the mutually recursive functions aproduce′, aproduce, aconsume′, aconsume,
and aeval. If evaluation of a function “call” does not terminate, we define its value to be false. That is: let
T be the transformation defined by the equations below. It maps an interpretation for the abovementioned
functions to a new interpretation. Since the functions return booleans, we can represent an interpretation
as the set of the calls that return true. We then define the interpretation I of the functions as

I =
⋃
n

Tn(∅)

Note: it is easy to see that T is monotonic: I ⊆ T (I). Indeed, all calls appear in positive positions,
including calls of the postcondition. Therefore, we have that I is the least fixpoint and it satisfies the
equations:

I = T (I)

aproduce′ : ℘(P)×AbstractHeaps × Stores ×AbstractHeaps×
Snapshots ×Assertions × (AbstractHeaps → B)→ B
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aproduce′(P,G,Γ, H, snapshot , true, Q) ≡
Q(H)

aproduce′(P,G,Γ, H, snapshot , false, Q) ≡
true

aproduce′(P,G,Γ, H, snapshot ,acc(e.f), Q) ≡
aeval(P, (H,G,Γ), e, (λo•

let {o1.f1 7→ v1, . . . , on.fn 7→ vn} = {o′.g 7→ v ∈ H | f = g} in
o 6= null∧

(o1 6= o ∧ · · · ∧ on 6= o)⇒ Q(H + {o.f 7→ toRef(snapshot)}))))
aproduce′(P,G,Γ, H, snapshot , e1 = e2, Q) ≡

aeval(P, (H,G,Γ), e1, (λv1 • eval(P, (H,G,Γ), e2, (λv2•
v1 = v2 ⇒ Q(H)))))

aproduce′(P,G,Γ, H, snapshot , φ1 ∗ φ2, Q) ≡
aproduce′(P, (H,G,Γ), first(snapshot), φ1, (λH ′ • aproduce′(P,G,Γ, H ′, second(snapshot), φ2, Q)))

aproduce′(P,G,Γ, H, snapshot , e0.q(e1, . . . , en), Q) ≡
aeval(P, (H,G,Γ), e0, (λv0 • . . . aeval(P, (H,G,Γ), en, (λvn•
v0 6= null ∧ ∀H0 •Q(H + {v0.q[snapshot , H0](v1, . . . , vn)})))))

aproduce′(P,G,Γ, H, snapshot , e1 = e2 ? φ1 : φ2, Q) ≡
aeval(P, (H,G,Γ), e1, (λv1 • aeval(P, (H,G,Γ), e2, (λv2•
v1 = v2 ⇒ aproduce′(P,G,Γ, H, snapshot , φ1, Q)∧
v1 6= v2 ⇒ aproduce′(P,G,Γ, H, snapshot , φ2, Q)))))

aproduce′(P, (H,G,Γ), snapshot , untouched(φ), Q) ≡
aconsume(P, (H,G,Γ), φ, (λ( , , ), snapshot ′•

aconsume(P, (G,G,Γ), φ, (λ( , , ), snapshot ′′•
snapshot ′ = snapshot ′′ ∧Q((H,G,Γ))))))

aproduce : ℘(P)×AbstractStates × Snapshots ×Assertions × (AbstractStates → B)→ B

aproduce(P, (H,G,Γ), snapshot , φ,Q) ≡
aproduce′(P,G,Γ, ∅, snapshot , φ, (λH ′ •Q((H +H ′, G,Γ))))

aconsume′ : ℘(P)×AbstractStates ×AbstractHeaps ×Assertions×
(AbstractHeaps × Snapshots → B)→ B
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aconsume′(P, (H,G,Γ), H2, true, Q) ≡
Q(H2, unit)

aconsume′(P, (H,G,Γ), H2, false, Q) ≡
false

aconsume′(P, (H,G,Γ), H2,acc(e.f), Q) ≡
aeval(P, (H,G,Γ), e, (λo•

let matches = {o′.g 7→ v ∈ H2 | f = g ∧ o = o′} in
∃o′.g 7→ v ∈ matches •Q(H2 − {o′.g 7→ v}, fromRef(v))))

aconsume′(P, (H,G,Γ), H2, e1 = e2, Q) ≡
aeval(P, (H,G,Γ), e1, (λv1 • aeval((H,G,Γ), e2, (λv2•
v1 = v2 ∧Q(H2, unit)))))

aconsume′(P, (H,G,Γ), H2, φ1 ∗ φ2, Q) ≡
aconsume′(P, (H,G,Γ), H2, φ1, (λH ′2, lhs snapshot•

aconsume′(P, (H,G,Γ), H ′2, φ2, (λH ′′2 , rhs snapshot•
Q(H ′′2 , combine(lhs snapshot , rhs snapshot))))))

aconsume′(P, (H,G,Γ), H2, e0.q(e1, . . . , en), Q) ≡
aeval(P, (H,G,Γ), e0, (λv0 • . . . aeval(P, (H,G,Γ), en, (λvn•

let matches = {v′0.q[snapshot , H0](v′1, . . . , v
′
n) ∈ H2 | v0 = v′0 ∧ · · · ∧ vn = v′n} in

∃v′0.q[snapshot , H0](v′1, . . . , v
′
n) ∈ matches •Q(H2 − {v′0.q′[snapshot , H0](v′1, . . . , v

′
n)}, snapshot)))))

aconsume′(P, (H,G,Γ), H2, e1 = e2 ? φ1 : φ2, Q) ≡
aeval(P, (H,G,Γ), e1, (λv1 • aeval(P, (H,G,Γ), e2, (λv2•

