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Summary. In [16] (Nuyens and Cools) it was shown that it is possible to generate
rank-1 lattice rules with n points, n being prime, in a fast way. The construction
cost in shift-invariant tensor-product reproducing kernel Hilbert spaces was reduced
from O(sn2) to O(sn log(n)), with s the number of dimensions. This reduction in
construction cost was made possible by exploiting the algebraic structure of multi-
plication modulo a prime.

Here we look at the applications of the fast algorithm from a practical point of
view. Although the choices for the function space are arbitrary, in practice only few
kernels are used for the construction of rank-1 lattices. We will discuss component-
by-component construction for the worst-case Korobov space, the average-case So-
bolev space, the weighted lattice criterion Rn,γ and polynomial lattice rules based
on the digital Walsh kernel, of which the last two were presented at MC2QMC 2004
by Joe [11] and Dick, Leobacher and Pillichshammer, see e.g. [7]. We also give an
example implementation of the algorithm in Matlab.
Keywords. Numerical integration, Quasi-Monte Carlo, Rank-1 lattice rules, Com-
ponent-by-component construction, Fast algorithms, Digital nets

1 Introduction

We want to approximate an s-dimensional integral over the unit cube by an
equal weight cubature rule,

I(f) =
∫

[0,1)s

f(x) dx ≈ Q(f) =
∑

xk∈Pn

1
n

f(xk) , (1)

where the n evaluation points are a rank-1 lattice

Pn =
{

k · z
n

: 0 ≤ k < n

}
, (2)

and by k · z we mean (componentwise) multiplication modulo n. The integer
vector z is called the generating vector of the lattice and its components are
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taken from the set Zn = {0 < z < n : gcd(z, n) = 1}, i.e. z ∈ Zs
n. In this paper

we assume that n is prime and thus this set simplifies to Zn = {1, . . . , n− 1}.
The generating vector is chosen such as to minimize a certain error measure
for the cubature rule given in (1). Here we minimize the worst-case error
of functions in the unit ball of a shift-invariant tensor-product reproducing
kernel Hilbert space H(K) with a given reproducing kernel K:

e(z) = sup {|I(f)−Q(f)| : f ∈ H(K), ‖f‖ ≤ 1} . (3)

A particularly nice algorithm to construct a good generating vector z is
the component-by-component algorithm, see e.g. [10, 13, 19, 20]. In this al-
gorithm the components of the generating vector z are found component by
component. This was first deemed not likely to be a successful strategy by
Niederreiter [14, page 987] but later shown possible by Sloan and Reztsov
[20]. This construction method makes the generated lattice rule naturally ex-
tensible in the number of dimensions. The typical construction cost of this
algorithm is O(sn2), but can be significantly reduced to O(sn log(n)), as de-
scribed in previous work for n prime [16]. This fast algorithm makes it possible
to construct lattice rules with a large number of points (say n = 108), which
was practically intractable with the original algorithm. As an added advantage
of the fast algorithm, we note that, due to the reduced number of arithmetic
operations, its numerical qualities are also better.

In Section 2 we will present the component-by-component algorithm and
rewrite it as a repeated matrix-vector multiplication with a fixed matrix Ωn.
Then in Section 3 we will show that this matrix-vector multiplication can be
done in time O(n log(n)) instead of the classical O(n2). Since the complete
algorithm consists of s times this matrix-vector multiplication (when con-
structing a generating vector for s dimensions), the total time is O(sn log(n))
as promised. In Section 4 we will show some of the applications in which
this algorithm can be used. We will describe the worst-case Korobov space
setting, the average-case Sobolev space setting, the weighted lattice criterion
Rn,γ and even the construction of polynomial lattice rules. At MC2QMC2004
the component-by-component algorithm was introduced for these last two,
and in particular for a combination of those in the talk by Leobacher. This
paper is written from a more practical point of view and therefore we present
a possible implementation of the fast algorithm in Matlab in Section 5 and
finally make some general remarks in Section 6.

