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Abstract Wang cubes. In this paper we de ne corner cubes

We present a method for ef ciently generating Poissonand extend tiling algorithms and construction meth-

sphere distributions, the three-dimensional equivalent oPds for comner tiles to corner cubes.

Poi.ssor.1 disk distriputions. Our mgthgd ig ablg to gengratcz Background and Related Work

arbitrarily large Poisson sphere distributions in real time

and allows local evaluation of the generated distributionsPoisson disk distributions were rst used in com-
The method we present is based on cubes with coloreputer graphics in the context of sampling. Dépp
corners, called corner cubes, an extension of corner tile@nd Wold [5], Cook [3] and Mitchell [16] intro-
We generalize tiling algorithms and construction methodgluced non-uniform sampling and the Poisson disk
from corner tiles to corner cubes. Poisson sphere distribudistribution to solve the aliasing problem.

tions have several useful applications in computer graphPoisson disk distributions are traditionally gener-
ics, such as geometry instancing and a three-dimension&ited using an expensive dart throwing algorithm [3].
procedural object distribution function. Fast methods that generate approximate Poisson
. disk distributions were proposed by various authors
1 Introduction [5, 17]. McCool and Fiura [15] introduced relax-
Well-distributed point sets have several applicationstion dart throwing and Lloyd's relaxation scheme
in computer graphics, such as modeling, samplingto generate well distributed point sets.

halftoning and non-photorealistic rendering. TheseDippé and Wold [5] already in 1985 suggested tile-
applications often rely on ef cient methods for gen- based methods for ef ciently generating Poisson
erating well-distributed point sets. disk distributions. Since then, several tile-based
One of the most popular two-dimensional well- methods were proposed. Most of them use Wang
distributed point sets is the Poisson disk distributiles [25, 7], square tiles with colored edges. Shade
tion. Recently, several techniques have been prcet al. [22] extended the dart throwing method to
posed for the ef cient generation and evaluation ofWang tiles. Hiller et al. [8] presented a method
Poisson disk distributions. In this paper, we extencbased on Lloyd's relaxation scheme, which was
this work to three dimensions. We introduce thelater adopted by Cohen et al. [2]. Ostromoukhov
Poisson sphere distribution, the three-dimensionadt al. [19] presented an interesting method based
equivalent of the Poisson disk distribution. on the Penrose tiles [7] and precomputed relaxation
We present a method for ef ciently generating Pois-vectors. Lagae and D@iintroduced improved con-
son sphere distributions of arbitrary size in realstruction methods for Poisson disk tiles based on
time. The generated distribution can be evaluatedlVang tiles [12] and corner tiles [13]. Kopf et al.
locally. We discuss several applications of Poissolfjll] use recursive Wang tiles to generate varying
sphere distributions, including geometry instancingdensity Poisson disk distributions. Jones [10] and
and a three-dimensional procedural object distribubunbar and Humphreys [6] presented fast imple-
tion function, a new texture basis function that dis-mentations of the dart throwing algorithm.

tributes procedurally generated objects over a proNext to sampling, Poisson disk distributions have
cedurally generated solid texture. several other applications in computer graphics,
Our method is based on cubes with colored cornersuch as geometry instancing [4], object distribution
called corner cubes. Corner cubes are a generalizéor illustration [21], and procedural texturing [12].
tion of corner tiles [13], related to Wang tiles and Wang tiles are used frequently in computer graph-



a relative radius that is high$ 0:70), but not too

) ) high either ( < 0:85), because regularity should
be avoided.

