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Department of Computer Science
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Abstract
We present a new and efficient method to compute the intersection
point between a convex planar quadrilateral and a ray. Contrary to other
methods, the bilinear coordinates of the intersection point are computed
only for rays that hit the quadrilateral. Rays that do not hit the quadri-
lateral are rejected early. Our method is up to 40% faster compared to
previous approaches.

1 Introduction & Related Work

The ray-quadrilateral intersection problem consists of determining whether a
ray intersects a convex planar quadrilateral. In most cases, the problem also
consists of computing the bilinear coordinates of the intersection point. These
coordinates are used to interpolate shading normals and texture coordinates
across the quadrilateral.

As Schlick and Subrenat [SS95] pointed out, considering a quadrilateral as two
separate triangles introduces discontinuities in the isoparametrics. This leads to
interpolation artefacts such as distorted texture mappings and incorrect shading,
as illustrated in figure 1. Therefore, computing a ray-quadrilateral intersection
is often preferred over splitting a quadrilateral into triangles.

Schlick and Subrenat [SS95] presented a simple but effective method to solve
the ray-quadrilateral intersection problem. The ray is first intersected with the
plane containing the quadrilateral. If the ray intersects the plane, the bilinear
coordinates of the intersection point are computed. These coordinates determine
whether the ray also intersects the quadrilateral.

The ray-quadrilateral intersection algorithm we present in this paper is based on
the Moller-Trumbore ray-triangle intersection method [MT97]. It is up to 40%
faster compared to the Schlick-Subrenat ray-quadrilateral intersection algorithm
[SS95]. We also show that computing one ray-quadrilateral intersection is at
least as fast as computing two separate ray-triangle intersections.

*email:{ares,phil}@cs.kuleuven.ac.be
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Figure 1: (a) A quadrilateral and its isoparametrics for v = 0.25, u = 0.5 and u = 0.75.
(b) The texture mapped quadrilateral. (c) The isoparametrics become discontinuous
when splitting the quadrilateral into triangles. (d) The texture mapped triangles.

2 Overview

Computing the bilinear coordinates of a point with respect to a quadrilateral
involves solving a quadratic system of two equations, which is an expensive
operation. If the ray intersects the plane containing the quadrilateral, but not
the quadrilateral itself, our method avoids computing the bilinear coordinates
of the intersection point.

Our method can be summarized as follows: consider the two triangles defined
by a quadrilateral and one of its diagonals. The barycentric coordinates of the
intersection point with respect to these triangles determine whether the ray
intersects the quadrilateral or not. If the ray intersects the quadrilateral, the
barycentric coordinates of the intersection point with respect to one of these
triangles are transformed to bilinear coordinates with respect to the quadrilat-
eral.

3 Intersection Algorithm

Let Voo, Vig, Vi1 and Vi1 be the vertices of the convex planar quadrilateral
Q = Voo, Vio, Vi1, Vo1), listed in counterclockwise order. Each point Q(u,v) in
the plane of ) can be written as

Qu,v) = (1 —u)(1 —v)Voo + u(l —v)Vip + uvVis + (1 —w)vVor, (1)

where (u,v) are the bilinear coordinates of Q(u,v) with respect to Q. If 0 <
u<1land 0 <wv <1, then Q(u,v) lies within . This equation describes a
bilinear mapping, which is a mapping of the unit square into a quadrilateral.
This mapping is computed by first linearly interpolating along the top and
bottom edges of the quadrilateral, and then linearly interpolating between the
two interpolated points.

Q’s diagonal VioVp; determines two triangles, T = (Vig, Vo1, Voo) and T" =
(Vo1, Vio, V1) (see figure 2). Each point T'(«, 8) in the plane of T' (and @) can
be written as

T(a, B) = Voo + a(Vio — Vo) + B(Vor — Voo), (2)

where («, 3) are the barycentric coordinates of T'(«, 8) with respect to T. If
a>0,8>0and a+ 8 <1, then T(a, 3) lies within T
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Figure 2: The barycentric coordinates with respect to (a) T and (b) 7" of the inter-
section point are used to reject rays that do not intersect the quadrilateral.