2 The Component-by-Component Algorithm

The component-by-component algorithm will construct the generating vector
z for increasing dimension s up to smax. Hereby in each iteration s, the s-th
component zs is chosen and all previously chosen components remain fixed. We
choose zs ∈ Zn which minimizes the worst-case error (3) in our shift-invariant
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tensor-product reproducing kernel Hilbert space H over all functions in the
unit ball. The advantage of using a shift-invariant tensor-product reproducing
kernel Hilbert space is that the expression for this worst-case error can be
written explicitly as

es,γ,β(z1, . . . , zs) =

− s∏
j=1

βj +
1
n

n−1∑
k=0

s∏
j=1

(
βj + γj ω

(
k · zj

n

))1/2

. (4)

See e.g. [9] for the derivation of such formulae in different settings and spe-
cifically in the case of a shift-invariant kernel.

Some words about notation are in order here. The kernel of an s-dimensional
tensor-product space is the product of 1-dimensional kernels

Ks,γ,β(x) =
s∏

j=1

(βj + γj ω(xj)) , (5)

where ω is the variable kernel part and the γj are positive (product-type)
weights which denote the importance of the different dimensions. Since we
consider only shift-invariant kernels the variable kernel function has only one
argument. The γj are taken as a decaying sequence of positive weights,

γ1 ≥ γ2 ≥ · · · ≥ γs ≥ 0 ,

which means that the successive coordinates are less and less important. The
function ω was dubbed the variable part of the kernel in the previous work
[16], since it can be seen to correspond to the non-constant frequency part of
the Fourier series of the 1-dimensional kernel (up to scaling):

K1,γ,β(x) =
∑
h∈Z

k̂h exp(2πi hx) = k̂0 +
∑

h∈Z\{0}

k̂h exp(2πi hx) .

Sometimes the constant part of the kernel is weighted by weights βj . However
a simple calculation shows that the worst-case error (4) for a function space
with weights γj and βj can be written in terms of the worst-case error in a
function space with weights γ̂j = γj/βj and β̂j = 1. We then obtain the worst-
case error as a scaled version of the worst-case error in this simpler function
space as

e2
s,γ,β =

s∏
j=1

βj e2
s,γ̂,β̂

=
s∏

j=1

βj

−1 +
1
n

n−1∑
k=0

s∏
j=1

(
1 +

γj

βj
ω

(
k · zj

n

)) .

From this we see that (up to scaling) only the ratios γj/βj matter. We want to
emphasize however, that the function ω can be any function in our derivations,
and so the choice of the reproducing kernel is completely free.
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Given the expression for the worst-case error (4) and the description of the
component-by-component construction, we can present the original algorithm
as Algorithm 1. In the algorithm we consider the worst-case error in dimension
s as a function of all the possible choices of zs ∈ Zn. We then pick the minimum
and keep this choice fixed for the following iterations. Under certain conditions
on the weights γj , it can be shown that the constructed lattice rule achieves
the optimal rate of convergence, see [13, 10, 6], and thus this construction
method is justified.

Algorithm 1 (Original) CBC for shift-invariant tensor-product RKHS
for s = 1 to smax do

for all zs ∈ Zn do

e2s(zs) = −
s∏

j=1

βj +
1

n

n−1∑
k=0

s∏
j=1

(
βj + γj ω

(
k · zj

n

))
end for
zs = argmin

z∈Zn

e2s(z)

end for

A quick inspection of Algorithm 1 shows that a direct implementation
would have a construction cost of O(s2n2). But since this is an iterative process
in s, the product over s terms can be split in two parts: a product over the
first s− 1 terms and just the last term:

s∏
j=1

(
βj + γj ω

(
k · zj

n

))
=

s−1∏
j=1

(
βj + γj ω

(
k · zj

n

))(
βs + γs ω

(
k · zs

n

))
.