(v1 = v2 ⇒ aconsume′(P, (H,G,Γ), H2, φ1, Q))∧
(v1 6= v2 ⇒ aconsume′(P, (H,G,Γ), H2, φ2, Q))))))

aconsume′(P, (H,G,Γ), H2,untouched(φ), Q) ≡
aconsume′(P, (H,G,Γ), H, φ, (λ , snapshot ′•

aconsume′(P, (G,G,Γ), G, φ, (λ , snapshot ′′ • snapshot ′ = snapshot ′′))))∧
Q(H2, unit)

aconsume : ℘(P)×AbstractStates ×Assertions × (AbstractStates × Snapshots → B)→ B

aconsume(P, (H,G,Γ), φ,Q) ≡
aconsume′(P, (H,G,Γ), H, φ, (λH ′, snapshot •Q((H ′, G,Γ), snapshot)))

aeval : ℘(P)×AbstractStates × Expressions × (O → B)→ B
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aeval(P, σ,null, Q) ≡
Q(null)

aeval(P, σ, x,Q) ≡
Q(sσ(x))

aeval(P, σ, e.f,Q) ≡
aeval(P, σ, e, (λo•

let matches = {o′.g 7→ v ∈ Hσ | f = g ∧ o = o′} in
∃o′.g 7→ v ∈ matches •Q(v)))

aeval(P, σ, e0.p(e1, . . . , en), Q) ≡
aeval(P, σ, e0, (λv0 • . . . aeval(P, σ, en, (λvn•

(v0 6= null) ∧ p ∈ P ∧ aconsume(P, (Hσ, Gσ, [this 7→ v0, . . . , xn 7→ vn]),mpre(C.p), (λσ′, snapshot•
Q(I(C.p)(snapshot , v0, . . . , vn))))))))

aeval(P, σ,old(e), Q) ≡
aeval(P,old(σ), e,Q)

aeval(P, σ,opening e0.q(e1, . . . , en) in e,Q) ≡
aeval(P, σ, e0, (λv0 • . . . aeval(P, σ, en, (λvn•

aconsume(P, σ, e0.q(e1, . . . , en), (λ(H ′, G,Γ), snapshot•
aproduce(℘(P), (H ′, G, [this 7→ v0, . . . , xn 7→ vn]), snapshot ,mbody(C.q), (λσ′′•

aeval(℘(P), (Hσ′′ , G,Γ), e,Q)))))))))
aeval(P, σ,using e0.p(e1, . . . , en) in e,Q) ≡

aeval(P, σ, e0.p(e1, . . . , en), (λvcall • aeval(P, σ, body , (λvbody•
vcall = vbody ⇒ aeval(P, σ, e,Q)))))

where body is mbody(C.p)[e0/this, e1/x1, . . . , en/xn]
aeval(P, σ, e1 = e2 ? e3 : e4, Q) ≡

aeval(P, σ, e1, (λv1 • aeval(P, σ, e2, (λv2•
(v1 = v2 ⇒

aeval(P, σ, e3, Q))∧
(v1 6= v2 ⇒

aeval(P, σ, e4, Q))
))))

3.8 Abstract statement execution

aexec : AbstractStates × Statements × (AbstractStates → B)→ B
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aexec((H,G,Γ), C x; , Q) ≡
Q((H,G,Γ[x 7→ null]))

aexec((H,G,Γ), x := e; , Q) ≡
aeval(P, (H,G,Γ), e, (λv •Q((H,G,Γ[x 7→ v]))))

aexec((H,G,Γ), e1.f := e2; , Q) ≡
aeval(P, (H,G,Γ), e1, (λv1 • aeval(P, (H,G,Γ), e2, (λv2•

let matches = {o.g 7→ v|f = g ∧ o = v1} in
∃o.g 7→ v ∈ matches •Q((H − {o.g 7→ v}+ {o.g 7→ v2}, G,Γ))))))

aexec((H,G,Γ), e0.m(e1, . . . , en); , Q) ≡
aeval(P, (H,G,Γ), e0, (λv1 • . . . aeval(P, (H,G,Γ), en, (λvn•
v0 6= null ∧ aconsume(P, (H,G,Γ), pre, (λ(H ′, , ), •

aproduce(P, (H ′, H, [this 7→ v0, . . . , xn 7→ vn],Σ′),mpost(C.m), (λ(H ′′, , )•
Q((H ′′, G,Γ))))))))))

where pre is mpre(C.m)[e0/this, e1/x1, . . . , en/xn]
aexec((H,G,Γ), x := new C; , Q) ≡
∀o ∈ O \ {null}•
Q((H + {o.f1 7→ null, . . . o.fn 7→ null}, G,Γ[x 7→ o]))
where fields(C) = C1 f1 . . . Cn fn

aexec((H,G,Γ), if(e1 = e2) { s1 } else s2 }, Q) ≡
aeval(P, (H,G,Γ), e1, (λv1 • aeval(P, (H,G,Γ), e2, (λv2•
v1 = v2 ⇒ aexec((H,G,Γ), s1, Q)∧
v1 6= v2 ⇒ aexec((H,G,Γ), s2, Q)))))

aexec((H,G,Γ),assert e1 = e2; , Q) ≡
aeval(P, (H,G,Γ), e1, (λv1 • aeval(P, (H,G,Γ), e2, (λv2•
v1 = v2 ∧Q((H,G,Γ))))))

aexec((H,G,Γ),open e0.q(e1, . . . , en); , Q) ≡
aeval(P, (H,G,Γ), e0, (λv0 • . . . aeval(P, (H,G,Γ), en, (λvn•