The relative radius speci cation scheme general-
izes to three dimensions. The packing densityf

‘‘‘‘‘ L Al = i 1 the densest packing of spheres is given by

(@) (b)

Figure 1: The relative radius versus the number iterations
of Lloyd's relaxation scheme applied to (a) a Poisson diskn three dimensions, the packing density is de ned
distribution and (b) a Poisson sphere distribution generaq ine fraction of the volume lled by the spheres
ated with dart throwing. Note the local minima in (b). . ’
This problem, also known ake Kepler Problem
was solved in 1998 [1]. In three dimensions, the
ics for generating non-periodic textures [23, 18, 2].maximum sphere radius is therefore

= p— 0:7405: 4
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Wang cubes were introduced in the context of dis- r

crete mathematics [9], and _have re_cently been used Fmax = ° ﬂai{ : (5)

for example-based volume illustrations [14]. 4 2N

3 Poisson Sphere Distributions As in two dimensions, good Poisson sphere distri-

. o ) . butions should have have arelative radius that is rel-
A Poisson sphere distributionis a three-&mensnonaétive'y high.

random point distribution in which all points are )
separated by a minimum distance. Half that dis3.2 Generation

tance is called the radius of the distribution. If apjost algorithms for generating Poisson disk distri-
sphere of that radius is placed at each point, then ngytions generalize to three dimensions. We brie y
two spheres will intersect. o discuss dart throwing [3], relaxation dart throwing
In this section we discuss radius speci cation, gen{15), and Lloyd's relaxation scheme [15].

eration and analysis of Poisson sphere distributions. ) ) )
Dart Throwing  The dart throwing algorithm gen-

3.1 Radius Speci cation erates uniformly distributed points, and rejects
In [12], we have introduced a convenient radiuspoints that do not satisfy the minimum separation
speci cation scheme for two-dimensional point dis- with already generated points. Practice show that
tributions. The densest packing of disks in the planglart throwing can be used for generating Poisson
is the hexagonal lattice, with a packing densitgf ~ sphere distributions with a relative radius up to 0.70.

= p— 0:9069: (1) Relaxation Dart Throwing The relaxation dart
throwing algorithm places points with a large radius
The packing density is de ned as the fraction of theinitially. If no more space is found for a large num-
area lled by the disks. When distributing disks  ber of attempts, the radius is reduced by some frac-
over a unit toroidal domain, the maximum disk areation before new points are added. This algorithm is
is thus =N . The maximum disk radiusmax iS  faster and easier to control than dart throwing. With
therefore given by an initial radius of 0.15, 10000 attempts and a ra-
r 1 dius reduction fraction of 0.99, the relative radius
H: (2)  of the distributions is about 0.70.

The Poisson disk radiuscan now be speci ed as a

Mmax =

Lloyd's Relaxation Scheme Lloyd's relaxation
fraction 2 [0::: 1] of the maximum disk max schem_e is_ an iterative proc_ess. In_ each iteration, the
Voronoi diagram of the point set is computed, and
F= T max: ST points are moved to the centroid of their Voronoi
The relative radius is independent of the size of cell. This scheme can be used to improve the radius
the domain and of the number of points. Itis a meaof a distribution, or to generate a well-distributed
sure of the quality of the Poisson disk distribution.point set from a uniform point distribution. It is
The higher , the closer the densest possible packthe only method that allows to generate distribu-
ing is approached. Good distributions should havéions with a high relative radius (up to 0.85). The



method also works in three dimensions, but doe:
not converge as easily as in two dimensions. This it
illustrated in Figure 1. Although the global trend in-
dicates convergence, the method seems to get stu
in local minima often. We believe this is because
the maximum radius con gurations are more sta-__
ble in two dimensions than in three. As a consej
quence, much more iterations are needed in thre.
dimensions.