(6)

In iteration s the product up to dimension s − 1 is fixed, since we do not
change the zj , j < s, anymore. Consequently we can store the product in an
n-vector denoted ps−1. Equation (6) then becomes

s∏
j=1

(
βj + γj ω

(
k · zj

n

))
= ps−1(k)

(
βs + γs ω

(
k · zs

n

))
,

which needs to be calculated for each k and each possible choice for zs. This
immediately allows us to rewrite the expression for the worst-case error as

e2
s(z) = −

s∏
j=1

βj +
1
n

n−1∑
k=0

ps−1(k)
(

βs + γs ω

(
k · z
n

))
, ∀z ∈ Zn . (7)

It is not hard to see that (7) is a matrix-vector multiplication. Define the
matrix

[Ωn]z,k = ω

(
k · z
n

)
,
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which has at most n different elements (depending on the function ω), and
define the worst-case error vector

e2
s = −β̄s +

1
n

(βs + γs Ωn) ps−1 = −β̄s +
βs

n

n−1∑
k=0

ps−1(k) +
γs

n
Ωn ps−1 ,

were a scalar plus a matrix means adding this scalar to all elements of the
matrix and β̄s =

∏s
j=1 βj , the cumulative product up to dimension s. Then

we can restate the component-by-component algorithm in its matrix-vector
form as Algorithm 2. The only extra ingredient is the updating of the product
vector after we have fixed a zs. A simple calculation shows that this is done
by multiplying each element of ps−1 by the corresponding elements of the row
zs of Ωn, denoted in a Matlab-like notation by Ωn(zs, :), after multiplication
by the weight γs and addition of the constant βs, which minimized e2

s(z).

Algorithm 2 CBC in matrix-vector form
p0 = 1
for s = 1 to smax do
e2

s = −β̄s+
1
n
(βs + γs Ωn) ps−1

zs = argmin
z∈Zn

e2s(z)

ps = diag(βs + γs Ωn(zs, :)) ps−1

end for

The matrix-vector form in Algorithm 2, shows the real beauty of the
component-by-component algorithm. A short description of the algorithm
could now be given in terms of the variable kernel matrix Ωn as:

1. Initialize an n-vector p by all ones. Create a representation of the matrix
Ωn, i.e. evaluate the function ω in the points {0, 1, . . . , n− 1}/n.

2. For each dimension s do the following:
a) Calculate the matrix-vector product of Ωn and p and assign this to a

vector ẽ2. (Note that it is not necessary to multiply with γs, add the
constant βs, divide by n and subtract β̄s. We only need to find the
index z associated with the minimal value.)

b) Pick as choice for zs the index z where the vector ẽ2 has its minimum.
c) Update the vector p as the elementwise product of row zs of (βs +

γs Ωn) with the current elements of p. (Note that only here the γs,
as well as the constant kernel part βs, is of importance.)

3. Return the generating vector of the lattice rule.

The cost of step 1 is O(n cω), where cω is the cost of evaluating the function
ω. We will consider cω constant. The cost of step 2a is the cost of a matrix-
vector product, this is O(n2). Finding the minimum in step 2b is O(n) and
updating p in step 2c is also O(n). The total is thus O(sn2).

From a computational point of view it is now very clear that we could
reduce the total construction cost of O(sn2) if we could find a matrix-vector
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multiplication algorithm for our given matrix Ωn with cost less than O(n2).
Such a technique was introduced in [16] and is shortly restated in the next
section.

3 Fast Matrix-Vector Multiplication

The technique introduced in [16] is reformulated in this section in a way that
allows a generalization of the fast algorithm to the case that n is not a prime,
see [17]. An exception where the fast algorithm is also directly applicable for
n = bm, with b prime, is presented in Section 4.4 on polynomial lattice rules.

Recall that the set Zn = {1, . . . , n− 1} here. This set together with multi-
plication modulo n forms the cyclic group Z?

n. Since the matrix Ωn is defined
as the function ω elementwise over elements of the form (k · z)/n, we can
identify part of this matrix with the Cayley table of this cyclic group.

Before we explain the fast matrix-vector multiplication with the matrix
Ωn we introduce the following notation: a prime on a symbol will denote that
the 0-index is left out. Thus with p′ we mean the vector p without its 0-th
element, i.e. assuming that p is defined as p(k) with k ∈ Zn, this means that
p′ is defined as p(k) with k ∈ Zn \ {0} = Z?

n. The same holds for the matrix
Ωn, where Ω′

n is defined as

Ω′
n =

[
ω

(
k · z
n

)]
k∈Z?

n

z∈Z?
n

. (8)

Thus Ω′
n has size (n − 1) × (n − 1), where the original matrix Ωn has size

(n− 1)× n. In other words we dropped the first column of Ωn.
Using a trick originally introduced by Rader for deriving a fast Fourier

transform when the number of points is prime [18], we can now permute the
rows of Ω′

n by the positive powers of a generator g for Z?
n and the columns by

the negative powers of this same generator. This will give us constant powers
of g along the diagonals and bring Ω′

n in circulant form:

· 1 g−1 g−2 · · · g

1 1 g−1 g−2 · · · g

g g 1 g−1 · · · g2

g2 g2 g 1 · · · g3

...
...