The barycentric coordinates of the intersection point with respect to T are
computed using the approach outlined in [MT97]. The parametric equation of
a ray R with origin O and direction D is given by

R(t) = O + D, (3)

with ¢ > 0. The barycentric coordinates and the ray parameter ¢ of the intersec-
tion point of the ray R and the plane of T are obtained by solving R(t) = T'(«, 3),
or

O +tD = Voo + a(Vip — Vo) + B(Vor — Voo), (4)

for o, § and t. We only solve for « and 3. Solving for ¢ is postponed until we
are sure that the ray intersects the quadrilateral.

Ifa>0,82>0and a+ g <1, the ray intersects T and thus Q. If o < 0
or 3 < 0, the ray hits neither T nor Q. If « > 0, 8 > 0 and o + 3 > 1,
the ray does not hit 7', but it cannot be classified with respect to @. In this
case, the barycentric coordinates (a/, 3") with respect to the triangle 7" of the
intersection point are computed. If @’ > 0 and 8’ > 0, the ray hits 77 and thus
Q, otherwise it misses both 7" and Q. The process of ray rejection is illustrated
in figure 2.

For rays that intersect the quadrilateral, the bilinear coordinates of the intersec-
tion point are computed as follows. Let (a1, £11) be the barycentric coordinates
of V11 with respect to T'. These can be computed by solving

(Vi1 — Voo) = a11(Vio — Voo) + B11(Vor — Vio) (5)

for ary1 and (11. This equation expands to a linear system of three equations in
two unknowns, one equation being a linear combination of the other two. The
barycentric coordinates of the vertices of @) with respect to T are (0,0), (1,0),
(a1, 811) and (0, 1). In barycentric coordinate space, the bilinear mapping that
maps the unit square into @ is given by

a = w(ann—1)+u
B8 = wv(fi1—1)+w. (6)

These equations are obtained by plugging corresponding points of @ (using
barycentric coordinates) and the unit square into equation 1. The bilinear
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Figure 3: The quadrilateral @ in barycentric coordinate space.

coordinates of a point in the plane of () are obtained by applying the inverse of
this bilinear mapping on the barycentric coordinates of that point. The inverse
of this bilinear mapping is computed by solving the system of equation 6 for u
and v. u is obtained by solving the quadratic equation

—Bu—-Du?+(a(fi1—1) =B —1) —Nu+a=0, (7)
and once u is known, v is obtained with the equation

g

U:u(611,1)+1

: (8)

Note that when a7 or (11 (or both) are equal to 1, the quadratic system of
equation 6 degrades to a linear one. In the case where (a11,511) equals (1,1),
@ is a parallelogram and the bilinear mapping (and its inverse) is the identity
transformation. In this case, the bilinear coordinates of the intersection point
are equal to its barycentric coordinates. If either ay; or 17 is equal to 1, @ is
a trapezium. In the case where a1 equals 1, 4 = « and v is given by equation
8. In the case where 11 equals 1, v = 8 and u is given by

u:’U(allfl)%»].. (9)

If the quadrilateral has to be intersected with many rays, the barycentric coor-
dinates of Vi1 with respect to T' can be precomputed, because they are inde-
pendent of the ray.

Another optimization consists of reordering the vertices of @ such that Vi
lies within the parallelogram determined by 7. Rays that do not intersect
the parallelogram can be rejected using only the barycentric coordinates with
respect to T, and the barycentric coordinates with respect to 7" will need to be
computed for less rays. This optimization is illustrated in figure 4.

4 Implementation

The pseudocode of the ray-quadrilateral intersection algorithm is shown in figure
5. The first block of code rejects rays that are parallel to @, and rays that
intersect the plane of @) either on the left of the line VgV, or below the line
VooVio. When vertex reordering is used, the code fragments highlighted in green



Figure 4: By reordering the vertices of ), more rays can be rejected using only the
barycentric coordinates with respect to 7.

reject rays that intersect the plane of @ outside of the parallelogram determined
by T'. The second block of code rejects rays that intersect the plane of @) either
on the right of the line V11 Vi or above the line V11 V1. This block of code is only
executed if the ray does not hit 7. The third block of code computes the ray
parameter ¢ of the intersection point. The fourth block of code solves the system
given by equation 5. To avoid numerical instability, the equation corresponding
to the component of largest magnitude of @’s normal is discarded. When the
barycentric coordinates of V;; with respect to T" are precomputed, this block of
code is removed from the intersection algorithm. Finally, the last block of code
computes u, the first bilinear coordinate, by solving equation 7. Because the
ray hits @), it is not necessary to check for A < 0, and at least one of the roots
lies between 0 and 1. Once wu is known, v is calculated according to equation 8.