3.3 Analysis

Radius statistics and spectral analysis are the two-

primary means to analyze Poisson disk and Pois
son sphere distributions. We use a generalization ¢
Bartlett's method of averaging periodograms [24].' j i

=

The power spectrum of a method for generating
Poisson sphere distributions is estimated by ave
aging Fourier transforms (periodograms) of distri-
butions generated with the method. Similar to Poistigyre 2: Spectral analysis of Poisson sphere distribation
son disk distributions, the power spectrum of Pois-of 65536 points and a relative radius of 0.70 generated
son sphere distributions should be radially symmetWith dart throwing. The top row shows several slices of
ric. Therefore, the power spectrum is reduced tdhe_power spectrum. The middle row shows the three_ co-
. . . rdinate plane slices. The bottom rows shows the radially
two one-dimensional measures: radially averageaveraged power and anisotropy.
power and anisotropy. The power should exhibit the
typical blue noise pro le, and the anisotropy should
be low, indicating good radial symmetry. Figure 2ily many times. Figure 4 shows an example tiling
shows the typical power spectrum of Poisson sphergenerated with the corner cube set over two colors.
distributions. The cubes are enumerated using their corner col-
. . ors. The eight corner colors are interpreted as an
4 Tile Based Generation 8-digit base€ number. A base conversion converts
In this section we present our method for ef ciently the corner colors to a cube index and vice versa.
generating arbitrary large Poisson sphere distribuFigures 3 and 4 also show the cube indices.
tions. We rst introduce corner cubes and present, - .
a tiling algorithm for corner cubes. We then show4'2 Tiling Algorithm
how to construct a Poisson sphere distribution ovefhe direct stochastic tiling algorithm of [13] ex-
a set of corner cubes. We end this section witifends nicely to three dimensions. Assuming that
an analysis of the tiled Poisson sphere distributionghe cubes are placed with their corners on the in-
generated with our method. teger lattice points, a tiling of space is equivalent
with a coloring of the integer lattice. A stochastic
4.1 Comer Cubes tiling is thus obtained by assigning a random color
Corner cubes are an extension of corner tiles [13]o each integer lattice point. This can easily be ac-
to three dimensions. Corner cubes are cubic tilesomplished with a hash function. We have obtained
with colored corners. Similar to Wang tiles, the good results using a hash function based on a per-
cubes have a xed orientation. Because a cube hasutation table [20].
8 corners, a complete set of corner cubes @ver This tiling algorithm is very ef cient. Only eight
colors consists o€® cubes. Figure 3 shows some evaluations of the hash function and a base conver-
of the cubes of the complete tile set over two colorssion are needed to decide which cube is at a given
counting 256 cubes. location. Moreover, the algorithm allows local eval-
A tiling is generated by placing the cubes next touation of the tiling: it is able to decide which cube
each other such that adjoining corners have matchs at a given location without computing and storing
ing colors. Each cube in the set can be used arbitraneighboring cubes. Consistency with neighboring
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cubes is guaranteed by the hash function. This is done by assembling all corresponding cor-
ner tiles, edge tiles and face tiles (Figure 12(a)). All
points further away from the cube surface than the
For constructing a Poisson disk distribution over apoisson sphere radius are discarded (Figure 12(b)).
set of cubes, we follow the strategy of [12] and [13]. A Poisson sphere distribution is generated using
We use corner cubes because Wang cubes are sitaxation dart throwing, both in the inside (Fig-
jectto the corner problem [13], and because extendare 12(c)) and outside (Figure 12(d)) of the cube,
ing the approach of [12] would result in a set of mil- gptionally followed by Lloyd's relaxation scheme
lions of cubes. (Figure 12(e)). The corner cube is then cut out of
The Poisson disk radius determines different rethe point distribution (Figure 12(f)).