...
...

. . .
...

g−1 g−1 g−2 g−3 · · · 1

It is well known that a circulant matrix has a similarity transform which
has the Fourier matrix as its eigenvectors, see e.g. [3].



Fast Component-by-Component Construction 7

Theorem 1 (Diagonalization of a circulant matrix). A circulant matrix
Cm of order m has a similarity transform Cm = F−1

m DFm, where Fm is the
Fourier matrix of order m and the eigenvalues are defined by the discrete
Fourier transform of the first column c of Cm as D = diag(Fmc).

Corollary 1 (Fast matrix-vector multiplication with a circulant mat-
rix). A matrix-vector multiplication of a vector x with a circulant matrix Cm

can be done in O(m log(m)) by using the similarity transform of Cm:

Cmx = F−1
m diag(Fmc)Fmx

= IFFT(diag(FFT(c)) FFT(x)) ,

where each discrete Fourier transform (as well as its inverse) is done using
an FFT (or IFFT).

Note that for each m an m-point FFT (as well as an IFFT) is possible in time
O(m log(m)). A possible implementation is [8], which is also used by Matlab.

Plugging in this knowledge into Algorithm 2 results in a fast algorithm
for component-by-component construction with cost O(sn log(n)). We do not
need to consider a matrix-vector multiplication with Ωn, since the first column
of Ωn has constant value ω(0) and thus will not influence the minimum.

The circulant matrix after the Rader permutation on Ω′
n will be denoted

by Ψn. It is completely defined by its first column ψ′ which, given a generator
g for Z?

n, can be calculated as

ψ′ =
[
ω(g`−1/n)

]
1≤`≤n−1

. (9)

The permutation defined by the positive powers of g is also needed to map
the index ws of the minimum in the row permuted error vector, call this E2

s ,
back to the unpermuted space as

zs = gws−1 .

We can be oblivious of the permutation on the columns of Ω′
n, since we are

not really interested in the value of the p vector, and since on initialization
this vector only contains the constant value 1, so the permutation would have
no effect. For clarity we will however call the product vector in the permuted
space q.

This brings us to the following practical formulation of Algorithm 2:

1. Initialize an n-vector q by all ones. Find a generator g for Z?
n and initialize

an (n− 1)-vector ψ′ as given in (9). Preferably: precalculate the FFT of
ψ′.

2. For each dimension s do the following:
a) Calculate the matrix-vector product of Ψn and q′ using FFT’s and

assign this to a vector Ẽ2.
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b) Pick ws as the index in Ẽ2 where the vector has its minimum. Pick
zs as gws−1.

c) Update the vector q′ as the elementwise product of row ws of (βs +
γs Ψn) with the current elements of q′. The row corresponding to ws

can be formed as a circular up shift over ws of ψ′, and this update
rule is thus easily implementable (e.g. as a for-loop from ws down to
1 and a second for-loop from n− 1 down to ws + 1).

3. Return the generating vector of the lattice rule.

It can be seen that this algorithm has construction cost O(sn log(n)). The
only changes of cost are in step 1 and step 2a. The cost of step 1 is O(n log(n))
if precalculation of the FFT is done. The cost of step 2a is now O(n log(n)).
An example implementation of this algorithm is given in Section 5.

4 Applications

In this section we will use weights βj for the constant part of the kernel to
easily accommodate other kernels, but we still only use γj weights to define
the actual function space setting.

4.1 Worst-Case Korobov Space Setting

The Korobov function space is the space of [0, 1)s-periodic functions for which
a converging Fourier series exists with Fourier coefficients decaying with a
certain rate α > 1. The 1-dimensional kernel is given by

K1,γ(x) = 1 + γ
∑

h∈Z\{0}

exp(2πi hx)
|h|α

.