aconsume(P, (H,G,Γ), e0.q(e1, . . . , en), (λ(H ′, , ), snapshot•
aproduce(P, (H,G, [this 7→ v0, . . . , xn 7→ vn]), snapshot ,mbody(C.q), (λ(H ′′, , )•
Q((H ′′, G,Γ))))))))))

aexec((H,G,Γ), close e0.q(e1, . . . , en); , Q) ≡
aeval(P, (H,G,Γ), e0, (λv0 • . . . aeval(P, (H,G,Γ), en, (λvn•

aconsume(P, (H,G, [this 7→ v0, . . . , xn 7→ vn]),mbody(C.m), (λ(H ′, , ), snapshot•
∀H0 •Q((H ′ + {v0.q[snapshot , H0](v1, . . . , vn)}, G,Γ))))))))

aexec((H,G,Γ),use e0.p(e1, . . . , en); , Q) ≡
aeval(P, (H,G,Γ), e0.p(e1, . . . , en), (λvcall • aeval(P, (H,G,Γ), body , (λvbody•
vcall = vbody ⇒ Q((H,G,Γ))))))

where body is mbody(C.p)[e0/this, e1/x1, . . . , en/xn]

3.9 Abstract validity

Definition 9. A mutator

void m(C1 t1, . . . , Cn tn) requires φpre; ensures φpost; { s }

is abstractly valid if all of the following hold:

• The precondition is well-defined and the postcondition is well-defined, provided the precondition held
in the method pre-state.

∀v0, . . . vn ∈ O • v0 6= null⇒ ∀snapshot , snapshot ′ ∈ Snapshots•
aproduce(P, (∅, ∅, [this 7→ v0, x1 7→ v1, . . . , xn 7→ vn]), snapshot , φpre, (λ(H, ,Γ)•

aproduce(P, (∅, H,Γ), snapshot ′, φpost, (λ , • true))))
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• The method body satisfies the method contract.

∀v0, . . . vn ∈ O • v0 6= null⇒ ∀snapshot , snapshot ′ ∈ Snapshots•
aproduce(P, (∅, ∅, [this 7→ v0, x1 7→ v1, . . . , xn 7→ vn]), snapshot , φpre, (λ(H, ,Γ)•

aexec((H,H,Γ), s, (λ(H ′, G′,Γ′)•
aconsume(P, (H ′, G′,Γ′), φpost, (λ , • true))))))

Definition 10. A predicate

predicate q(C1 t1, . . . , Cn tn) { return φbody; }

is abstractly valid if the body is a well-defined assertion:

∀v0, . . . vn ∈ O • v0 6= null⇒ ∀snapshot ∈ Snapshots•
aproduce(P, (∅, ∅, [this 7→ v0, x1 7→ v1, . . . , xn 7→ vn]), snapshot , φbody, (λ • true))

Definition 11. A pure method

pure C p(C1 t1, . . . , Cn tn) requires φpre; { return ebody; }

is abstractly valid if the precondition is a well-defined assertion and the body is well-defined, provided the
precondition holds:

∀v0, . . . vn ∈ O • v0 6= null⇒ ∀snapshot ∈ Snapshots•
let P = {p′ ∈ P • p′ < p} in
aproduce(P, (∅, ∅, [this 7→ v0, x1 7→ v1, . . . , xn 7→ vn]), snapshot , φpre, (λ(H, ,Γ)•

aeval(P, (H, ∅,Γ), ebody, (λ • true))))

Notice that the precondition or the body of a pure method may call only pure methods defined earlier
in the program text, unless the call is in the body of an opening expression or after consuming the call’s
precondition, at least one field chunk is left in the symbolic heap.

Definition 12. The main routine s is valid if the following holds

aexec((∅, ∅, ∅), s, λ • true)

Definition 13. A program is valid if all methods and the main routine are valid.

3.10 Soundness

Definition 14. An assertion φ is well-defined with respect to an old state G, a store Γ, and a set of pure
method names P , if for all snapshots snapshot, we have aproduce(P,G,Γ, ∅, snapshot , φ, (λ • true)).

Lemma 9 (Soundness of aproduce, aconsume, aeval). Assume the program is valid.
Consider a set of pure methods P , and two consistent abstract heaps H and G.

• Consider a store Γ, an expression e, and an abstract expression evaluation postcondition Q. If
aeval(P, (H,G,Γ), e,Q), then there exists a value v such that P,H,G,Γ ` e ⇓ v and Q(v).

• Consider a store Γ, a snapshot snapshot, an assertion φ, and an abstract production postcondition Q,
and a subset H0 of H. Assume that H0, G,Γ ` φ ⇓ snapshot , H. If aproduce′(P,G,Γ, H0, snapshot , φ,Q),
then Q(H).

• Consider a store Γ, a snapshot snapshot, an assertion φ, and an abstract production postcondition Q,
and a subset H0 of H. Assume that H−H0, G,Γ � φ ⇓ snapshot. If aproduce(P, (H0, G,Γ), snapshot , φ,Q),
then Q(H).
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• Consider a store Γ, a subset H2 of H, an assertion φ, and an abstract consumption postcondition Q.
If for all snapshots snapshot0 we have aproduce′(P,G,Γ, H −H2, snapshot0, φ, (λ • true)), and we
have aconsume′(P, (H,G,Γ), H2, φ,Q), then there exists a snapshot snapshot and a heap H3 ⊆ H2

such that H −H2, G,Γ ` φ ⇓ snapshot , H −H2 +H3 and Q(snapshot , H2 −H3).

• Consider a store Γ, an assertion φ, and an abstract consumption postcondition Q. If for all snapshots
snapshot0 we have aproduce(P,G,Γ, ∅, snapshot0, φ, (λ •true)), and we have aconsume(P, (H,G,Γ), φ,Q),
then there exists a snapshot snapshot and a heap H0 ⊆ H such that H − H0, G,Γ � φ ⇓ snapshot
and Q((H0, G,Γ), snapshot).