gions in a tile: corner regions, edge regions, facen practice, this construction method works very
regions and an interior region. These regions argvell. Our method is capable of constructing sets of
shown in Figure 5. Points in these regions affectubes with a relative radius up@80. We have also
points in respectively seven, three, one and zerqQeri ed that the point density in the different re-
neighboring tiles. The tile regions are modied gions corresponds to the expected number of points
such that the distance between regions of the samg the regions according to their volume. Note that
type is at least twice the Poisson sphere radius. Thge construction of the cubes is a preprocess. Con-
modi ed tile regions are shown in Figure 6. This structing a set of cubes takes about an hour on a
allows us to treat different regions of the same typgegular computer. The most expensive operation is
independent. The modi ed tile regions give rise to|oyd's relaxation. One set of cubes is suf cient to

a dual tiling. This is illustrated in Figure 7. The generate as much Poisson disk distributions as re-
four kinds of tiles in the dual tiling are corner tiles, quired, due to the non-periodic tiling algorithm.
edge tiles, face tiles and interior tiles. Figure 8 )

shows the shape of these tiles. These four kinds df-4 Analysis

tiles correspond respectively to the combination ofsjgyre 13 shows the spectral analysis of tiled Pois-
eight modi ed corner regions, four modi ed edge gson sphere distributions. The power spectrum is
regions, two modi ed face regions, and an interioryery similar to the power spectrum of non-tiled
region. Note that the corner tile is a great rhom-pyisson sphere distributions. The underlying tiling
bicuboctahedron, an Archimedean solid. is revealed through a grid of spikes. This is typ-
Constructing a Poisson sphere distribution over g5 for tiled point distribution. The radially av-
set of corner cubes is done using the dual tiles. Thigraged power exhibits the typical blue noise spec-
process is illustrated in Figures 9, 10, 11 and 12yrym. Compared with the power spectrum of non-
First, a Poisson sphere distribution is constructegijed poisson disk distributions, the anisotropy is too
over the corner tiles (Figure 9(a)). For each cornepigh. However, the approach we present in this pa-

tile, a Poisson sphere distribution is generated oveser is currently the only tile-based approach that
the toroidal unit cube using relaxation dart throwinggeneralizes to three dimensions.

(Figure 9(b)) optionally followed by Lloyd's relax- o
ation scheme (Figure 9(c)). All spheres with theirS Applications

center inside the corner tile are then cut out of the, . T . .
distribution (Figure 9(d)). Next, a Poisson Spherg:'msson sphere distributions have various applica-

O . tions in computer graphics. In this section we
d|str|but|pn Is constructed over the edges t|Ie_s bydiscuss procé)dural ?nogeling procedural texturing
assembling thg correspondmg corner tllgs (F'gureand suggest several other applications. For most of
;O(?gizzggaggg ?hroc\)/lvsirfon Fsiptf;elocl;sgnbgt'tci)gnlfsthese applications, Poisson sphere distributions are
9 ) 9( '9 (b)) p the only option, because other well distributed point

ally followed by_Londs relaxatlon'sche_me (Figure sets, such as low-discrepancy point sets, have a too
10(c)), and cutting out the edge tile (Figure 10(d))'small relative radius and are too regular.

No new points are added to the corner tiles, and the '
points of the corner tiles remain xed during relax- Geometry Instancing Many natural and man-
ation. Then, a Poisson sphere distribution is conmade distributions follow a Poisson sphere like pat-
structed over the face tiles in the same way (Figtern that can be modeled using corner cubes. Be-

ure 11). Finally, the corner cubes are constructedcause the underlying tiling can be evaluated locally,

4.3 Cube Construction



Figure 3: A number of cubes from the complete set ofFigure 4: A tiling generated from the complete set of cor-
corner cubes over two colors. ner cubes over two colors.

@) (b) © (d) (e) ®

Figure 5: The Poisson sphere radius determines (a) cornensedb) edge regions, (c) face regions, and (d) an interior
region. Also shown is (e) an inside view and (f) an outsidenaéthe cube.

@) (b) (© (d) (e) ®

Figure 6: The tile regions are modi ed to facilitate the canstion of a Poisson disk distribution over a set of tileseTh
(a) modi ed corner regions, (b) modi ed edge regions, (c) mazt face regions, and (d) modi ed interior region are
shown. Also shown is (e) an inside view and (f) an outside \oéthe cube.