The ω function in this case is

ω(x) =
∑

h∈Z\{0}

exp(2πi hx)
|h|α

.

The infinite sum can be written in terms of a Bernoulli polynomial if α is even
[1, page 805],

ω(x) =
(2π)α

(−1)α/2−1 α!
Bα(x) .

In practice α is taken to be 2, which is the smallest possible value. Larger
values of α correspond to function spaces with smoother functions. So the
typical choice is

ω(x) = 2π2(x2 − x + 1/6) , with α = 2 .
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4.2 Average-Case Sobolev Space Setting

We consider the Sobolev space in s dimensions which is a tensor-product of
1-dimensional Sobolev spaces of absolutely continuous functions over [0, 1]
whose first derivatives are in L2([0, 1]). The 1-dimensional reproducing kernel
is given by

K1,γ(x, y) = 1 + γ σa(x, y) ,

where

σa(x, y) =

{
min(|x− a|, |y − a|) , if (x− a)(y − a) > 0 ,

0 , if (x− a)(y − a) ≤ 0 .

The parameter a is the anchor of this kernel, and is typically chosen as 0, 1
or 1/2. Note that this kernel is not shift-invariant and so is a function in two
variables x and y.

The study of this function space in the worst-case setting involves so-called
shifted lattice rules. For a shifted lattice rule with shift ∆ ∈ [0, 1)s, the point
set takes the form

Pn =
{(

k · z
n

+ ∆
)

mod 1 : 0 ≤ k < n

}
.

Since this kernel defines a function ω in two variables, it is not immediately
applicable for the fast algorithm. Following [19, 9], we can define a shift-
invariant kernel for this function space

K?
1,γ(x) = 1 + γ (x2 − x + a2 − a + 1/2)

= 1 + γ (B2(x) + a2 − a + 1/3) .

When using this shift-invariant kernel K?, we are actually calculating the
worst-case error in a Korobov space with α = 2 and adjusted weights

β̂j = 1 + γj (a2
j − aj + 1/3) , γ̂j = γj/(2π2) .

The error now corresponds to the average-case error in the original Sobolev
space by using random shifts ∆ for the point set. Indeed, the shift-invariant
kernel is obtained by taking the mean over all possible shifts, see [19] for
details.

Taking a typical choice for the anchor of the space and adjusting the
weights we can use the fast algorithm to construct randomly shifted lattice
rules in a weighted Sobolev space by taking

ω(x) = x2 − x + 1/6 , with a = 1 and βj = 1 + γj/3 .
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4.3 The Lattice Rule Criterion Rn and the Connection with the
Weighted Star Discrepancy

Joe considered a component-by-component construction method for rank-1
lattice rules which achieve the optimal rate of convergence O(n−1+δ), un-
der certain conditions on the weights, for the weighted star discrepancy at
MC2QMC2004, see [11]. Also see [10] for the unweighted version.

There is a link with the classical Koksma-Hlawka inequality by a bound
on the star discrepancy D?

n involving the quantity Rn (see [15])

D?
n(z) ≤ s

n
+

Rn(z)
2

.

So it suffices to only consider Rn to obtain a bound on D?
n. Here, as in [11], we

will consider the weighted star discrepancy, and thus the weighted quantity
Rn,γ . This quantity Rn,γ in s dimensions can be associated with the worst-
case error of a product of the 1-dimensional kernels (consult [11] for details)

K1,γ(x) = (1 + γ) + γ
∑

−n/2<h≤n/2
h6=0

exp(2πi hx)
|h|

.

This kernel transforms easily into the needed form, and so we have that

ω(x) =
∑

−n/2<h≤n/2
h6=0

exp(2πi hx)
|h|

, with βj = 1 + γj .

To reduce the evaluation cost of the ω function, the asymptotic techniques in
[12] should be used.