Proof. By induction on the lexicographical order of the size of H+G, max(P ), and the number of recursive
calls of aeval, aproduce′, aproduce, aconsume′, and aconsume. We highlight the most interesting cases.

• Case aeval.

– Case e = e0.p(e1, . . . , en). By the induction hypothesis for the recursive call aconsume, and
since the precondition of p is well-defined, there exists a snapshot snapshot and a heap H0

such that H − H0, G,Γ′ � mpre(C.p) ⇓ snapshot . By the validity of p, and by the induction
hypothesis for a call of aproduce and aeval with a P ′ that does not include p, we have that the
body of p evaluates to a value v. By the definition of the interpretation I of p, we prove our
goal.

– Case using e0.p(e1, . . . , en) in e. By the induction hypothesis for the recursive calls of aeval,
we have that the call evaluates to a value vcall that is the abstract evaluation of the call, and
the body evaluates to a value vbody that is the abstract evaluation of the body. It is easy to see
from the definition of abstract evaluation that these values are equal.

– Case opening e0.q(e1, . . . , en) in e. By consistency of H, the nested heap of the matched
predicate chunk satisfies the predicate body. Therefore, we have that the aeval call succeeds,
which gives us the goal.

• Case aconsume′.

– Case e0.q(e1, . . . , en). By consistency of H, we have that the chunk that is removed satisfies
the assertion (which implies that the nested heap satisfies the body of the predicate).

Definition 15 (Valid Continuation). Validity of a continuation κ with respect to an abstract heap H and
a store Γ is defined as follows:

valid cont(H,Γ,done) = true
valid cont(H,Γ, s;κ) = aexec(H,Γ, s, (λH,Γ • valid cont(H,Γ, κ)))
valid cont(H,Γ, ret(Γ′, κ)) = valid cont(H,Γ′, κ)

Definition 16 (Valid Abstract Configuration). An abstract configuration (H,Γ, κ) is valid if H is con-
sistent and κ is valid with respect to H and Γ.

Definition 17. An abstract configuration (H,Γ, κ) abstracts a concrete configuration (H ′,Γ′, κ′) iff H ′ =
flat(H) and Γ′ = Γ and κ′ = κ.

Definition 18 (Valid Concrete Configuration). A concrete configuration is valid if there is a valid abstract
configuration that abstracts it.

Definition 19. The initial concrete configuration consists of the empty heap, the empty store, and the
main routine.

program = class s⇒ γ0 = 〈∅, ∅, s〉
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Lemma 10 (Frame Rule). Suppose H + HF is consistent. Then, if aexec(H,Γ, s,Q), then aexec(H +
HF ,Γ, s, (λH ′,Γ′ •HF ⊆ H ′ ∧Q(H ′ −HF ,Γ′))).

Proof. By induction on s.

Lemma 11 (Preservation). Execution steps preserve configuration validity.

valid conf(γ)⇒ γ  γ′ ⇒ valid conf(γ′)

Proof. By case analysis on the step rule. Relies heavily on the soundness of aeval, aconsume, and aproduce
(Lemma 9). We hightlight the most interesting cases.

• Case Step-Call. Uses the Frame Rule, as well as the soundness of production and consumption.

• Case Step-Return. Follows immediately from validity of the continuation.

• Case Step-Open. By the consistency of the heap, the nested heap of the chunk that is matched
satisfies the body of the predicate.

• Case Step-Close. Since consumption succeeds, there is a subset Hφ of the heap that satisfies the
body of the predicate. The heap obtained by replacing Hφ with a predicate chunk whose nested
heap is Hφ is consistent, satisfies the postcondition, and has the same flattening as the original one.

• Case Step-Use. Similar to the case for using expressions in the proof of Lemma 9.

Lemma 12. The initial configuration is valid.

valid conf(γ0)

Proof. This follows directly from validity of the main routine.

Lemma 13. A valid configuration is not stuck.

valid conf((H,Γ, κ))⇒ (κ = done ∨ (∃γ′ • γ  γ′))

Proof. By case analysis on the continuation.

• Case κ is a statement continuation. By case analysis on the statement.

• Case κ is a return continuation.

Theorem 1 (Soundness). If the program is valid, then concrete executions do not get stuck.

avalid program⇒ (∀H,Γ, κ • γ0  
∗ (H,Γ, κ)⇒ κ = done ∨ (∃γ′ • (H,Γ, κ) γ′))

Proof. Follows directly from Lemmas 12, 11, and 13.

4 Symbolic execution

In this section, we define validity of programs and we prove that a valid program is abstractly valid. Since
abstract validity is sound, valid programs do not get stuck.
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4.1 Logic

We target a multi-sorted, first-order logic with equality. A term t is either a variable or a function
application. A formula ψ is either true, false, an equality between terms, a conjunction, a disjunction, a
negation or a quantification.

t ::= x | f(t)
ψ ::= true | false | t = t | ψ ∧ ψ | ψ ∨ ψ | ¬ψ | ∀x • ψ

Functions with arity zero are called constants.

4.2 Signature

Each term in the logic has a corresponding sort. The sorts are the following: ref , the sort of references
and snapshot , the sort of heap snapshots. In the remainder of this paper, we omit sorts whenever they
are clear from the context.