5 Results

We did three different tests to compare our ray-quadrilateral intersection al-
gorithm with the one of Schlick and Subrenat, and with the Moller-Trumbore
ray-triangle intersection method.

The first test measures the time needed to ray trace a single quadrilateral using
a minimal ray tracer. The test was repeated for a batch of 1000 randomly ori-
ented, convex planar quadrilaterals. The area of the quadrilaterals is uniformly
distributed between 0% and 100% of the area of the viewport of the ray tracer.
Figure 6(a) shows the results. Our algorithm is 23% to 40% faster than the one
of Schlick and Subrenat, and 13% slower to 12% faster (depending on which op-
timizations are used) than two applications of the Méller-Trumbore ray-triangle
intersection algorithm. For reference purposes, we have also included the time
needed for a single ray-triangle intersection. We have repeated the test using
different batches of random quadrilaterals with a fixed area. Figure 6(b) shows
the results. The method of Schlick and Subrenat performs roughly equally well
on each of those batches. In contrast, our method becomes faster as the area of
the quadrilaterals decreases. This clearly shows the effect of early ray rejection.

The second test matches the situation in a real ray tracer more closely (in
particular, the presence of acceleration structures). This test measures the
time needed to intersect a quadrilateral with approximately 15000 randomly
generated rays that intersect its bounding box. Again, this test was repeated
for a batch of 1000 random quadrilaterals. Figure 6(c) shows the results. Our



bool intersect(O, D, Vgg, V19, Vi1, Vo1, u, v, t) // Compute the barycentric coordinates of V77 -
Eg2 = Vi1 — Voo
// Reject rays using the barycentric coordinates of N = Eg1 x Eg3
// the intersection point with respect to T. if ((|N.@| > |N.y|)
Eg1 = Vio — Voo and (|N.z| > |N.z])) {
Eg3 = Vo1 — Voo ai1 = (Eg2-y * Bg3.2 — Eg2.z x Egg.y)/N.=
P =D x Eqg3 B11 = (Bg1.y * Ega.z — Eg1.2 * Ega.y)/N.x
det = BEgy - P } else if ((|N.y| > 1)
if (|det| < €) return false and (|N.y| > |N.z|)) {
T =0 — Vyg a11 = (BEga.z * Egz.@ — Egg.@ * Eg3.2)/N.y
o = (T P)/det B11 = (Egy.2 * Ega.x — Eg1.@ * BEgg.2)/N.y
if (o < 0) return false } else {
if (a > 1) return false a1y = (Bga.z * Bgg.y — Ega.y * Bgz.z)/N.z
Q=T x Eq B11 = (Eg1.z * Bga.y — Eg1.y * Ega.z)/N.z
B = (D Q)/det }
if (8 < 0) return false
if (3 > 1) return false // Compute the bilinear coordinates of the
intersection point.
P
// Reject rays using the barycentric coordinates of if (Jagp — 1] <€) {
// the intersection point with respect to T . u =«
if ((a+4p8) >1) { if (|B11 — 1 <e)v=2p
Eg3 = Vg1 — V11 else v = B/(ux (B11 — 1) +1)
E3, = Vig — V11 } else if (|B11 — 1] < €) {
P’ =D x Eg; v=p
det! = Eg3 - P’ u=a/(v*(ag; —1)+1)
if (|det’| < €) return false }else {
T =0 - Vvqy A=—(B11 - 1)
B = —1) — —1) -1
o = (T - P"y/det’ C_z(ﬁll ) Blaiy )
. ’ -
lf/(i T</ 0) Ereturn false A= B2 _44C
Q=T X FHyz Q= —1/2 % (B + sign(B)VA)
B =/(D-Q)/det w=Q/A
if (8’ < 0) return false if ((w<0)or(u>1)u=C/Q
¥ , =8/ - D+
// Compute the ray parameter of the intersection
// point. return true
t = (Egg - Q)/det
if (t < 0) return false

Figure 5: Pseudo-code of the ray-quadrilateral intersection algorithm. The code frag-
ment highlighted in red is removed if the barycentric coordinates of V11 with respect
to T' are precomputed. The code fragments highlighted in green are added if vertex
reordering is used.

algorithm is 15% to 28% faster than the one of Schlick and Subrenat, and
up to 14% faster than two applications of the Moller-Trumbore ray-triangle
intersection algorithm.