4.4 Polynomial Lattice Rules and the Digital Walsh Kernel

Another component-by-component construction method presented also at
MC2QMC2004 by Dick, Leobacher and Pillichshammer, is that of polynomial
lattice rules based on the digital Walsh kernel, see [6, 7]. These polynomial
lattice rules are in fact (t, m, s)-nets and were introduced by Niederreiter, see
[15, Section 4.4] for a more thorough description. Here the number of points
is n = bm which is not prime, but we will show that the algorithm works due
to the algebraic structure of polynomial multiplication over a field modulo an
irreducible polynomial.

For polynomial lattice rules in base b the generating vector z consists of
polynomials over a finite field, zj ∈ (Fb[x]/p)?, with p an irreducible poly-
nomial over Fb with deg(p) = m. This means that there are bm − 1 possible
choices for the components of the generating vector of the lattice rule, which
look like a0 + a1x + · · ·+ am−1x

m−1, with a` ∈ Fb and not all a` zero.
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Generalizing the construction of the point set (2) we consider the b-adic
expansion k = k0 + k1b + · · ·+ km−1b

m−1 and associate a polynomial k(x) =
k0+k1x+ · · ·+km−1x

m−1 with each such k, 0 ≤ k < bm. The multiplication is
now defined modulo p and thus q(x) = k(x)·zj(x) ∈ Fb[x]/p. To map q(x)/p(x)
into [0, 1), we consider the formal Laurent series expansion of q(x)/p(x) up
to x−m and then evaluate at x = b. This is denoted by the function vm. We
thus have that component j of point k is generated as

xk,j = vm

(
k(x) · zj(x)

p(x)

)
= vm

( ∞∑
`=1

u`x
−`

)
=

m∑
`=1

u`b
−` , u` ∈ Fb .

See [6, 15] for further details.
The theory for component-by-component construction of these rules is

similar to that of the classical lattice rules. Here the components zj of the
generating vector are chosen from the set (Fb[x]/p)?, where the multiplier k
is from the set Fb[x]/p. As in the scalar case we can define a matrix Ω′

n as

Ω′
n =

[
ω

(
vm

(
k(x) · z(x)

p(x)

))]
k(x)∈(Fb[x]/p(x))?

z(x)∈(Fb[x]/p(x))?

,

compare with (8). The product of k(x) and z(x) is done in the field Fb[x]/p
and is thus modulo the irreducible polynomial p(x) – this is the equivalence
of the product modulo the prime n in the scalar case. Since the multiplicative
group of every finite field is cyclic, we can find a primitive polynomial g which
generates all of Fb[x]/p and thus we can transform the matrix Ω′

n into circulant
form. This is all we need for the fast algorithm.

In [6] a digital Walsh kernel is used to define the function space. The
1-dimensional kernel defined for a given base b and smoothness α is given as

K1,γ(x) = 1 + γ φwal,b,α(x) .

Here φwal,b,α is defined as

φwal,b,α =

{
µb(α) , if x = 0 ,

µb(α)− bblogb(x)c(α−1)(µb(α)− 1) , otherwise ,

and µb(α) = bα(b− 1)/(bα − b), see [6] for more details.
For polynomial lattice rules the logical choice is to take base b = 2 and

then define a suitable power m to have a practical number of points n = 2m.
Since b−∞ = 0 and logb(0) = −∞, we thus have for a typical choice that
ω(x) = φwal,b,α is given as

ω(x) = 2− 2blog2(x)c , with b = 2, α = 2 .



12 Dirk Nuyens and Ronald Cools

5 Example Implementation in Matlab

In this section we give a possible implementation in Matlab of the fast al-
gorithm for the scalar lattice rules. In this example implementation we will
assume that the variable kernel function ω is symmetric around 1/2, so that
ω(x) = ω(1 − x). Using this assumption we only need half of the q′ and ψ′

vectors, and so the needed FFT’s are only half the size. See [16] for a more
thorough explanation.