The signature of the logic contains a number of built-in functions and a number of program-specific
functions. The built-in functions are the following:

unit : snapshot
combine : snapshot × snapshot → snapshot
first : snapshot → snapshot
second : snapshot → snapshot
null : ref
fromRef : ref → snapshot
toRef : snapshot → ref

In addition to the built-in functions, the signature contains a number of program-specific functions.
More specifically, for each pure method p defined in a class C with parameters C1 x1, . . . , C1 xn, the logic
includes a function symbol C.p with sort snapshot × ref × ref 1 × . . . ref n → ref . We encode invocations
of pure methods as applications of the latter functions. The first argument of the function encodes the
state of the heap covered by p’s precondition and is used for framing.

4.3 Interpretation

The built-in function symbols are interpreted as follows: unit is interpreted as unit, combine is interpreted
as combine, etc.

Pure method symbols are interpreted as in Section 3.6.

4.4 Theory

We define the theory Σprelude as follows:

(∀l, r • first(combine(l, r)) = l)∧
(∀l, r • second(combine(l, r)) = r)∧
(∀o • toRef (fromRef (o)) = o)

This theory encodes the property that combine and fromRef are injective. In the remainder of this paper,
we omit Σprelude for brevity. For example, we write Σ ` ψ to denote ψ is provable from the theory Σ
instead of Σprelude ∪ Σ ` ψ.

4.5 Symbolic state

Definition 20. A symbolic heap H is a list of heap chunks. A heap chunk is one of the following:

• a field chunk, t1.f 7→ t2.
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• a predicate chunk t0.q[ts](t1, . . . , tn).

Definition 21. A symbolic store Γ is a partial function from variable names to terms.

Definition 22. A path condition Σ is a set of formulas.

Definition 23. A symbolic state σ is a quadruple consisting of:

• a symbolic heap, H.

• a symbolic heap, G. G represents the old value of the heap.

• a symbolic store, Γ.

• a path condition, Σ.

4.6 Symbolic production, consumption, evaluation

The equations below define the mutually recursive functions produce′, produce, consume′, consume, and
eval. If evaluation of a function “call” does not terminate, we define its value to be false. That is: let T
be the transformation defined by the equations below. It maps an interpretation for the abovementioned
functions to a new interpretation. Since the functions return booleans, we can represent an interpretation
as the set of the calls that return true. We then define the interpretation I of the functions as

I =
⋃
n

Tn(∅)

Note: it is easy to see that T is monotonic: I ⊆ T (I). Indeed, all calls appear in positive positions,
including calls of the postcondition. Therefore, we have that I is the least fixpoint and it satisfies the
equations:

I = T (I)

produce′ : ℘(P)× SymbolicHeaps × SymbolicStores × PathConditions × SymbolicHeaps×
Terms ×Assertions × (SymbolicHeaps × PathConditions → B)→ B
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produce′(P,G,Γ,Σ, H, snapshot , true, Q) ≡
Q(H,Σ)

produce′(P,G,Γ,Σ, H, snapshot , false, Q) ≡
true

produce′(P,G,Γ,Σ, H, snapshot ,acc(e.f), Q) ≡
eval(P, (H,G,Γ,Σ), e, (λt•

let {o1.f1 7→ v1, . . . , on.fn 7→ vn} = {o.g 7→ v ∈ H | f = g} in
(Σ `Z3 t 6= null)∧

((Σ 0Z3 o1 = t ∨ · · · ∨ on = t)⇒ Q(H + {t.f 7→ toRef (snapshot)},Σ ∪ {o1 6= t ∧ · · · ∧ on 6= t}))))
produce′(P,G,Γ,Σ, H, snapshot , e1 = e2, Q) ≡

eval(P, (H,G,Γ,Σ), e1, (λt1 • eval(P, (H,G,Γ,Σ), e2, (λt2•
Σ 0 t1 6= t2 ⇒ Q(H,Σ ∪ {t1 = t2})))))

produce′(P,G,Γ,Σ, H, snapshot , φ1 ∗ φ2, Q) ≡
produce′(P, (H,G,Γ,Σ),first(snapshot), φ1, (λH ′,Σ′ • produce′(P,G,Γ,Σ′, H ′, second(snapshot), φ2, Q)))

produce′(P,G,Γ,Σ, H, snapshot , e0.q(e1, . . . , en), Q) ≡
eval(P, (H,G,Γ,Σ), e0, (λt0 • . . . eval(P, (H,G,Γ,Σ), en, (λtn•

(Σ `Z3 t0 6= null) ∧Q(H + {t0.q[snapshot ](t1, . . . , tn)},Σ)))))
produce′(P,G,Γ,Σ, H, snapshot , e1 = e2 ? φ1 : φ2, Q) ≡

eval(P, (H,G,Γ,Σ), e1, (λt1 • eval(P, (H,G,Γ,Σ), e2, (λt2•
Σ 0Z3 t1 6= t2 ⇒ produce′(P,G,Γ,Σ ∪ {t1 = t2}, H, snapshot , φ1, Q)∧
Σ 0Z3 t1 = t2 ⇒ produce′(P,G,Γ,Σ ∪ {t1 6= t2}, H, snapshot , φ2, Q)))))

produce′(P, (H,G,Γ,Σ), snapshot , untouched(φ), Q) ≡
consume(P, (H,G,Γ,Σ), φ, (λ( , , ,Σ′), snapshot ′•

consume(P, (G,G,Γ,Σ′), φ, (λ( , , ,Σ′′), snapshot ′′•
Σ′′ `Z3 snapshot ′ = snapshot ′′ ∧Q((H,G,Γ,Σ′′))))))

produce : ℘(P)× SymbolicStates × Terms ×Assertions × (SymbolicStates → B)→ B

produce(P, (H,G,Γ,Σ), snapshot , φ,Q) ≡
produce′(P,G,Γ,Σ, ∅, snapshot , φ, (λH ′,Σ′ •Q((H +H ′, G,Γ,Σ′))))

