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Course Overview

• Introduction
• Formal models of programming languages
• Simple type systems

– Typing an expression language
– Simply typed lambda calculus
– Typing simple programming language features: 

records, variants, lists, references, exceptions, …
• Subtyping
• Conclusion
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Simple Type Systems
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Typing an expression language

• Recap: arithmetic expressions
– Syntax, semantics
– Run-time errors

• The Typing Relation
• Type soundness
• Wrap-up
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Recap: syntax
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Recap: semantics (1)

6



KATHOLIEKE
UNIVERSITEIT
LEUVEN

Recap: semantics (2)
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Run-time errors

• The goal of a type system is to avoid “getting 
stuck”
– E.g. never reach: succ true 

• The type system will do this by 
– Statically classifying terms according to “the type of 

value” they compute
– Ensuring that only the right “types” of values are 

used in each part of the program
• E.g. only a boolean is used as condition in a test
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The Typing Relation

• We will distinguish two “types of values” (i.e. two 
types): natural numbers and Booleans

• And we will define a relation between terms and 
types
– t:T        -- read as “t is of type T”
– This relation is defined inductively, using inference 

rules
9
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The Typing Rules
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Example of a type derivation tree
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Type Soundness

• The type system is designed to avoid run-time 
errors
– Now, we should prove it does this correctly: A well-

typed program does not get stuck
• Note that the converse is not generally true

– Programs that do not get stuck are not necessarily 
well-typed

• E.g. if true then 1 else succ false
– Typically unavoidable because of the static nature of 

typing
12
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Proving Type Soundness
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Lemma: Inversion

14



KATHOLIEKE
UNIVERSITEIT
LEUVEN

Progress and Preservation

• Canonical Forms Lemma:

• Progress:

• Preservation:
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Wrap-up

• “Type-checking” consists of a static check of the 
program, such that runtime errors are avoided

• Proving a type system sound:
– Generalize “well-typed” to program states

• Is trivial here
– Prove that well-typed program states do not get 

stuck (Progress)
– Prove that “being well-typed” is preserved by 

evaluation steps (Preservation)

16
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Simply Typed Lambda Calculus

• We will study a series of type systems for the 
lambda calculus.

• This first one is more or less the “simplest one 
possible”
– We need at least a “type of functions”:  
– But in order to distinguish higher-order functions, we 

need more than just a “type of functions”

18
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Lambda calculus + Booleans
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The Typing Relation

• Typing lambda-calculus expressions introduces 
several challenges:
1. In an abstraction:

• What is the type of x?
• Two options: infer or annotate
• For the moment we go for the simpler option,

annotate:
2. How do we deal with terms with free variables?

20
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Dealing with free variables…
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… by introducing context information.
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The context Γ (Gamma) is a (finite) mapping of variables to types
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Properties

• The two key properties are:
– Progress:

– Preservation:

• To prove them, we proceed in a similar way as 
for expressions
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Inversion Lemma
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Uniqueness and canonical forms

• Uniqueness: 
– In a given context Γ, if a term is typable, then it is 

only in one way

• Canonical Forms:

25
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Progress

• Progress theorem:

• Proof is by induction on the typing derivation
• Note: if the term is not closed, progress can fail
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Preservation

• Substitution Lemma:

• Preservation Theorem:

• Proof by induction on typing derivation
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Side note: Curry-Howard 
correspondence

• There is a very precise connection between 
formal proofs in logic and type checking

28
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Erasure and typability

• Erasure: stripping type information from a term

• Typability: can we add type information such that 
a term becomes well-typed?

• Proving that “evaluation commutes with erasure” 
shows that typing information can be forgotten 
after type checking

29
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Adding Other Base Types

• We discussed the simply typed lambda calculus 
with Booleans. 

• Adding other base types such as natural 
numbers, strings, or floats is straightforward

31
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The Unit Type

• Similar to “void” in Java

32
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Sequential Composition
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Can be seen as “syntactic sugar”, or as a “derived form”:
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Type Ascription
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Let Bindings
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Pairs
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Pairs (ctd)
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Pairs (ctd)
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Straightforward to extend to n-tuples, or records (where order matters)
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Disjoint Sums
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Disjoint Sums (ctd)
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Disjoint Sums (ctd)
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NOTE: Uniqueness of types is lost!
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Recovering Uniqueness
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Evaluation rules can just ignore the type annotations
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Variants

• Sums can be generalized easily to variants…
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Variants (ctd)
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Options and Enumerations

• Optional values of type T can be encoded as
– Disjoint sums of Unit and T

• Enumerated types can be simulated as
– Variant that includes Unit for each enumerated value

45
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General Recursion

• In none of the typed versions of the lambda-
calculus that we have seen up to now is it 
possible to write a non-terminating program

• In particular, the fix combinator from the untyped 
lambda calculus is not typable

• But we can re-introduce fix as a typed 
primitive…

46
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General Recursion
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Example
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References and Assignment
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References and Assignments

• Dealing with references and assignment will be a 
significantly more complex extension

• In particular because we can no longer model 
the state of an abstract machine as just the 
program text
– We need an additional component that models the 

heap or the store
– As a consequence, the typing relation will need to 

track information about the store

50
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Basic Operations

• Allocation:
– r = ref 5;    // allocates and initializes a memory cell

• Dereferencing:
– !r; // reads the contents of cell r

• Assignment:
– r := 7; // stores a new value in cell r

• NOTE: in many languages, dereferencing and 
some kinds of allocation are implicit

51
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Complications

• Evaluation of terms has “side-effects”
– r := succ(!r);

• Many aliases to the same cell can exist:
– r = ref 5; s = r;
– s := 7; !r;

• Garbage collection or deallocation
– We will not model deallocation and hence assume 

“transparent” garbage collection at run-time.

52
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Syntax and Typing
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Evaluation

• To model allocation, we need to extend the state 
of our abstract machines
– With a store or heap
– We model the store as a finite function from 

locations to values
• Allocation adds a new location to the domain of the 

function – this new location is the result of the ref operator
• Dereference reads the function
• Assignment changes (updates) the function for one 

location

54
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Extended language to model 
intermediary machine states
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Evaluation Rules
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Evaluation Rules (ctd)
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Typing

• Since we extended the syntax to model 
intermediary states, we also need to extend the 
notion of well-typed state

• We introduce the notion of “store typing” (Σ) to 
remember what types are stored at what 
locations

• The proof of Preservation will show how to 
maintain store typings during evaluation
– They are empty when the program starts(!)
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Typing Rules
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Preservation

60



KATHOLIEKE
UNIVERSITEIT
LEUVEN

Progress
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Proofs of Progress and Preservation are relatively straightforward
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Exceptions
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Non-catchable exceptions
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NOTE: Types are no longer unique!
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Handling Exceptions
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Exceptions carrying values
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Typing Rules

• We can choose several interesting Texn
– Natural numbers (error numbers)
– Strings
– Variants or extensible variants
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Wrap up

• Our techniques can deal with:
– Various base types
– The Unit type and sequential composition
– Type ascriptions
– Let bindings
– Pairs, tuples, records, variants
– Recursion
– References and assignment
– Exceptions
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