The third and final test consisted of implementing the proposed intersection
method in our renderer!, which formerly used the Schlick and Subrenat inter-
section algorithm. As a result, we have observed a decrease in total rendering
time up to 5 percent.

The algorithm of Schlick and Subrenat and our method both process quadri-
laterals with parallel sides in a more efficient way. Therefore, we have verified
that our method also outperforms the algorithm of Schlick and Subrenat for
trapeziums and parallelograms.

6 Conclusion

In this paper, we have presented a new ray-quadrilateral intersection algorithm
that is significantly faster than previous approaches. We have also showed that
computing a single ray-quadrilateral intersection with our algorithm is often
faster than applying the Moller-Trumbore ray-triangle intersection algorithm
twice. but our method does not introduce interpolation artefacts. This means

'RENDERPARK (http://www.renderpark.be)



that when ray tracing a scene consisting of quadrilaterals, you should probably
keep them intact instead of splitting them into triangles.
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*

An Efficient Ray-Quadrilateral Intersection Test

This program is a minimal ray tracer. It ray traces a single quad, covered
with a checkerboard texture.

The classes provided in this file are not complete, only operations needed
to implement the intersection algorithm and ray tracer are provided.

Copyright Ares Lagae (ares.lagae@cs.kuleuven.ac.be), 2004.

Permission is hereby granted to use, copy, modify, and distribute this
software (or portions thereof) for any purpose, without fee.

P T T T T

Ares Lagae makes no representations about the suitability of this
software for any purpose. It is provided "as is" without express or
implied warranty.

See <url> for the most recent version of this file and additional
documentation.

P T T

*

Revision history
2004-10-08 1initial version

*

*/
#include <cmath>
#include <iostream>
#include <fstream>
#include <algorithm>

typedef double real;

class vector

{
public:
vector (real x, real y, real z) { xyz[0] = x; xyz[l] = y; xyz[2] = z; }
real x() const { return xyz[0]; }
real y() const { return xyz[1]; }
real z() const { return xyz[2]; }
private:

real xyz[3];

};

inline real dot(const vector& lhs, const vector& rhs)
{
return (lhs.x() * rhs.x()) + (lhs.y() * rhs.y()) + (lhs.z() * rhs.z());

inline vector cross(const vector& lhs, const vector& rhs)
{
return vector((lhs.y() * rhs.z()) - (lhs.z() * rhs.y()),
(lhs.z() * rhs.x()) - (lhs.x() * rhs.z()),
(lhs.x() * rhs.y()) - (lhs.y() * rhs.x()));

class point

{
public:
point () {}
point(real x, real y, real z) { xyz[0] = x; xyz[l] = y; xyz[2] = z; }
real x() const { return xyz[0]; }
real y() const { return xyz[1]; }
real z() const { return xyz[2]; }
private:

real xyz[3];

14




66

}i

67

68 inline vector operator- (const point& lhs, const point& rhs)
69 {

70 return vector (lhs.x() - rhs.x(), lhs.y() - rhs.y(), lhs.z() - rhs.z());
71}

72

73 class ray

74 {

75 public:

76 ray (const point& origin, const vector& direction)

77 origin_(origin), direction_(direction) {}

78 const point& origin() const { return origin_ ; }

79 const vector& direction() const { return direction ; }

80 private:

81 point origin_;

82 vector direction_;

83 };

84

85 class quadrilateral

86 {

87 public:

88 quadrilateral (const point& v_00, const point& v_10,

89 const point& v_11, const point& v_01)

90 {

91 vertices[0] = v_00;

92 vertices[1] = v_10;

93 vertices[2] = v_11;

94 vertices[3] = v_01;

95 }

96 const point& v_00() const { return vertices[0]; }

97 const point& v_10() const { return vertices[1]; }

98 const point& v_11() const { return vertices[2]; }

99 const point& v_01() const { return vertices[3]; }

100 private:

101 point vertices[4];

102 };

103

104 class rgb_color

105 {

106 public:

107 rgb_color() {}

108 rgb_color(real r, real g, real b) { rgb[0] = r; rgb[l] = g; rgb[2] = b; }
109 real r() const { return rgb[0]; }

110 real g() const { return rgb[1l]; }

111 real b() const { return rgb[2]; }

112 private:

113 real rgb[3];

114 };

115

116 class checkerboard texture

117 {

118 public:

119 checkerboard_texture (unsigned num rows, unsigned num cols,
120 const rgb_color& black color, const rgb color& white color)
121 num_rows_ (num_rows), num cols_ (num cols), black color_(black color),
122 white color_(white_color) {}

123 const rgb_color& operator () (real u, real v) const

124 {

125 return (unsigned(u*num_cols_) + unsigned(v*num rows )) % 2 ?
126 white color_ : black color_;

127 }

128 private:

129 unsigned num_rows_, num cols_;

130 rgb_color black color_, white_color_;
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131 };

132

133 class image

134 {

135 public:

136 image (std::size_ t width, std::size t height, const rgb color& color)
137 : width_ (width), height_(height)

138 {

139 pixels_ = new rgb_color[width * height ];

140 std::fi11_n(pixels_, width_ * height_, color);

141 }

142 ~image () { delete [] pixels ; }

143 std::size_t width() const { return width ; }

144 std::size_t height() const { return height_ ; }

145 const rgb_color& operator () (std::size t row, std::size t col) const
146 {

147 return pixels_[(row * width_) + coll;

148 }

149 rgb_color& operator() (std::size t row, std::size_t col)
150 {

151 return pixels_[(row * width_) + coll;

152 }

153 bool write ppm(std::ostream& os) const;

154 private:

155 image (const image&) ;

156 image& operator=(const imageé&) ;

157 std::size_t width_, height_;

158 rgb_color* pixels_;

159 };

160

161 bool image::write ppm(std::ostream& os) const

162 {

163  os << "P3\n" << width() << ' ' << height() << '\n' << 255 << '\n' << '\n';
164 for (std::size t row = 0; row < height(); row++)
165 {

166 for (std::size_t col = 0; col < width(); col++)
167 {

168 const rgb_color& pixel = (*this) (row, col);

169 os << static cast<int>(pixel.r() * 255) << '
170 << static_cast<int>(pixel.g() * 255) << !
171 << static_cast<int>(pixel.b() * 255) << ' ';
172 }

173 os << '\n';

174 }

175 return os;

176 }

177

178 bool intersect_gquadrilateral_ray(const quadrilateral& g,
179 const ray& r, real& u, real& v, real& t)

180 {

181 static const real eps = real (10e-6);

182

183 // Reject rays that are parallel to Q, and rays that intersect the plane

184 // of Q either on the left of the line V00V0l or below the line V00VI1O.
185

186  vector E 01 = q.v_10() - q.v_00();
187 vector E 03 = g.v_01() - g.v_00();
188 vector P = cross(r.direction(), E_03);

189 real det = dot(E_01, P);

190 if (std::abs(det) < eps) return false;
191 vector T = r.origin() - g.v_00();

192 real alpha = dot(T, P) / det;

193 if (alpha < real(0.0)) return false;

194 vector Q = cross(T, E _01);

195 real beta = dot(r.direction(), Q) / det;
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196 if (beta < real(0.0)) return false;

197

198 if ((alpha + beta) > real(1.0))

199 {

200 // Reject rays that that intersect the plane of Q either on
201 // the right of the line V11V10 or above the line V11V00.
202

203 vector E_ 23 = q.v_01() - q.v_11();

204 vector E 21 = ¢q.v_10() - qg.v_11();

205 vector P_prime = cross(r.direction(), E_21);

206 real det_prime = dot(E_23, P_prime);

207 if (std::abs(det_prime) < eps) return false;

208 vector T prime = r.origin() - q.v_11();

209 real alpha_prime = dot(T_prime, P_prime) / det_prime;

210 if (alpha_prime < real(0.0)) return false;

211 vector Q prime = cross (T _prime, E _23);

212 real beta_prime = dot(r.direction(), Q prime) / det _prime;
213 if (beta_prime < real(0.0)) return false;

214 }

215

216 // Compute the ray parameter of the intersection point, and
217 // reject the ray if it does not hit Q.