consume′ : ℘(P)× SymbolicStates × SymbolicHeaps ×Assertions×
(SymbolicHeaps × PathConditions × Terms → B)→ B
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consume′(P, (H,G,Γ,Σ), H2, true, Q) ≡
Q(H2,Σ, unit)

consume′(P, (H,G,Γ,Σ), H2, false, Q) ≡
false

consume′(P, (H,G,Γ,Σ), H2,acc(e.f), Q) ≡
eval(P, (H,G,Γ,Σ), e, (λt•

let matches = {o.g 7→ v ∈ H2 | f = g ∧ Σ ` t = o} in
∃o.g 7→ v ∈ matches •Q(H2 − {o.g 7→ v},Σ, fromRef (v))))

consume′(P, (H,G,Γ,Σ), H2, e1 = e2, Q) ≡
eval(P, (H,G,Γ,Σ), e1, (λt1 • eval((H,G,Γ,Σ), e2, (λt2•
Σ `Z3 t1 = t2 ∧Q(H2,Σ, unit)))))

consume′(P, (H,G,Γ,Σ), H2, φ1 ∗ φ2, Q) ≡
consume′(P, (H,G,Γ,Σ), H2, φ1, (λH ′2,Σ

′, lhs snapshot•
consume′(P, (H,G,Γ,Σ′), H ′2, φ2, (λH ′′2 ,Σ

′′, rhs snapshot•
Q(H ′′2 ,Σ

′′, combine(lhs snapshot , rhs snapshot))))))
consume′(P, (H,G,Γ,Σ), H2, e0.q(e1, . . . , en), Q) ≡

eval(P, (H,G,Γ,Σ), e0, (λt0 • . . . eval(P, (H,G,Γ,Σ), en, (λtn•
let matches = {t′0.q[t′s](t′1, . . . , t′n) ∈ H2 | Σ `Z3 t0 = t′0 ∧ · · · ∧ tn = t′n} in
∃t′0.q[t′s](t′1, . . . , t′n) ∈ matches •Q(H2 − {t′0.q′[t′s](t′1, . . . , t′n)},Σ, t′s)))))

consume′(P, (H,G,Γ,Σ), H2, e1 = e2 ? φ1 : φ2, Q) ≡
eval(P, (H,G,Γ,Σ), e1, (λt1 • eval(P, (H,G,Γ,Σ), e2, (λt2•

(Σ 0Z3 t1 6= t2 ⇒ consume′(P, (H,G,Γ,Σ ∪ {t1 = t2}), H2, φ1, Q))∧
(Σ 0Z3 t1 = t2 ⇒ consume′(P, (H,G,Γ,Σ ∪ {t1 6= t2}), H2, φ2, Q))))))

consume′(P, (H,G,Γ,Σ), H2,untouched(φ), Q) ≡
consume′(P, (H,G,Γ,Σ), H, φ, (λ , , snapshot ′•

consume′(P, (G,G,Γ,Σ), G, φ, (λ , , snapshot ′′ • Σ `Z3 snapshot ′ = snapshot ′′))))∧
Q(H2,Σ, unit)

consume : ℘(P)× SymbolicStates ×Assertions × (SymbolicStates × Terms → B)→ B

consume(P, (H,G,Γ,Σ), φ,Q) ≡
consume′(P, (H,G,Γ,Σ), H, φ, (λH ′,Σ′, snapshot •Q((H ′, G,Γ,Σ′), snapshot)))

eval : ℘(P)× SymbolicStates × Expressions × (Terms → B)→ B
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eval(P, σ,null , Q) ≡
Q(null)

eval(P, σ, x,Q) ≡
Q(sσ(x))

eval(P, σ, e.f,Q) ≡
eval(P, σ, e, (λt•

let matches = {o.g 7→ v ∈ Hσ | f = g ∧ Σσ `Z3 t = o} in
∃o.g 7→ v ∈ matches •Q(v)))

eval(P, σ, e0.p(e1, . . . , en), Q) ≡
eval(P, σ, e0, (λt0 • . . . eval(P, σ, en, (λtn•

(Σσ `Z3 t0 6= null) ∧ p ∈ P ∧ consume(P, (Hσ, Gσ, [this 7→ t0, . . . , xn 7→ tn],Σσ),mpre(C.p), (λσ′, snapshot•
Q(C.p(snapshot , t0, . . . , tn)))))))))

eval(P, σ,old(e), Q) ≡
eval(P,old(σ), e,Q)

eval(P, σ,opening e0.q(e1, . . . , en) in e,Q) ≡
eval(P, σ, e0, (λt0 • . . . eval(P, σ, en, (λtn•

consume(P, σ, e0.q(e1, . . . , en), (λ(H ′, G,Γ,Σ′), snapshot•
produce(℘(P), (H ′, G, [this 7→ t0, . . . , xn 7→ tn],Σ′), snapshot ,mbody(C.q), (λσ′′•

eval(℘(P), (Hσ′′ , G,Γ,Σσ′′), e,Q)))))))))
eval(P, σ,using e0.p(e1, . . . , en) in e,Q) ≡

eval(P, σ, e0.p(e1, . . . , en), (λtcall • eval(P, σ, body , (λtbody•
Σ 0Z3 tcall 6= tbody ⇒ eval(P, σ ∪ {tcall = tbody}, e,Q)))))

where body is mbody(C.p)[e0/this, e1/x1, . . . , en/xn]
eval(P, σ, e1 = e2 ? e3 : e4, Q) ≡

eval(P, σ, e1, (λt1 • eval(P, σ, e2, (λt2•
(Σσ 0Z3 t1 6= t2 ∧ Σσ 0Z3 t1 = t2 ⇒

eval(σ ∪ {t1 = t2}, e3, (λt3 • eval(P, σ ∪ {t1 6= t2}, e4, (λt4 •Q(ite(t1 = t2, t3, t4)))))))∧
(Σσ `Z3 t1 = t2 ⇒

eval(P, σ, e3, (λt3 •Q(t3))))∧
(Σσ `Z3 t1 6= t2 ⇒

eval(P, σ, e4, (λt4 •Q(t4))))
))))