Figure 7: The dual tiling implied by the modi ed tile re- Figure 8: The four kinds of tiles in the dual tiling are cor-
gions (generated from the tiling shown in Figure 4). ner tiles, edge tiles, face tiles and interior tiles.
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Figure 9: Construction of a Poisson sphere distributiorr aveorner tile.

(b) (© (d)

Figure 10: Construction of a Poisson sphere distributiar an edge tile.

(b) (© (d)

Figure 11: Construction of a Poisson sphere distributiar avface tile.

(b) (© (d)

®

Figure 12: Construction of a Poisson sphere distributicer acorner cube.



Figure 14: Saturn's asteroid belt was modeled by instan-
tiating several thousands asteroids using a Poisson sphere

m } distribution.
P B} i

granite, and abstract man-made patterns. The tex-
‘‘‘‘‘ | ture basis function has a small memory footprint
and is quite ef cient: one evaluation is as expensive

Figure 13: Spectral analysis of Poisson sphere distribuas 20 evaluations of Perlin's Noise function [20].
tions of 65536 points and a relative radius of 0.75 gen- o ) )
erated by tiling8 8 8 tiles of a tile set with 128 Other Applications We believe that Poisson

points per tile. The top row shows several slices of thesphere distributions are useful for several other ap-
power spectrum. The middle row shows the three cooryjications. such as rain and snow modeling, vol-
dinate plane slices. The bottom rows shows the radiall Lme sam’ ling for representing and renderin' vol-
averaged power and anisotropy. p . 9 - p . g ; g

ume data, visualizing three-dimensional ow elds,
and generating particle distributions for physically
based modeling.

our method allows to instantiate geometry on-the
y. Rather than storing instancing informgtign, in-. 6 Conclusion and Future Work
stances are generated procedurally. This is a sig-
ni cant advantage for geometry instancing. Figureln this paper we have presented an ef cient method
14 shows Saturn's asteroid belt, modeled by cuttindor generating Poisson sphere distributions, the
out a ring of points from a Poisson sphere distributhree-dimensional equivalent of Poisson disk dis-
tion. When ying through the asteroid belt, only tributions. We have introduced corner cubes, and
asteroids within the view frustrum need to be in-We have generalized tiling algorithms and construc-
stantiated. tion methods for corner tiles to three dimensions.
Our method is capable of producing Poisson sphere
Procedural Texturing The two-dimensional pro- distributions of arbitrary size in real time. The dis-
cedural object distribution function [12] can be ex-tributions can be evaluated locally. We have intro-
tended to a solid version using corner cubes anduced tools to analyze Poisson sphere distributions.
Poisson sphere distributions. The texture basi¥Ve have discussed several applications of Poisson
function distributes procedurally generated objectsphere distributions, including geometry instancing
over a procedurally generated background. The oband a three-dimensional object distribution func-
jects do not to overlap, and the scale, size and oriertion, a new solid texture basis function.
tation of the objects can be easily manipulated. FigThere are several opportunities for future work. The
ure 15 shows the outputs of the three-dimensionainost challenging one is to develop methods to gen-
texture basis function. Figure 16 shows several texerate well-distributed point sets in real time accord-
tures generated with the distribution. The accoming to a given density. It would also be interesting
panying video shows how we integrated the textur¢o explore three-dimensional variants of other ap-
basis function into a commercial rendering systemplications of Wang tiles, such as texture synthesis.
The new texture basis function is good at modeling=inally, we are interested in working out the other
natural materials with particle distributions, such asapplications mentioned in Section 5.



(C) (b) (©

Figure 15: The procedural object distribution function re-
turns (a) a boolean indicating whether the point of eval-
uation is within the Poisson sphere of the closest feature
point, (not shown) the coordinates of the feature point, (b)
the distance to the feature point, and (c) an unique ID idenFigure 16: TheVenusmodel, carved from solid textures

tifying the feature point.

generated with the procedural object distribution funetio
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