218

219 t = dot(E_03, Q) / det;

220 if (t < real(0.0)) return false;

221

222 // Compute the barycentric coordinates of the fourth vertex.
223 // These do not depend on the ray, and can be precomputed
224 // and stored with the quadrilateral.

225
226 real alpha 11, beta 11;
227  wvector E_ 02 = g.v_11() - g.v_00();

228 vector n = cross(E_01, E _03);
229 if ((std::abs(n.x()) >= std::abs(n.y())

230 && (std::abs(n.x()) >= std::abs(n.z())))

231 {

232 alpha 11 = ((E_02.y() * E 03.z()) - (E_02.z() * E03.y())) / n.x();
233 beta_11 = ((E_0l.y() * E 02.z2()) - (E_01l.z() * E 02.y())) / n.x();
234 }

235 else if ((std::abs(n.y()) >= std::abs(n.x()))

236 && (std::abs(n.y()) >= std::abs(n.z())))

237 {

238 alpha 11 = ((E_02.z() * E 03.x - (E_02.x() * E_03.2())) / n.y();
239 beta_11 = ((E 0l.z() * E 02.x()) - (E_0l.x() * E 02.z())) / n.y();
240 }

241 else

242 {

243 alpha 11 = ((E_02.x() * E_03.y( - (E.02.y() * E03.x())) / n.z();
244 beta_11 = ((E_01.x() * E_02.y()) - (E0l.y() * E 02.x())) / n.z();
245 }

246

247 // Compute the bilinear coordinates of the intersection point.

248

249 if (std::abs(alpha_11 - real(1.0)) < eps)

250 {

251 // O is a trapezium.

252 u = alpha;

253 if (std::abs(beta_11 - real(1.0)) < eps) v = beta; // 0 is a parallelogram.
254 else v = beta / ((u * (beta_11 - real(1.0))) + real(l.0)); // O is a trapezium.
255 }

256 else if (std::abs(beta_11 - real(1.0)) < eps)

257 {

258 // Q is a trapezium.

259 v = beta;

260 u = alpha / ((v * (alpha_11 - real(1.0))) + real(1.0));
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261 }

262 else

263 {

264 real A = real(1.0) - beta 11;

265 real B = (alpha * (beta_11 - real(1.0)))

266 - (beta * (alpha_ 11 - real(1.0))) - real(1.0);

267 real C = alpha;

268 real D = (B * B) - (real(4.0) * A * C);

269 real Q = real(-0.5) * (B + ((B < real(0.0) ? real(-1.0) : real(1.0))
270 * std::sqrt(D)));

271 u=0Q /A;

272 if ((u < real(0.0)) || (u > real(1.0))) u=cC / Q;

273 v = beta / ((u * (beta_11 - real(1.0))) + real(1.0));

274 }

275

276 return true;

277 }

278

279 int main()

280 {

281 quadrilateral g(point( 0.49421906944, 0.081285633543, 0.100104041766),
282 point( 1.00316508089, 0.530985148652, 0.629377264874),
283 point( 0.50578093056, 0.918714366457, 0.899895958234),
284 point (-0.01235416806, 0.590487788947, 0.484479525901)) ;
285

286 image img (256, 256, rgb_color (0, 0, 0));

287

288 checkerboard texture texture(4, 4, rgb_color(l, 0, 0), rgb _color(l, 1, 1));
289
290 for (std::size t row = 0; row < img.height(); row++)

291 {

292 real y = (real (img.height() - row - 1) + real(0.5)) / img.height();
293 for (std::size_t col = 0; col < img.width(); col++)
294 {

295 real x = (real(col) + real(0.5)) / img.width();
296 ray r(point(x, y, 10), vector(0, 0, -1));

297

298 real u, v, t;

299 if (intersect_quadrilateral_ray(q, r, u, v, t)
300 {

301 img (row, col) = texture(u, v);

302 }

303 }

304 }

305

306 std::ofstream os ("image.ppm") ;
307 img.write ppm(os) ;

308

309 return 0;

310 }

311
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