4.7 Symbolic statement execution

exec : SymbolicStates × Statements × (SymbolicStates → B)→ B
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exec((H,G,Γ,Σ), C x; , Q) ≡
Q((H,G,Γ[x 7→ null ],Σ))

exec((H,G,Γ,Σ), x := e; , Q) ≡
eval(P, (H,G,Γ,Σ), e, (λt •Q((H,G,Γ[x 7→ t],Σ))))

exec((H,G,Γ,Σ), e1.f := e2; , Q) ≡
eval(P, (H,G,Γ,Σ), e1, (λt1 • eval(P, (H,G,Γ,Σ), e2, (λt2•

let matches = {o.g 7→ v|f = g ∧ Σ `Z3 o = t1} in
∃o.g 7→ v ∈ matches •Q((H − {o.g 7→ v}+ {o.g 7→ t2}, G,Γ,Σ))))))

exec((H,G,Γ,Σ), e0.m(e1, . . . , en); , Q) ≡
eval(P, (H,G,Γ,Σ), e0, (λt1 • . . . eval(P, (H,G,Γ,Σ), en, (λtn•

Σ `Z3 t0 6= null ∧ consume(P, (H,G,Γ,Σ), pre, (λ(H ′, , ,Σ′), •
produce(P, (H ′, H, [this 7→ t0, . . . , xn 7→ tn],Σ′),mpost(C.m), (λ(H ′′, , ,Σ′′)•
Q((H ′′, G,Γ,Σ′′))))))))))

where pre is mpre(C.m)[e0/this, e1/x1, . . . , en/xn]
exec((H,G,Γ,Σ), x := new C; , Q) ≡

let o = freshvar in
Q((H + {o.f1 7→ null , . . . o.fn 7→ null}, G,Γ[x 7→ o],Σ ∪ {o 6= null}))
where fields(C) = C1 f1 . . . Cn fn

exec((H,G,Γ,Σ), if(e1 = e2) { s1 } else s2 }, Q) ≡
eval(P, (H,G,Γ,Σ), e1, (λt1 • eval(P, (H,G,Γ,Σ), e2, (λt2•

Σ 0Z3 t1 6= t2 ⇒ exec((H,G,Γ,Σ ∪ { t1 = t2}), s1, Q)∧
Σ 0Z3 t1 = t2 ⇒ exec((H,G,Γ,Σ ∪ { t1 6= t2}), s2, Q)))))

exec((H,G,Γ,Σ),assert e1 = e2; , Q) ≡
eval(P, (H,G,Γ,Σ), e1, (λt1 • eval(P, (H,G,Γ,Σ), e2, (λt2•

Σ `Z3 t1 = t2 ∧Q((H,G,Γ,Σ))))))
exec((H,G,Γ,Σ),open e0.q(e1, . . . , en); , Q) ≡

eval(P, (H,G,Γ,Σ), e0, (λt0 • . . . eval(P, (H,G,Γ,Σ), en, (λtn•
consume(P, (H,G,Γ,Σ), e0.q(e1, . . . , en), (λ(H ′, , ,Σ′), snapshot•

produce(P, (H,G, [this 7→ t0, . . . , xn 7→ tn],Σ), snapshot ,mbody(C.q), (λ(H ′′, , ,Σ′′)•
Q((H ′′, G,Γ,Σ′′))))))))))

exec((H,G,Γ,Σ), close e0.q(e1, . . . , en); , Q) ≡
eval(P, (H,G,Γ,Σ), e0, (λt0 • . . . eval(P, (H,G,Γ,Σ), en, (λtn•

consume(P, (H,G, [this 7→ t0, . . . , xn 7→ tn],Σ),mbody(C.m), (λ(H ′, , ,Σ′), snapshot•
Q((H ′ + {t0.q[snapshot ](t1, . . . , tn)}, G,Γ,Σ′))))))))

exec((H,G,Γ,Σ),use e0.p(e1, . . . , en); , Q) ≡
eval(P, (H,G,Γ,Σ), e0.p(e1, . . . , en), (λtcall • eval(P, (H,G,Γ,Σ), body , (λtbody•
Q((H,G,Γ,Σ ∪ {tcall = tbody}))))))

where body is mbody(C.p)[e0/this, e1/x1, . . . , en/xn]

4.8 Symbolic validity

Definition 24. A mutator

void m(C1 t1, . . . , Cn tn) requires φpre; ensures φpost; { s }

is valid if all of the following hold:

• The precondition is well-defined and the postcondition is well-defined, provided the precondition held
in the method pre-state.

let t0, . . . tn = freshvar, . . . , freshvar in
produce(P, (∅, ∅, [this 7→ t0, x1 7→ t1, . . . , xn 7→ tn], {t0 6= null}), freshvar, φpre, (λ(H, ,Γ,Σ)•

produce(P, (∅, H,Γ,Σ), freshvar, φpost, (λ , • true))))
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• The method body satisfies the method contract.

let t0, . . . tn = freshvar, . . . , freshvar in
produce(P, (∅, ∅, [this 7→ t0, x1 7→ t1, . . . , xn 7→ tn], {t0 6= null}), freshvar, φpre, (λ(H, ,Γ,Σ)•

exec((H,H,Γ,Σ), s, (λ(H ′, G′,Γ′,Σ′)•
consume(P, (H ′, G′,Γ′,Σ′), φpost, (λ , • true))))))