function [z, e2] = fastrank1(n, s_max, omega, gamma, beta)

if ~isprime(n), error(’n must be prime’); end;

z = zeros(s_max, 1);

e2 = zeros(s_max, 1);

m = (n-1)/2; % assume the ω function symmetric around 1/2
q = ones(m, 1); % permuted product vector q′ (without zero index)
q0 = 1; % zero index of permuted product vector: q(0)
E2 = zeros(m, 1); % the vector Ẽ2 in the text
cumbeta = cumprod(beta);

g = generator(n); % generator g for {1, 2, . . . , n− 1}
perm = zeros(m, 1); % permutation formed by positive powers of g
perm(1) = 1; for j=1:m-1, perm(j+1) = mod(perm(j)*g, n); end;

perm = min(n - perm, perm); % map everything back to [1, n/2)
psi = feval(omega, perm/n); % the vector ψ′

psi0 = feval(omega, 0); % zero index: ψ(0)
fft_psi = fft(psi);

for s = 1:s_max

% step 2a: circulant matrix−vector multiplication
E2 = ifft(fft_psi .* fft(q));

E2 = real(E2); % Matlab uses complex fft’s: remove this noise
% step 2b: choose ws and zs which give minimal value
[min_E2, w] = min(E2); % pick index of minimal value
if s == 1, w = 1; noise = abs(E2(1) - min_E2), end;

z(s) = perm(w);

% extra: we want to know the exact value of the worst−case error
e2(s) = -cumbeta(s) + ( beta(s) * (q0 + 2*sum(q)) + ...

gamma(s) * (psi0*q0 + 2*min_E2) )/n;

% step 2c: update q
q = (beta(s) + gamma(s) * psi([w:-1:1 m:-1:w+1])) .* q;

q0 = (beta(s) + gamma(s) * psi0) * q0;

fprintf(’s=%4d, z=%4d, w=%4d, e2=%.5e, e=%.5e\n’, ...

s, z(s), w, e2(s), sqrt(e2(s)));

end;

The implementation we give is not the best possible. The FFT’s could
in fact be taken as real to complex transforms, instead of the complex to
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complex transforms provided by Matlab. Likewise the IFFT could be taken
as a complex to real transform. This functionality is not provided in Matlab,
but could be exploited in a C implementation resulting in less memory usage
and a faster construction.

Also note that in theory the vector Ẽ2 should be constant in the first
iteration. This means that we can always pick z1 = w1 = 1. In practice there
will be numerical noise and so we force this decision. This immediately gives
us some information about the noise level for the FFT, but nothing is done
with this information in the example implementation. We did not list any
code for the function generator which is used for finding a generator for Z?

n,
but such an algorithm can be found in [2, page 25] and is relatively easy to
implement.
We give an example usage of the routine for constructing a lattice rule for the
average-case Sobolev space setting:

omega = inline(’x.^2 - x + 1/6’);

n = 4001; s = 100; gamma = 0.9.^[1:s];

[z, e2] = fastrank1(n, s, omega, gamma, 1+gamma/3);

For polynomial lattice rules the initialization part of the algorithm becomes
only a little bit harder. We have to find a generator for Fb[x]/p and calculate
all its positive powers, then find the Laurent series expansion for gk/p and
apply the functions vm and ω. However, the core of the algorithm, which is
the matrix-vector multiplication, remains the same.

6 Critical Remarks

We have shown that one simple implementation framework works for any
shift-invariant kernel and that the algorithm is practically implementable by
giving an example implementation in Matlab. This algorithm has construction
cost O(sn log(n)).

Although it is possible to do fast construction for a composite number
of points, the results in [5, 4, 16] show that rules constructed with a prime
number of points have better worst-case errors (i.e. the constant is better,
while the rate is the same). We also would like to note that the prime number
algorithm is a lot easier to implement and to understand. The reader is referred
to [17] for details about the general algorithm. In the case of the polynomial
lattice rules we arrive at an algorithm for a number of points of the form
n = bm, with b prime. Because of the parallels between prime numbers and
irreducible polynomials, the presented algorithm is immediately applicable,
although bm is not prime.

In [16] it was shown that with a relatively standard PC configuration,
lattice rules with a number of points almost up to 108 can be calculated by
this algorithm. The question however is: how many points do we need? Or
is it enough that we can generate the lattice rule on the fly for a moderate
amount of points?
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Depending on the number of points n, but also depending on the function
space, the algorithm can exhibit numerical problems. It must be noted however
that these numerical problems will manifest themselves a lot sooner when
using the classical O(sn2) algorithm due to the significantly larger number
of operations. An open question is therefore: can we improve the numerical
qualities of the component-by-component algorithm?
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