Definition 25. A predicate

predicate q(C1 t1, . . . , Cn tn) { return φbody; }

is valid if the body is a well-defined assertion:

let t0, . . . tn = freshvar, . . . , freshvar in
produce(P, (∅, ∅, [this 7→ t0, x1 7→ t1, . . . , xn 7→ tn], {t0 6= null}), freshvar, φbody, (λ • true))

Definition 26. A pure method

pure C p(C1 t1, . . . , Cn tn) requires φpre; { return ebody; }

is valid if the precondition is a well-defined assertion and the body is well-defined, provided the precondition
holds:

let t0, . . . tn = freshvar, . . . , freshvar in
let P = {p′ ∈ P • p′ < p} in
produce(P, (∅, ∅, [this 7→ t0, x1 7→ t1, . . . , xn 7→ tn], {t0 6= null}), freshvar, φpre, (λ(H, ,Γ,Σ)•

eval(P, (H, ∅,Γ,Σ), ebody, (λ • true))))

Notice that the precondition or the body of a pure method may call only pure methods defined earlier
in the program text, unless the call is in the body of an opening expression or after consuming the call’s
precondition, at least one field chunk is left in the symbolic heap.

Definition 27. The main routine s is valid if the following holds

exec((∅, ∅, ∅, ∅), s, λ • true)

Definition 28. A program is valid if all methods and the main routine are valid.

4.9 Soundness

We now prove that symbolic execution simulates abstract execution, in the following sense. Consider an
abstract state σa and a symbolic state σ that represents it. Then, if abstract execution fails, symbolic
execution fails, and if abstract execution reaches an abstract state σ′a, then symbolic execution reaches a
symbolic state σ′ that represents it.

Definition 29. A symbolic heap H matches an abstract heap Ha under an interpretation I, denoted
I � H ⇓ Ha, iff the heap obtained from H by replacing each term by its value under I equals the heap
obtained from Ha by removing the nested heaps.

Definition 30. A symbolic state represents an abstract state if there is an interpretation I of the logical
symbols such that the value of the symbolic state under I matches the abstract state.

Lemma 14 (Soundness of symbolic evaluation, production, and consumption). Since the three functions
are defined by mutual recursion, we prove soundness of all three in one lemma.

• Consider a set of pure methods P , a symbolic heap H, a symbolic heap G, a symbolic store Γ, a
path condition Σ, an expression e, and a symbolic evaluation postcondition Q. Further consider
an interpretation I of the symbols such that I � Σ and an abstract heap Ha, such that I � H ⇓
Ha, and an abstract heap Ga, such that I � G ⇓ Ga, and a store Γa such that I(Γ) = Γa. If
eval(P, (H,G,Γ,Σ), e,Q), then aeval(P, (Ha, Ga,Γa), e, (λv • ∃t •Q(t) ∧ I(t) = v)).
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• Consider a set of pure methods P , a symbolic heap H, a symbolic heap G, a symbolic store Γ, a
path condition Σ, a term θ, an assertion φ, and a symbolic production postcondition Q. Further
consider an interpretation I of the symbols such that I � Σ and an abstract heap Ha, such that
I � H ⇓ Ha, and an abstract heap Ga, such that I � G ⇓ Ga, and a store Γa such that I(Γ) = Γa.
Then, if produce′(P,G,Γ,Σ, H, φ,Q), then aproduce′(P,Ga,Γa, Ha, φ, (λH ′a • ∃H ′,Σ′ • I � Σ′ ∧ I �
H ′ ⇓ H ′a ∧Q(H ′,Σ′))).

• Consider a set of pure methods P , a symbolic heap H, a symbolic heap G, a symbolic store Γ, a
path condition Σ, a symbolic heap H2, an assertion φ, and a symbolic consumption postcondition Q.
Further consider an interpretation I such that I ` Σ, an abstract heap Ha, such that I � H ⇓ Ha, an
abstract heap Ga, such that I � G ⇓ Ga, a store Γa = I(Γ), an abstract heap H2a, such that I � H2 ⇓
H2a. Then, if consume′(P, (H,G,Γ,Σ), H2, φ,Q), then aconsume′(P, (Ha, Ga,Γa), H2a, φ, (λH ′2a, θa•
∃H ′2,Σ′, θ • I � Σ′ ∧ I � H ′2 ⇓ H ′2a ∧ I(θ) = θa ∧Q(H ′2,Σ′, θ))).

Proof. By induction on the number of recursive calls of eval, produce′, and consume′.

Lemma 15 (Soundness of symbolic statement execution). Consider a symbolic heap H, a symbolic store
Γ, a path condition Σ, a statement s, and a symbolic execution postcondition Q. Further consider an
interpretation I such that I � Σ, an abstract heap Ha whose flattening is a concrete heap, such that
I � H ⇓ Ha. If exec(H, ∅,Γ,Σ, s,Q), then aexec(Ha, I(Γ), s, (λH ′a,Γ

′
a • ∃I ′, H ′,Γ′,Σ′ • I ⊆ I ′ ∧ (I ′ �

Σ′) ∧ (I ′ � H ′ ⇓ H ′a))). (In words: for each abstract state that is reached by abstract execution, there is a
symbolic state that represents this abstract state and that satisfies the symbolic execution postcondition.)

Proof. By induction on s.

Lemma 16. Valid programs are abstractly valid.

Theorem 2 (Soundness). Valid programs do not get stuck.

Proof. By combining the soundness of abstract validity (Theorem 1) and Lemma 16.
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